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TOM TAT: Co hoc ran mitt la mét linh vue con kha méi mé trong kp thudt. Sy phdt trién ciia nén

toan hoc hién dai cimg véi nhitng phitong phdp s6 khae nhau da ho trg cho co hoc ran mit giai quyét

nhitng bai toan vét mit phire tap trong thire 1€ vo ciing hiéu qua. Bai bdo nay sé gidi thigu viéc ap dung

phdn nr diém phan tw trong phiong phdp phan tic hitu han vao bai toan co hoc niit dé tinh toan, mé

phong g xir tai dinh vét mirt trong khéng gian hai chiéu va sir dung cdc chuong trinh ANSYS,

FRANC2D dé tinh todn hé sé cuwong dé img sudt, mé phong truong tng sudt, chuyén vi gan dinh vét

nirt, hién tiwgng vét mit lan truyén. Cdc két qua tinh toan sé duwgc so sanh véi két qua trong cdc bai bdo

khoa hoc khac.

1. GIOI THIEU

Sy khé khin co ban cua viéc md hinh hoa
bai toan co hoc nit khi sir dung phuong phap
phan tir hitu han 12 nhitng ham da thirc cin ban
dung cho céac loai phén tir thong dung khong
thé biéu didn dugc (g sudt suy bién tai dinh
vét nit. Diéu nay ¢é nghia la ludi duge lam
min trong 101 giai phi‘m tir hitu han sé hdi tu toi
két qua sai 1éch so vdi ly thuyét. Mot su tién bd
quan trong trong viéc ap dung phwong phdp
phin tir hitu han giai quyét bai todn co hoc nirt
la sy phat trién cia phan tir “diém phan tu”
(quarter-point). Truong (ing suat, chuyén vi,
bién dang gin dinh vét nit co thé dugc biéu
dién chinh xac bing phén wr ding tham s6 bac
hai chuin néu dich chuyén diém nit ¢ gitia
phin tr dén vi tri vé phia dinh vét nit véi
khoang cich mgt phan tu chiéu dai phan ur.
Véi loai phin tw ny, cic chuong trinh phan tur

hitu han c6 thé giai quyét bai toin co hoc nut

mot cach chinh xéc hon va céc yéu cau ¢ phan

tién xir Iy duge don gian hoa di.

2. PHUONG PHAP PHAN TU HUU HAN
TRONG COHQC NUT

2.1. Phiéin tir suy bién diém phén tw

Su anh hudng cua viée di chuyén diém nut
giita ciia phin tir bac hai dén vi tri diém mot
phin tu dugc minh hoa r& rang nhét trong
truong hop phdn tir mét chiéu. Mic du loai
phin tir nay khong hiru dung trong thl_IC: té
nhung phuong phap dai s6 s& don gian hon

nhiéu so v&i phén tir hai chiéu, ba chieu:

(1) B o g e
6——9 ——
| [2] ! —
(a) {b)

Hinh 1. Phin wr bac hai mot chiéu: wirong khong

gian tham so0 phan tir, bjtrong khong gian Descartes.
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Chuyén vi u tai bét ky diém nao trong

phén tir dugc xdc dinh bing cach ndi suy cac

chuyén vi cua diém nat u; nho st dung ham

dang Lagrange bac hai

U= iN,.u, = %g(g —Du, +(1-Eu, %5(; +1)u, (1

Vi £ 12 toa do diém nut trong khong gian
tham s6 phn tir.
Phuong trinh (1) dugc sép xép lai theo bic

cua g
1 1 >
U=, +§ (u3 =1, )§+ —2- (11'[ +er) =i, g (2)

Sir dung sy thiét 13p cong thirc ding tham
sd, cac ham dang tuong tu dugc ding dé néi

suy dang hinh hoc ctia phin tir.
3

r=3 N# =a1+%1§+1(%—a]§2 3)
i=l

Véi r 1a toa @6 diém nut trong khong gian

Descartes mdt chiéu va a 1a tham sb.

