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ABSTRACT
Horizontal and vertical axis wind turbines 

(HAWTs and VAWTs) are two main kinds of wind 
turbines, which are the most popular way to 
catch energy from the wind. By comparison, 
VAWTs have some advantages, but they also have 
the complexity in aerodynamics that needs a deep 
investigation. A code is developed based on 

Double multiple stream-tube and corrections of 
the dynamic stall for Darrieus VAWTs. It is 
capable of estimating the output power versus 
different operating conditions defined by the tip-
speed-ratio. The code is also validated with 
experimental data of many SANDIA Darrieus 
VAWT turbines. 

Key words: DMST, VAWT, HK-VAWT, Darrieus type, momentum theory, blade element method, 
Dynamic stall, SANDIA 17-m, SANDIA 5-m. 
Nomenclature 

Abbreviations 

HAWT Horizontal axis wind turbines 
VAWT Vertical axis wind turbines 
DMST Double multiple stream-tube 
DS Dynamic stall 
TSR Tip speed ratio 
AOA Angle of attack 

Symbol 

푃 Power W 
휆 Tip speed ratio  
휌 Air density kg/m3 
푉 Velocity of wind m/s 
푊 Relative velocity m/s 
푀 Mach number  
푆 Rotor swept area m2 
푡/푐 Thickness ratio  
푐 Chord line m 
퐵 Number of blades  

푙 Length of blades m 

퐴 
= 푟∆휃|sin휃|푑푧, Blade element’s area 
of a stream-tube  

휔 Rotor rotational speed rad/s 
퐶  Power coefficient  
퐶  Lift force coefficient  
퐶  Drag force coefficient  
퐶  Normal force coefficient  

퐶  
Tangential force 
coefficient 

 

퐶  Thrust force coefficient  

푇 
The thrust force acts on 
disk or a blade element 

N 

푄 Rotor torque Nm 
푟 Local radius m 

푅 
Maximum rotor radius or 
radius at equator 

m 

푧 Local turbine height m 
퐻 Height of rotor m 
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휁 =
/

, nondimentional rotor height 

휂 = 푟/푅, nondimentional rotor radius 
휃 Azimuthal angle rad 

훿 
Angle between the blade 
and the vertical axis 

rad 

훽 
Pitch angle of each blade 
element 

rad 

훼 AOA rad 
훼  Reference AOA rad 
훼  Static-stall AOA rad 
훼  Zero-lift AOA rad 
훼̇ Rate of change of AOA rad/s 

휙 
Angle between normal and 
relative velocity component 

rad 

푎 = [0; 1], Induced velocity factor 

푚̇ 
Mass flow rate through a 
stream-tube 

kg/s 

휈 Kinematic viscosity coefficient 
m2/

s 
푋 The time/half-rotor average of 푋 
푓 Frequency Hz 

휔  = , reduced frequency  

Subscripts 

푚푎푥 Maximum values 
∞ Free stream flow 
∞푖 Local conditions in the vertical direction 
푢 Upstream region 
푑 Downstream region 
푒 Equilibrium position 

1. INTRODUCTION 

Modern wind turbines are the primary 
devices to convert the wind’s momentum into 
rotor rotation thanks to a number of blades. In 
addition, they can be classified into two main 
categories according to their axis alignment: 
horizontal axis wind turbines (HAWTs) and 
vertical axis wind turbines (VAWTs). While 
HAWTs are more popular in large scale thanks to 
their economical efficiency, VAWTs are 
commonly applied in small and medium power 

range. However, VAWTs have many special 
advantages such as working independent of wind 
direction, ease of manufacture and maintenance 
and making less noise… On the other hand, 
VAWTs also have their disadvantages, for 
example, self-starting and complex 
aerodynamics; therefore, they need further 
researches. Tip-speed-ratio, an important 
variable of wind turbine, is the ratio between the 
tangential speed of the tip of a blade and the 
actual velocity of the wind: 

푇푆푅 = 휆 =
푅휔
푉

 (12) 

