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Phan tich bai toan co nhiét bang phan tich
dang hinh hoc cho dang két cau sir dung vat liéu
phan 16p chirc nang

Nguyén Duy Khuong, Nguyén Manh Tién, V& Trung Chién, Nguyén Xuan Hung, Vii Cong Hoa

Tém tit— Muc dich ciia bai bao nay 1a ing dung
phuong phap ding hinh hoe (IGA) dé phén tich tng
xit co' nhiét cho két cAu lam tir vat liéu phan lép
chitc ning (FGM). Phwong phap ding hinh hoc
dwge xdy dung trén nén ting ham co sé NURBS véi
wu diém mo ta hinh hoc chinh xic ciing véi viée x4p
xi ham béc cao mdt cach hiéu qua. Vit licu FGM la
mdt dang vit lidu composite tién tién c6 thudc tinh
vit lidu theo déi lién tuc theo quy luit phan b ham
mii trén phwong bé day. Cac két qua thu dwoc sé
kiém chirng véi két qua dwoce cong bd truée do va
két qua tir phan mém thwong mai COMSOL.

Tir khoa— FGM, IGA

1 GIOI THIEU

at liéu phan 16p chiic nang (Functionally

Graded Materials — FGM) la vat liéu
composite co vi cau trac khong ddng nhat ma thay
ddi lién tuc vé co tinh gitia cac 16p vat liu. Vit
liéu FGM dugc két hop tir kim loai va gdm nén n6
¢ vu diém 1a két hop duogc ca tinh déo cua kim
loai va tinh cach nhiét cach dién cia gém. FGM
duogc st dung trong cac nganh cong nghiép hién
dai nhu: hang khong vii try, cong nghé hat nhan,
truyén thong, ning lugng, ... Phan tich ing xir co
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nhiét trong vat liéu FGM 1a van dé quan trong vi
vat li€u nay thuong lam viéc trong moi truong ap
luc va nhiét do cao. Hinh 1 minh hoa tim FGM
trong hé toa d6 Pé-cac (X, y, 2).
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Hinh 1. Mb hinh hinh hoc tim FGM

Hién tai di c6 nhidu nghién ctru vé phan tich
bai toan Co nhiét trong vat liéu FGM dugc cong
b trén céac tap chi. Cac phuong phap s6 dugc sir
dung ciing rat da dang nhu phuwong phap phan tir
hitu han (Finite Element Method — FEM), phuong
phap khong ludi (Meshless), 1y thuyét cit bac 3
(the third-order shear deformation theory). Cac tac
gia Afsar va Go st dung phuong phap phan tir
hiru han (FEM) dé phan tich bai toan co nhiét cho
md hinh dia tron xoay dugc lam tor FGM [1];
nhom tac gid Hosseini, Sladek, ap dung phuong
phap khong ludi (MLPG) phén tich co nhiét cho
éng try rong lam tir vat licu FGM dya trén mo
hinh Green—Naghdi [2], nhom tic gia A.H.
Akbarzadeh, M. Abbasi, M.R. Eslami st dung ly
thuyét cit bac 3 dé phan tich bai toan co nhiét cho
tim hinh vuéong FGM [3]. Ping hinh hoc
(Isogeometric  Analysis- IGA) 1la mdt phuong
phép tinh toan hién dai dugc gidi thi€u boi
Hughes [4].

Phuong phép ding hinh hoc 13 sy két hop gitra
thiét ké voi hd trg may tinh (Computer Aided
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Design-CAD) va phan tich phan tir hitu han
(Finite Element Analysis-FEA). Phuong phap
dang hinh hoc (IGA) st dung ham co s Non-
Uniform Rational B-Splines (NURBS) dé ¢ duoc
hinh hoc chinh xac. N6 sir dung ham co s& nay
cho ca mé hinh hinh hoc chinh xac va xap xi hiru
han. Ngoai ra, IGA con c6 loi thé ting hay giam
bac cta ludi rit hiéu qua va cing voi k¥ thuat
chén knot dé c6 thé kiém soat do lién tuc mot cach
linh hoat.

Bai bdo nay c6 bd cuc nhu sau: phan tiép theo
mb ta chi tiét hon vé vat liéu phan 16p chirc ning
cung va cac phuong trinh st dung trong phan tich
bai toan co nhiét, két qua s s& dugc thé hién &
phin 3 va phan 4 s& 1a phan két luan.