Theo tai liéu [2], dé bién ddi phan tir bic
hai mot chiéu thanh phan tir diém phén tu thi
diém nut gitta duge di chuyén t&i vi tri mot
phin tu. Khi d6 « = 1/4. Thé a = 1/4 vio
phuong trinh (3) s& dugc

yNITS
)

E=0 @)

Thé phwong trinh (4) vao phuong trinh (2)
sau d6 dao ham sé lan lugt din dén cic phuong

trinh chuyén vi va bién dang trong phan tir

Jir

=+ 2, = 2y 1) T+ (<3, + 4y + uy) 5)

du

1 3 1
E= v 2u, —2u, +u3)?+[—5u, +2u, _51{3)

Phuong trinh bién dang c6 chira bién r &
dang r'? va c6 thé biéu dién dang suy bién

-1/2

trong bai toan co hoc nit. r™'* con dugce goi 1a

=172

suy bién r'? (r'" singularity) hay suy bién

cin bic hai (square root singularity).

2.2. Phuong phip tuong quan chuyén vi
(Displacement Correlation Method)

Hé s6 cuong df ung sudt K 1a thong s6
quan trong trong co hoc nirt, biéu thi muc do
tip trung (ng suat tai dinh vét nut. Phuong
phép tuong quan chuyén vi 1a mét trong nhiing
ky thudt don gian nhit ding dé tinh toan hé sé

cudng d¢ tmg suit tir két qua phan tir hitu han.

1

— (6)
N

Pay la phuong phap truc tiép. Cic biéu thic
cua trudng chuyén vi gn dinh vét nit c6 thé
duoc tham khao trong chuong 4 cua tai liéu [1].
Véi dang don gian nhit, chuyén vj tai mot
diém bén trong lugi duge thé true tiép vao biéu
thirc gidi tich ctua trudng chuyén vi gin dinh
vét nut, sau khi da trir di chuyén vi tai dinh vét
nit. Diém duoc chon 1a diém nat trén mait nut

ma chuyén vi tai d6 1a 16n nhit.
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i
TT—
BE B
Hinh 2. Piém tuong quan dugc chon trong trudng Hinh 3. Phuong phap tuong quan chuyén vi vai
hop don gian. phin tir diém phan tu.

Biéu thic hé sO cudng dd ung sudt cua e P /271' .
dang I (mode I) va dang II (mode II) dugc tinh 1= \[; 2-2/) [4(1‘_'»': Hu)!f)-}“u)t‘ ”“;r] &)
nhu sau i

U2
N27z(u, —u,) Ky =—r——u, <u ) +u, -u,]
Kj, = M vh ya (7) \/;(2_2‘/,) X X¢ xe c

Jr@2=2v) (10)
” UN27 (uy, ) 2.3. Phuong phap tich phin kin nit

\/;(2'2"') hi¢u chinh (Modified Crack Closure
V6i p 1a module dan hdi truot.

u.\'ﬂ

I

Integral)
r 1a khoang céch tir dinh vét nit dén diém ol p s 2o .
Suat giai phong ndng lugng G la ning
tuong quan. Lok il ke e i A
. lugng can thi€t cho sy phat trién cia vét nut.
Uy, Uy; 12 cac chuyén vj theo phuong x, y e . ;
i Theo tai li¢u [2], trong phuong phap tich phédn
tai diém i. . 3 g
, kin nit hiéu chinh, tich phdn kin nat Irwin
v la hé so Poisson. . 3 . Dl s i
. ! ) dugc sir dung dé tinh toan suat giai phong ning
v=v trong trudng hop bién dang phing va . .
. Feai lugng G cua dang I va dang II
v=v/(1 +v) trong truong hop g sudt phang.

Theo tai liéu [2], khi sit dung phin tir

diém phin tu thi két qua hé s6 cuong do img

sudt 1a
: 1 AL
G, = L}I_l}nﬂ tjcrw(r =58 = 0)u,(r =AL - x,0 = m)dr (11)
e W
G, = Al}r_?om : 7, (r=x,0=0u(r=AL-x,0=r)dr (12)
Tich phan Irwin lién hé sudt giai phong dinh vét nut trong truong hop vét nit ting
nang lugng G véi truong img suit va chuyén vi truong nho.
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; gian hon. Nhu dugc minh hoa trong hinh (4),
ban dau, ndi luc F* gén dinh vét nut s& duoc

tinh trude. Sau dé vét nit phat trién, chuyén vi

— - TR \“—-—____ .
e X tai cac diém nat ¢ va d (u® va u®) sé duoc tinh
L'L‘-‘-' # l tiép. Phuong trinh (11) va (12) duge rat gon
o AL |

nhu sau

Hinh 4. Ung sudt va chuyén vi gan dinh vét nirt véi G, = 1 Fe(ut —u‘:) (13)
SAE .7, . F

tich phan kin nat Irwin.