Double multiple stream-tube model (DMST) 
is a well-known analysis method for VAWTs and 
developed by Paraschivoiu [1] in order to 
simulate the flow through VAWT. The model, 
which is the combination of momentum theory 
and blade element method, is a simple and 
efficient way to predict the output power of 
VAWTs quickly, compared to experimental and 
other numerical simulation methods. 
Paraschivoiu validated his results by many 
experimental and CFD results, presented in [2]. 
DMST model gives a good agreement with 
VAWTs’ performance, especially in low and 
medium TSR range when integrated with some 
correction models of unsteady effect, for 
instance, dynamic stall, stream-tube expansion, 
tip loss… 

Betz [3] estimated the maximum power that 
can be got from the wind kinetic energy by using 
a simplified method for HAWT where the turbine 
is replaced by a circular actuator disc.   According 
to Betz, the maximum “ideal power coefficient” 
that a HAWT can be received is 0.5926 and 
called the Betz limit. 

퐶 =
푃

1
2 휌푉 푆

=
16
27

= 0.5926 (13) 

The model, even this limit, cannot be 
applied for VAWT; however, it is possible to 
develop another comparable method to simulate 
the flow through turbine by dividing the turbine 
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into many stream-tube. This work focuses on 
using DMST model and Dynamic Stall model to 
predict output power of VAWTs. The results are 
validated with some experimental data of 
existing VAWTs. 

2. DOUBLE MULTIPLE STREAM-TUBE 
MODEL 

The idea of DMST model is the equilibrium 
of thrust forces act on a piece of the blade which 
calculated by momentum theory and blade 
element method. Considering a VAWT with 
curve blades, the rotor has the height 퐻 , 
maximum radius 푅, as shown in Figure 1. This 
analytical method divides the rotor into two parts: 
one for the upstream half-cycle and the other for 
the downstream half-cycle, which contains many 
layers, and each layer has many stream-tubes. 
The induced factors through the rotor are 
calculated and based on the principle of the two-
actuator disks in tandem at each stream-tube. 

The following analysis is applied for a 
single stream-tube and assuming that the wind 
velocity profile is uniform ( 푽 풊 = 푽 ,∀풊 ). 

According to linear momentum theory, the 
relationships between the velocities through a 
stream-tube are 

푉 = (1 − 푎 )푉  (14) 

푉 = (1− 2푎 )푉  (15) 

푉 = (1 − 푎 )푉 = (1 − 푎 )(1 − 2푎 )푉  (16) 

The axial thrust force on the disk is 

푇 , = 푚̇ 푉 , − 푉 ,  

=
1
2
휌 푉 , (푟∆휃|sin 휃|푑푧) × 4푎 , 1− 푎 ,

=
1
2
휌 푉 , 퐴 × 4푎 , 1− 푎 ,  

(17) 

Moreover, its coefficient: 

퐶 , = 4푎 , 1 − 푎 ,  (18) 

However, based on experimental data, the 
suggestion for VAWTs’ axial thrust force can be 
expressed as equation (8) [4]. The second term in 
equation (8) (for 풂 > ퟏ/ퟑ) can be used for a 
whole range of induced velocity factors. 

퐶 , =
4푎(1 − 푎) for	푎 ≤ 1/3

4푎 1 −
1
4
푎(5 − 3푎) for	푎 > 1/3 (19) 

  
Front view Side view 

 

 

Plan view Stream-tube velocity component 
Figure 1. Definition of rotor geometry of Darrieus VAWT of DMST model (edited from [1]) 
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Figure 2. Angles, force vectors and velocity vectors 

for a blade element in upstream region 

The blade element method is also used to 
determine the axial thrust force caused by 
aerodynamic forces. Figure 2 indicates angles, 
velocity components and positive direction of 
forces for one-blade element in the upstream 
zone. 