2 COSOLY THUYET

2.1 Vatliéu phan lop chirc nang (FGM)

Vit li€u phan 16p chirc nang (FGM) 1a vt liéu
composite méi duge cau tao tir hai hay nhiéu 16p
vat liéu ma thudc tinh cta vat liéu thay doi lién
tuc theo kich thudc cia cdu triic va tinh chat cua
vat liéu. FGM c6 quy ludt ham s6 theo phuong bé
day cua ciu tric 16p vat lidu. Ta c6 ham biéu dién
tinh chat vat lidu [3].

P(Z):(Pc _Pm)XVc(Z)+Pm (1)
trong d6: P, P, la thudc tinh vat liéu cua gém

va kim loai 1an lugt & mat trén va mat dudi. P c6
thé dai dién cho mo-dun dan hdi, hé sé Possion,
hé sb gidn no nhiét, hé sé dan nhiét nhiét ...

Véi V,(z) 1a ham vj tri theo bé day tAm.

1 zY
V. (2) = (E+FJ 2

trong d6: z 1a chidu sau phan 16p vat lidu; h la
chiu day tam; n 1a sé mil ctia ham V.(2) .

2.2 Phirong phap ddng hinh hoc

Pé tim hiéu ham NURBS trudc tién ta s& tim
hiéu mot s6 khai niém ham B-Spline vi ham
NURBS dugc xay dung tir ham B-Spline.
2.2.1Vécto knot

Vécto knot 1a mot tap s6 thyc khong giam trong

khong gian tham S0, dugc viét
E={&.&0 & pa) - tong d6 & e R 1 knot
tht i, ila chi sé ciia vécto knot,

i=12,...,n+p+1 p la bac cua B-Spline, n sb
ham co s sir dung dé xay dung B-Spline. Ham co
s& B-Spline lién tuc C” trong khoang knot [ £,
&) va lién tuc CP™ trong knot riéng biét. Mot
giyé t‘ri knot c6 thé xuét bién nhiéu hon mot 1an va
s0 lan gia tri knot xuat hién trong knot vector
duoc goi 1a bdi cua knot d6. Cu thé tai mdt knot
6 boi 1a k thi do lién tuc C°*.
2.2.2Ham co so

Ham co s¢ B-spline N, (&) duoc dinh nghia
c@ng thirc ¢¢ quy Cox-de Boor bat dau voi hing
s0 [5]

1 < ]
Nivo (é) _ { neu §| é < éwl ) (3)
0 cactruong hopconlai
Ham co s& B-Spline dugc dinh nghia theo
cong thirc dé quy Cox-de Boor khi [5]

é_é:i

éi,p+17§
gi,p - gi

Ni,p(g): C_:: —é
i,p+1 i+1

Ni,p—l(g) + Ni+1‘ p—l(g)

(4)

2.2.3Pbwong cong B-Spline va dwong cong
NURBS
Puong cong B-Spline va NURBS bac p lin
luot duoc biéu dién nhu sau [5].

Col& =N, (OB 5)
Cu(£) =2 R (9B (6)
trong do

N, , 1a ham co s¢ B-Spline voi i=1,2,...,n .

B, lacac diém diéu khién.

R” la ham co s¢ NURBS. R’ dugc biéu dién
nhu sau [5]

RP (&)= e ()W Y]

Z Ni,p (Zj)Wi

i=1

2.2.4Khoi B-Spline va Khoi NURBS
Khdi B-Spline va NURBS lan luot dugc biéu
dién nhu sau [5].
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S (67.6) =2 33N, (M, (1)L, (€)By
i=1 j=1 k=1

)

Sy (5;77,():_ ZZRuplqkr é’]ig)Bi,j,k (9)

N

trong do
N;,(&)M;,(7)L,(¢) 1a ba ham co s& B-Spline

nj=12,..mk=12,.,1.

1a toa d6 cac diém diéu khién mxnx| .

Vol i=12,...,
Bi,j,k
R”%" 1a ham co so NURBS. RP%" duogc bidu

dién nhu sau [5]

Nip (E)M e () L ()W
>33 N (M (1)L ()W
(10)

Rlqukr (§|777C;) = n

IS

2.2.5Truong chuyén vi va trwong nhiét do duwa
trén xap xi ham NURBS
IGA liy y tuéng chinh tr FEM dung phan tir
dang tham sb do d6 bién sap xi trong ding hinh
hoc duge biéu dién nhur.