Khi nhiimg phan tir hitu han tuyén tinh

if v

&= ﬁ e —u) (14)

dugc st dung, biéu thic tinh G tr& nén don

L | P x
e S
- Vil
e -O"l) ; .
] | | |
U gL | a8 T AL )
Vet nut phat trién
Hinh 5. Luéi duoc chia tai dinh vét nirt véi phé"m tr hiru han tuyén tinh.
Néu dinh vét nat chi dich chuyén mot ¥
khoang nho thi chuyén vi tai cc nit ¢ va d ¢o s
thé xdp xi gin bing voi chuyén vi tai cdc nit a
vab. e pf
: Fy
Doi véi mode I va mode 11, G ¢6 quan hé NTQ 1 I
B o i
véi Knhwsaw =g L 15
o 4 o i
_ 2 ' [ I o
G=(K,))/E' (5) AN i R

Vi E =E trong truong hop tmg sudt phing
va E=E/(1-v) trong truong hop bién dang diém phan tu tam gidc.

phing.

Hinh 6. Ludi dugc chia tai dinh vét nirt véi phén tir

Sau khi ldy tich phan phuong trinh (11) va

Phuong phap tich phan kin n(t hiéu chinh 53
- Pl : (12), biéu thirc tinh G s¢ 1a
c6 thé duge md rong bang cach sir dung nhiing
phin tir bic cao hon nhu phin tir diém phin tu
tam giac.

1

G, =E[(c”1~’“;' +CoF) + CoFE ) uy —ug ) +(Cor P + CuF +CyF¥ )~ )1 16)
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G, = KIL— [( C.F + Cl:Féll +CFY )(”.iT -u, ) + (C:I e g szFéf +CyuF¢ )(”_: = "f )]
( 17)

Vi cic hang s6 Cjj duoc cho nhur sau

¢ =2 g | g p B g Sl
> ; 4 2
£ =tk L el L g g
- 8 R b 8
(18)

3. PHUONG PHAP DU DOAN HUONG ~ |1~ /1+3(Ku/f<;)2
(20)

T AG, =2tan”
LAN TRUYEN CUA VET NUT c K /K
4( 1 / I)

Thuyét Gng sudt phdp theo phuong tiép A : "
, ) A ) . 4. MO HINH TINH TOAN
tuyén cuc dai oyome bdc nhat doi voi vat ligu , : d .
7 ] o . R T e 4.1. Tam phiing vdi vét nit nim trong
diang hudng khing dinh vét nat s€ phat trién 2 z
) i . L5 e chiu irng suit kéo déu don truc
theo hudng vudng goc vai tng suat phap theo : ]
.z : ] Xét mot tam phang vai cac kich thuge W
phuong tiép tuyén cuce dai.

4
v
X [

=0,08 m, H= 0,1 m, a= 0,008 m. Truong hop
dang xét 1a bién dang phing. Vit liéu sur dung
la thép AISI 4147 véi E = 207.10° MPa, hé sé

Poisson v = 0,3 va gidi han pha huy Kic = 120

- / 3 B SN e s AL
> MPam'? . Tinh chét vat liéu la dan hoi dang
T e % huéng. Ung suit kéo ¢ = 820 MPa. Do ting
Frack tip ~ruong vét nit Aa = 0,002 m.
Hinh 7. Ung sudt phap theo phuong tiép tuyén cure P ‘f‘ 1
dai trong hé toa dj cyre.
1 »a H
Theo chuong 4, tai licu [ 1], tmg suit Gy E— —
tai dinh vét nirt duoc biéu dién nhu sau i e . [
Py 0.3, . Lokal
Oy =—F==005—| K, ¢08 ——K . 5ind
\127[ P 2 ?.. 2 s A ™ ge iR . M)
Hinh 8. Tam phiang voi vét nirt ndm trong.