The relative velocity can be obtained from 
the axial and the normal velocity components as 
follow 
푊 ,

= 푉 , cos 훿 sin 휃 + 휔푟 + 푉 , cos 훿 cos 휃  
(20) 

The local Reynolds number: 

푅푒 , =
푊 , 푐
휈

 (21) 

The angle between normal and relative 
velocity components is 흓 of which magnitude is 

|휙| = cos
푉 , cos훿 −푊 , − (휔푟)

−2푊 , × 휔푟
 (22) 

Angle of attack 휶 can be expressed as 

훼 = 훼 = −|휙| + 훽
훼 = |휙| + 훽  (23) 

Lift coefficient 푪푳 and drag coefficient 푪푫 
can be interpolated from the aerodynamic 
characteristic of airfoil used, which depend on 
푹풆풖,풅 and	휶풖,풅. The normal and tangential force 
coefficients are calculated as follows 

퐶 =
퐶 = 퐶 , cos|휙| − 퐶 , sin|휙|
퐶 = 퐶 , cos|휙| + 퐶 , sin|휙| 

(24) 

퐶 =
퐶 = −퐶 , sin|휙| − 퐶 , cos|휙|
퐶 = 퐶 , sin|휙| − 퐶 , cos|휙|  (25) 

The time average thrust force acting on a 
blade element in a stream-tube is 

푇 , =
∆휃퐵
2휋

×
1
2
휌 푊 , × 푐

푑푧
cos 훿

 

× −퐶 , cos 훿 sin 휃 − 퐶 , cos 휃  
(26) 

The thrust force in equations (6) and (15) 
must be equal, so 

4푎 1 −
1
4
푎(5 − 3푎) =

퐵푐
2휋푟

×
푊 ,

푉 ,
 

× −
퐶 , sin휃

|sin 휃| −
퐶 , cos휃

|sin 휃| cos훿
 

(27) 

Solving the above equation (16) to find the 
induced factor 풂 , and the tangential force 
coefficient 푪푻  of each blade element as well. 
These values are then integrated along the blade, 
the torque on a complete blade is a function of 휽: 

푄 , (휃) =
1
2

휌 푊 , 퐶 , 푟 푐
퐻/2
cos 훿

푑휁 (28) 

The average torque of the rotor in the 
upstream region produced by half of 푩 blades, 
given by: 

푄 =
퐵

2휋
퐶 (휃)푑휃 (29) 

  

Moreover, its coefficient: 

퐶 =
푄

1
2 휌 푉 푆푅

 

=
퐵푐퐻
4휋푆

푊
푉

퐶
휂

cos훿
푑휁 푑휃 

(30) 

Similarly, that of the rotor in the 
downstream region is 

퐶 =
푄

1
2 휌 푉 푆푅

 

=
퐵푐퐻
4휋푆

푊
푉

퐶
휂

cos훿
푑휁 푑휃 

(31) 

The power coefficient of wind turbine is 

퐶 = 휆 퐶 + 퐶  (32) 
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The code, called HK-VAWT, is built in 
order to automate the calculating process to 
predict the power coefficient and export 
formatted data files, which allows to be plotted 
with Tecplot, particularly the power curve (푪푷 
versus TSR). The inputs for analyzing are from 
wind turbine properties including: 

- Airfoil data (airfoil type, data sets of lift 
and drag coefficients versus Reynolds number 
and AOA, thickness ratio 푡/푐) 

- Rotor geometry (rotor shape, number of 
blades 퐵, chord length 푐, heigh 퐻 and maximum 
radius 푅 of rotor) 

-Operation conditions (working wind 
velocity 푉  or rotor rotational speed 휔 , air 
density 휌, kinematic viscosity coefficient 휈) 

DMST method needs the aerodynamic 
characteristics of airfoil section, which is used in 
VAWT turbines, in functioning of the large range 
of AOA and Reynolds number. As symmetrical 
airfoils are commonly used in VAWTs, HK-
VAWT utilizes the results of Robert and Paul [5] 
that provided experimental lift and drag 
coefficients of seven symmetrical airfoils with 
Reynolds number varying from 10  to 5 × 10  
and maximum AOA is up to 180°. In addition, 
some authors can use the coefficients, which are 
extra-interpolated from low AOA’s data by 
theoretical models, for example, Viterna method. 
The Darrieus VAWTs were first developed with 
the Ideal troposkien rotor geometry. Later, it is 
modified to become four different shapes 
including Cantenary, Parabola, Sandia and 
Modified troposkien. These various rotor shapes 
were introduced by Paraschivoiu in form of 
equations and non-dimensional data sets with 40 
layers [1]. 