(11)

Khac véi FEM IGA st dung ham co s6 NURBS
dé xay dung hinh hoc chinh xac dong thoi su
dung ham co s& NURBS lam cong cu tinh toan
tryc tiép trén mo hinh hinh hoc chinh x4c. Trong
IGA, trudng chuyén vi va trudng nhiét d6 lan luot
duogc biéu dién theo [5]

u= Zn: Ry, (12)

T= Z RT, (13)

trong d6: R, ham co s¢ NURBS, u,, T, lan luot 1a
chuyén vi va nhiét do tai diém diéu khién i,
luong diém diéu khién.

n so

2.3 CA&c phuong trinh su dung trong phan tich
bai toan co nhiét
Truong nhiét d§ dudi sy anh hudng cua nhiét
d6, hé s6 d6i luu va tai nhiét dugc biéu dién nhu
sau [5]

g=-kVT trong Q
T=Ttrong}

phy

(14)
L q,trong
on

7K£ =h(T -T,)trong "'y
on

Trong d6 «,VT,T,q,,hva T, lan luot 13, ma
tran dan nhiét, vécto gradient cua nhiét do, Nhiét
d6 trén bién Dirichlet, Tai nhiét (HeatFlux), hé sb
dbi Iuru va nhiét d¢ trong moi truong doi luu.

Truong co hoc dudi sy anh hudng cua tai nhiét
do dugc biéu dién nhu sau: [6].

V-6+b=0 trong Q,
o=C:(s—£") trong Q.
1
€= E(Vu +(Vu)") trong Q_ (15)
" =y(T-THI trongQ,,

I
u=utrongI'y

" |
=ttrong '}

trong 46 ©,b,C,5,&",7,T,,u  va f lan luot 1a
tensor Ung sudt, tai co ap dat 1én mé hinh, tensor
vat liéu, tensor bién dang téng, tensor bién dang
nhiét, hé sb gidn nd nhiét, nhiét d6 tham chiéu,
chuyén vi trén bién Dirichlet, tai kéo trén bién
Neumannn.

Phuong trinh dang yéu ding phan tich bai toan
truong cap doi co nhiét dugc biéu dién nhu sau:

KT

K k] _[F ] [Ku=F" -
o K'T| [F K'T =F'

trong do:

(16)

K"1a ma tran d6 cimg phan tir. K" dugc biéu
dién nhu sau:

K'=/B,"D,B, (17)

Véi B, D, lan lwot ma trin gradient co cua
ham co s& va ma tran cac hing sb vat liéu dan hdi
(ma tran gradient co va ma tran héng s6 vat liéu
dan hdi duge mo ta 16 & cong thire 5.32 va cong
thirc 5.71 tai li€u [5] trang 251 va trang 263).

K'la ma tran hé sé din nhiét phin tr. K'
duoc biéu dién nhu sau:
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K'=[ B/DBdQ+[ N/hNdT (19)

Véi B,D,,N,,h lan luot 1a ma tran gradient
nhiét ciia cac ham co s&, ma tran cac héng s6 vat
liéu nhiét, ma trdn ham dang cta ham co sé va hé
s6 dbi luu (twong ty nhu ma trén gradient co va
ma tran héng s6 vat liéu dan hdi thi cac ma tran
gradient nhiét cia cdc ham co sd, ma trin cac
héng s6 vat liéu nhiét, ma tran ham dang cua ham
co s6 cling duge mo ta rd & tai licu [5]).

K" 1a ma trdn d6 cung phan tir cip doi co
nhiét. K" dugc biéu dién nhu sau:

Kut:_JBuTﬁNT (18)

Vé6i B=D,a (a=[a,a,a,000] la vécto

gidn no nhiét).
3 KET QUA SO

3.1 Bai todn co nhiét cho tam hinh vuéng FGM

DPé kiém chung tinh chinh x4c cua phuong
phap, bai toan tdm hinh vudéng (a=b=0,6m,
h=0,03m) lam tir vat liéu Ti-6Al-4V/ZrO, duoc
khao sat. Tam hinh vudng c6 quy luat phan bo vat
lidu theo phuong bé day z tuan theo ham phan bd
vat liéu (1) véi s6 mii n=2 va thong s6 vat liéu cho
nhu bang 1. Piéu kién bién bai toan bao gom : doi
v6i diéu kién bién co hoc tim twa don 4 mit bén
(SSSS) ; @i véi diéu kién bién nhiét : chiu tac
dong cua tai nhi¢t (heatflux) g, =10°W/m* &
mat trén va mat dudi chiu tac dong tai ddi luu

h, = 10°W/m’K tai nhiét do moi trudng
T, =0K.
BANG 1.
THONG SO VAT LIEU TI-6AL-4V/ ZRO,
Thong sb .
Vit liéu Ti-6AL-4V ZrO,
E (Gpa) 66,2 117
v 0,322 0,322
k (W / mK) 18,1 2,036
a (lofﬁ / K) 10,3 7,11