At each layer defined by the Z plane, the 
rotor is divided into 푵 double stream-tubes. Its 
azimuthal angle is defined by equation (33), and 
푁 = 21 is used in this work. 

휃 = (푗 − 0.5) ×
휋
푁
	with	푗 ∈ [1; 2푁] (33) 

DMST provides a useful and immediate tool 
to predict VAWTs power coefficient. However, 
corrections should be applied to account for the 
unsteady aerodynamic behavior of flow around 
turbine blade. In the context of this research 
paper, the dynamic stall is considered. 

3. DYNAMIC STALL MODEL 

As mentioned above, VAWTs operation 
involves different unsteady and complex 
aerodynamic phenomena. Thus, the application 
of DMST model alone, which is based on steady 
assumption, is not sufficient to simulate the flow 
behaviour to provide accurate power coefficient. 
According to Paraschivoiu [1], there are two 
main correction models that should be applied for 
VAWTs with curve blades: dynamic stall and 
secondary effect [1]. Dynamic stall (DS) is a 
complex, unsteady phenomenon related to large 
and rapid variations of AOA; furthermore, it 
effects on low tip speed ratio range. Under such 
conditions, the dynamic lift and drag 
characteristics present a hysteresis response; 
besides, the values of AOA at stall are completely 
different when the airfoil is in pitching movement 
with increasing or decreasing AOA. Moreover, 
they are not similar to the ones in static 
conditions. 

Therefore, the aim of DS model is to 
propose a methodology for computing the 
dynamic characteristics from the available 
experimental static coefficient [1]. Gormont [6] 
defined a reference AOA that differs from 
geometrical AOA in equation (23): 

훼 = 훼 − 퐾 ∆훼 (34) 

where 

퐾 = 1 when	훼̇ ≥ 0
−0.5 when	훼̇ < 0 (35) 

∆훼 = 훾 푆 when	푆 ≤ 푆
훾 푆 + 훾 (푆 − 푆 ) when	푆 > 푆  (36) 



SCIENCE & TECHNOLOGY DEVELOPMENT, Vol 18, No.K7- 2015 

Trang 158 

푆 =
푐훼̇
2푊

 (37) 

푆 = 0.06 + 1.5(0.06 − 푡/푐) (38) 

Some parameters are presented in Error! 
Not a valid bookmark self-reference.. 

Finally, the dynamic coefficients are given 
by 

퐶 = 퐶 (훼 ) + 푚(훼 − 훼 ) (39) 

퐶 = 퐶 (훼 ) (40) 

with 

푚 = min
퐶 훼 − 퐶 (훼 )

훼 − 훼
;
퐶 (훼 ) − 퐶 (훼 )

훼 − 훼
	 (41) 

Table 1. Parameters for Dynamic stall model 

 For lift characteristic For drag characteristic 

푴ퟏ  ퟎ. ퟒ + ퟓ(ퟎ. ퟎퟔ − 풕/풄) ퟎ.ퟐ 

푴ퟐ  
ퟎ.ퟗ
+ ퟐ. ퟓ(ퟎ.ퟎퟔ − 풕/풄) 

ퟎ.ퟕ
+ ퟐ. ퟓ(ퟎ.ퟎퟔ − 풕/풄) 

휸풎풂풙 ퟏ. ퟒ − ퟔ(ퟎ. ퟎퟔ − 풕/풄) ퟏ − ퟐ.ퟓ(ퟎ. ퟎퟔ − 풕/풄) 

휸ퟐ 휸풎풂풙 = 퐦퐚퐱 ퟎ;퐦퐢퐧 ퟏ;
푴 −푴ퟐ

푴ퟏ −푴ퟐ
 

휸ퟏ 휸ퟐ/ퟐ ퟎ 

However, Gormont model was developed 
for helicopter blades, which its maximum AOA 
is lower than VAWTs’, so it will over-predict the 
effects of DS on VAWTs’ performance [6]. Berg 
and Masse [6] introduced a modified model to 
Gormont’s dynamic coefficients as follow: 

 

퐶 ,  

= 퐶 , (훼 ) +
퐴 훼 − 훼
퐴 훼 − 훼

(퐶 , − 퐶 , (훼 ) 	훼 ≤ 퐴 훼

퐶 , (훼 ) 	훼 > 퐴 훼
 

(42) 

where 푨푴  is an empirical constant. Masse 
suggested that 푨푴 = ퟏ.ퟖ  while a value of six 
was suggested by Berg [6]. In our validation, it is 
found that the later gives a good agreement to 
SANDIA turbine’s performance. 

4. RESULTS AND DISCUSSION 

Results from the current study on estimating 
power coefficient of VAWTs based on DMST 
are analyzed in two steps. Firstly, the DS model 
is verified to the experimental results with 
oscillating pitch angles on the NACA 4415 airfoil 
by Hoffmann et al. [7]. Secondly, HK-VAWT 
code is validated by experimental power 
coefficients of VAWT configurations showed in 
Table 2.  

Figure 3 presents predicted and 
experimental lift coefficient when pitch angle is 
changed in accordance with a sinusoidal law. The 
results from DS model are in good agreement 
with experimental data for NACA 4415 shown in 
[7]. The waveform is defined by equation (32), as 
follows 

훼 = 훼 + ∆훼 sin(2휋푓푡) (43) 

where initial AOA 훼 = 8°, 14°  or 	20° ; 
∆훼 = 10°; frequency	푓	 = 	0.61	퐻푧. 

 
Figure 3. Dynamic lift coefficient of pitch oscillating 

Table 2. Validation case tests 

 
SANDIA 17-m 

[8, 9] 
SANDIA 5-m 

[10] 

Rotor 
geometry 

Sandia Troposkien 

Blades 2 × NACA 0015 2 × NACA 0015 

푐 (m) 0.6096 0.1524 

퐻 (m) 17 5.1 

푅 (m) 8.36 2.5 

휔 (rpm) 38.7, 42.2 162.5 

휎 0.16 0.15 

Angle of attack,  (deg.)

Li
ft
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fic
ie

nt
,C

L
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Experimental data (8 +/- 10 degree)
Experimental data (14 +/- 10 degree)
Experimental data (20 +/- 10 degree)
Predited data (8 +/- 10 degree)
Predited data (14 +/- 10 degree)
Predited data (20 +/- 10 degree)

NACA 4415 (Clean) | Re = 106 | f = 0.61 Hz | red = 0.029
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First attempt is made to validate the HK-
VAWT code by considering the intermediate 
results of the normal and tangential force 
coefficients at the equator of the rotor. The test 
data is provided for Darrieus VAWT SANDIA of 
height 17-m which was operated at a TSR of 3.09 
and rotational speed of 38.7 rpm [9]. Figure 4 
compares experimental values of 퐶  and 퐶   [9] 
to those calculated by Eduard Dyachuk’s work 
[8] of which DMST is employed and by the 
current HK-VAWT code. In addition, the AOA 
at the equator calculated by HK-VAWT is plotted 
versus azimuthal angle. It is visible from the 
graph that HK-VAWT’s and Eduard Dyachuk’s 
results are approximately matched at almost 
azimuthal angles regarding the 퐶  and 퐶  
curves. It can be seen that the normal force 
coefficient 퐶  calculated by the DMST method 
both in Eduard Dyachuk’s work [8] and code 
HK-VAWT have the similar curve as a function 
of azimuthal angle compared with experimental 
퐶  [9]. However, discrepancy of 퐶  values can 
be observed at some azimuthal positions. This 
fact can be explained by different values of stall 
AOA among experimental data and those from 
HK-VAWT with or without DS modeling. From 
Figure 4, the absolute stall AOA are determined 
respectively 7°, 12°  and 9°  where sudden 
reduction in the absolute value of the normal 
force coefficient 퐶  (represented and accounted 
for lift coefficients) appeared. However, the 
experimental results were discussed by Akins [9] 
as a default on measurement methods due to the 
response of pressure sensors. To sum up, the 
investigation of intermediate force coefficients 
between DMST methods (HK-VAWT’s and 
Eduard Dyachuk’s results) and experiment [8, 9] 
shows reasonable variation range and curve trend 
in the evolution of 퐶 ,퐶  with azimuthal angles. 