Trong muyc nay, mé hinh tim hinh vuéng FGM
v6i thude tinh vat liéu thay ddi theo phuong z,
ham vat ligu V,_(r) tng véi s6 mii n=2 duoc
khéo sat. Két qua chuyén vi theo phuong z cho
bai toan str dung ludi IGA bac 4 ¢6 12x12x1 phﬁn
ttr duge biéu dién trong hinh 2.a, dd thi so sanh

két qua véi 10i giai tir bai bao [3] dugc biéu dién &
hinh 2.b.
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Hinh 2. Két qua chuyén vi theo phuong z (a) va do thi so sanh
chuyén vi theo phuong z (b)

Hinh 3.a biéu dién chuyén vi theo phuong z
trong tAm véi thong sé vt lidu thay déi theo quy
ludt phan bd ham mii c6 n trong ham V; tng véi
n=0 (st); 0,5; 1; 5; 10'° (kim loai).

Tuong ty v6i md hinh hinh hoc va diéu kién
bién nhiét & bai toan trén, tim FGM hinh vuong
ngam 4 mat bén (CCCC) dugc khao sat. hinh 3.b
biéu dién chuyén vi theo phwong z trong tim véi
s6 mil thay ddi 1an lugt n = 0 (stt); 0,5; 1; 5; 1010
(kim loai).
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)

Chuyén vi theo phwong z(m)

1GA-n=0(2r02)
An=05

5]

—&—IGA-n=5
——IGA-n=1e10(Ti-BAI-4V)

0 01 0.2 03 04 05 0.6
Toa do6 theo phwong x (m)

(b)
Hinh 3. tmg véi hé sb mii n khac nhau tai cic diém c6 toa do
(x, 0.3, 0) SSSS (a) va CCCC (b)
3.2 Bai todn éng tru rong 3D FGM

Xét bai toan dng try rdng 3D FGM vé6i md hinh
hinh hoc ¢6 ban kinh ngoai r, =1m, ban kinh
trong r =0,5m va bé day h =1m . Thudc tinh vat
lidu thay ddi theo phuong huéng kinh véi quy luat
ham mil. Quy luét thay do6i ctia cac thong so vat
liéu mo-dun dan hoi, h¢ sO gidn no nhiét, h¢ so
din nhiét va hé sb Poisson lan luot 14 E = E,r",
a=a,", k=Kkr" n=2,
E, =299,92 GPa, o, = 3,24x10°K
k, =8,33x10°W /mK va v=0,22. DPiéu kién
bién bai toan bao gdm: thanh trong chiu tac dung
nhiét 40 T, =500K va thanh ngoai chiu tac dyung
nhiét 46 T, =100K .

Pé chon duoc muc ludi phit hgp cho bai toan,
ching toi tién hanh khao sat gia tri tmg suat von-
mises tai diém c6 toa d6 x = 0,75 m, y =0 m va
Z = 0 m & cac muc ludi c6 so bac ty do khac nhau.
Céc két qua thu dugc so sanh voi 101 giai xép xi
cua phan mém COMSOL dung md hinh ludi co
540239 bac tu do va gia tri ung suat von-Mises
Oy (0,75;0;0) = 6,1683279713580448 x10" Pa .