SANDIA 17-m is also tested at another 
operating rotational speed of 42.2 rpm [1]. Figure 
5 compares experimental power coefficient to 

results from HK-VAWT (with and without DS 
modeling) and that of Paraschivoiu [1] (after 
applying Berg’s DS model). Good agreement can 
be initially observed in the 푪푷  curves between 
experimental and analytical DMST approaches. 
It is shown that the DS model is implemented its 
task in a correct manner as the resulted power 
coefficient is closely coincided with the other two 
curves in the range of low TSR. Although slight 
differences can be detected from DMST 
calculation with and without DS effect in this 
test, the using of DS reduces the maximum power 
coefficient to 0.4, which is quite closed to 
experiment, approximately at the same TSR 
between 5.5 and 6.  

 
Figure 4. Normal force coefficient at the equator of 

SANDIA 17-m 

The effect of the DS can be observed more 
clearly in Figure 6, which simulates the output 
power of SANDIA 5-m. The power coefficient 
increases at TSR varying from 1 to 4, reaches the 
maximum at TSR from 4 to 8 and then decreases 
at higher TSR. Results given by HK-VAWT code 
are in good agreement with experimental ones 
especially in low TSR. In addition, when 
comparing to without DS modeling, HK-VAWT 
code with DS modeling slightly gives the better 
results at the low TSR. However, the difference 
in 퐂퐏 values suggests that the HK-VAWT code 
without or with DS model is incapable of 
predicting exactly the VAWT performance in the 
high TSR. 
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Figure 5. Power coefficient of SANDIA 17-m 

 
Figure 6. Power coefficient of SANDIA 5-m 

5. CONCLUSION 

This paper presents the methodology of an 
aerodynamic model for VAWT power estimation 

using DMST model and DS model. An analytical 
tool is built to compute automatically the power 
produced by Darrieus VAWTs with an available 
airfoils and rotor geometry data. The tool is also 
validated with experimental data. The results 
illustrate that it gives a good agreement with 
experimental data. The current HK-VAWT 
program only gives the good prediction for power 
coefficient at low and medium TSR range for 
VAWTs with curve blades. In order to account 
for unsteady aerodynamic aspects of flow around 
wind turbines blades, the code HK-VAWT 
should be integrated with models for stream-tube 
expansion, secondary effects, tip loss… to 
improve the predicting ability for all range of 
operating TSR and other types of vertical axis 
wind turbine. In conclusion, the HK-VAWT 
program is a useful tool in the design process of 
Darrieus VAWTs, which provides the rotor 
geometry with optimum power efficiency based 
on the wind potential of the installation site. 
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TÓM TẮT  
Tua-bin gió có hai loại phổ biến là trục 

ngang và trục đứng được chế tạo để lấy 
năng lượng từ gió. Tua-bin gió loại trục đứng 
có một số ưu điểm so với loại trục ngang. Tuy 
vậy, do các hiện tượng khí động lực học 
phức tạp khi vận hành, việc tính toán đáp 
ứng công suất của tua-bin gió cần được 
nghiên cứu. Bài báo trình bày chương trình 
để tính toán đáp ứng của tua-bin gió trục 
đứng dựa trên cơ sở của lý thuyết đa ống 
dòng kép và hiệu chỉnh ảnh hưởng của hiện 

tượng mất lực nâng động. Chương trình giải 
thuật cho kết quả hệ số công suất của tua-
bin gió trục đứng ở các điều kiện hoạt động 
khác nhau đặc trưng bởi tỉ số vận tốc mũi. 
Các kết quả từ chương trình đã được kiểm 
chứng về độ tin cậy thông qua đối chiếu với 
các kết quả thực nghiệm được công bố của 
tua-bin loại cánh cong Darrieus của 
SANDIA. 

 

Từ khóa: lý thuyết đa ống dòng kép DMST, tuabin gió trục đứng loại cánh cong Darrieus, 
chương trình HK-VAW, lý thuyết động lượng thẳng, lý thuyết phần tử cánh, hiện tượng mất lực 
nâng động trên cánh.   
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