Hinh 4 mé ta téc do hoi tu cua ludi IGA bac 2,
béc 3, bac 4. Bang 2 moé ta két qua cua Gmg suét
von-mises tai vi tri khao sat véi nhidu mo hinh
ludi khac nhau. Qua két qua nay co thé chi ra
réng, lu6i bac 4 cho toc do hoi tu tt nhit vi véi
cung mot 6 lugng bac tu do thi 101 gidi dung ludi
béc 4 tét hon nhiéu so véi bac 2 va 3. Vi thé, ham
xap xi bac 4 s& dugc ding dé phan tich bai toan
co nhiét cia mé hinh 6ng tru rong 3D FGM.

va v=const véi

6.184 —FEM

—o—IGA(p=2)
- o IGA(p=3)
6182+ —o—GA(p=4)
w
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@
]
@
E 6.178 -
£
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7 6174
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<
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N k
6.188° " T - p "
0 1000 2000 3000 4000 5000

Bac Tw Do
Hinh 4. Téc d6 hoi tu ung suat von-mises ctia cac mo hinh lugi
cho bai toan ong tru rong 3D FGM

BANG 2.
KET QUA UNG SUAT VON-MISES TUONG UNG VOI TUNG MO
HINH LUGI TAI BIEM (0,75; 0; 0)

. Ung suat
Phuong phap Matdo lusi  Bactw do von-Mises
Bac2-IGA 1x1x1 1081 61841232,56
3x3x1 300 61697272,37
5x5x1 588 61691220,84
9x9x1 1452 61684001,83
12x12x1 2352 61683544,65
Biac3-I1GA Ix1x1 256 61752353,39
3x3x1 576 61683919,06
5x5x1 1024 61683733,55
9x9x1 2304 61683386,25
12x12x1 3600 61683358,49
Bic4-I1GA Ix1x1 500 61701831,93
3x3x1 980 61683864,14
5x5x1 1620 61683477,12
9x9x1 3380 61683387,61
12x12x1 5780 61683334,31

Do bai toan dbi xtng ¢ hinh hoc, vat li¢u va
diéu kién bién nén chung t6i s& khao sat & 1/4 md
hinh. Hinh 5.a mé ta két qua phan bd nhiét do cua
bai todn va dd thi so sanh két qua phan bd nhiét
ctia IGA so v6i phan mém thuong mai COMSOL
duoc thé hién & hinh 5.b. Tuwong ty ¢ hinh 6.a thé
hién két qua Ung suit von-Mises ctia bai toan va
hinh 6.b biéu dién dd thi so sanh két qua tng suét
von-mises voi phan mém thwong mai COMSOL.

100. 140. 180. 220. 260. 300.  340. 380. 420. 460. 500.
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Hinh 6. Két qua tmg suét von-Mises (a) va db thi so sanh tng
suat von-Mises (b) ctia bai toan

4 KET LUAN

Qua vi¢c phan tich mot s6 bai todn & trén, ta co
thé nhan thiy ring phén tich dang hinh hoc dua
vao ham co s& NURBS 1a cong cu tinh toan hiéu
qua cho viéc phan tich bai toan co nhiét ba chiu.
Phuong phap nay cho phép xay dung hinh hoc
chinh xéc, dong thoi co thé diéu khién ludi mot
cach d& dang bang cach nang bac (ning tinh lién
tuc gita cac phan tir) cling nhu ting mat do ludi
dé co duoc két qua hoi tu nhanh nhét. Phan tich
dang hinh hoc sir dung ham x4p xi béc cao va co

tinh lién tuc bac cao gitra cac phan tir. Nho vao
tinh chit nay ma ta c6 thé mo hinh bai toan vdi s6
bac tu do thép nhung van dat duoc 161 giai hdi tu
so voi nghiém tham khéo, dwoc thé hién & hinh 4.
Diéu nay gitp ta giam tai nguyén khi tinh toan. Vi
thé, IGA hira hen duoc st dung hiéu qua dé phan
tich bai toan co nhiét qua d6 véi mo hinh vat li¢u
FGM va nhiéu mé hinh vat liéu co tinh chat phuc
tap khac, von nhing loai bai toan nay doi hoi rat
16n vé tai nguyén may tinh dé luu trit két qua thay
d6i theo thoi gian.
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Analyze thermo-mechanical problem by
Isogeometric analysis for structures used
functionally graded material

Nguyen Duy Khuong, Nguyen Manh Tien, Vo Trung Chien, Nguyen Xuan Hung, Vu Cong Hoa

Abstract— The objective of this paper is apply isogeometric analysis (IGA) to analyze thermoelastic behavior of
functionally graded material (FGM) structures. IGA is built on NURBS basis functions used to model exact
geometries with higher-order approached functions. The FGM is a type of advanced composite material has material
properties is continuous distributed variation through thickness direction. The results are verified with other
numerical results and results from COMSOL commercial software.

Index Terms— FGM, IGA