(19)

Pao ham phuong trinh (19) theo bién 0 va Ket qua giai tich h¢ so cuong d§ (mg suat

giai phuong trinh 86¢/20 = 0 theo bién 0. Sau dugc tham khao tir tai liéu [1] nhu sau
d6 dat 6 = A8, s& duge goc udn cua vét nirt khi K= aorwa=130,46 MPam (1)

lan truyén nhu sau

Véia :\/14-0,5(01’1'/}'/)2 +20,46(a/W)* +81,72(a/W)* =1,00356 (22)
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Cic két qua chuyén vi, ung suat dugc tién va ANSYS nhu sau

hanh so sanh gitra hai chuong trinh FRANC2D

AN
HODAL SOLUTION —
oEC 16 2008

ATER=1 22138: 46
un =1
TDE-1 : 2
oy ]
REVE~0
feod =, 375E-03
et =, 370%-03
X =, 3TOE-03

-.370R~03 ~.J308K-03 ~.411E-04 13E-03 J88E-03

-.2688-03 ~-.123E-03 .4118-04 205803 .370E-03

AN
SEDAL BoruEsom DREC 16 2000
o v
m‘:?QSL!—OJ
el =-124 957
= =3487
=124, “;:J'?ﬂ_ ’nr;:rv .V“'IGO'J') 1480 ;'u?"_i.?"ﬂ-j_::.‘ joes 3487
Hinh 10. So sanh két qua (g sudt oy gilta FRANC2D va ANSYS.
Bing 1. So sanh két qua hé s6 cuong do (mg sudt K.
S FRANC2D Sai s6 gitra FRANC2D sl :
Ly thuyét giai tich ANSYS ) Sai so gitra ANSYS va ly thuyét
(J-Intcgral) va 1y thuyét
149,8216 149,1 147.79 0,48 % 1,356 %

Bieén dang va (ng SUAL Ty tai dinh vét nit khi vét nat lan truyén sau 7 step khi mé phong b;ing

FRANC2D

Hinh 12. Ung suit t,,, tai dinh vét ni,

Hinh 11. Bién dang.
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5

4.2. TAm phiing v6i mjt vét nirt bién va
chiu dp lye trén mot phén canh

Mé hinh dugc tham khao trong tai liéu [5].
Truong hop la bién dang phang.

Véi E = 3,86 GPa, hé s6 Poisson v = 0,31,
Kic = 1 MPam'%, Ap luyc q = 1 Pa. DB§ ting
truong vét niet Aa = 1 mm. Véi céc kich thude
w=30mm, h=45mm,a=4 mm,c=5mm.

Kich thude d thay di theo ba truong hop

lad=6 mm,d= 10 mm, d =14 mm.

Truwong hop d = 6mm

Vét nirt trude khi lan truyén

FRANC2ZD

<
111

=] |LI g

- <

I q

<q

M <

e

Hinh 13. Tam phing véi mot vét nirt bién va chiu

{mg sudt tiép.
So sanh két qua ludi bién dang khi vét nirt
lan truyén sau 20 step giita FRANC2D va két
qua tmg dung SBFEM (Scale Boundary Finite

Element Mcthod) duge tham khao trong tai liéu

[5] theo 3 truong hop thay dbi caa kich thude
d.

al L L N W W, L

Tham khao tai ligu [5]

Hinh 14. So sanh bién dang khi vét nit lan truyén giita FRANC2D véi SBFEM.

Trwong hop d = 10mm

Vét nirt trude khi lan truyén

FRANC2D

|}
4
¥

=

Tham khao tai ligu [5]

Hinh 15. So sanh bién dang khi vét nitt lan truyén gitta FRANC2D véi SBFEM.
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Truong hop d = 14mm

Vét nit trude khi lan truyén FRANC2D

PR 1 ) 0] B o A N IR0 o

Tham khao tai li¢u [5]

Hinh 16. So sanh bién dang khi vét nitt lan truyén giita FRANC2D v6i SBFEM.

5. KET LUAN

Bing cich st dung phin tir suy bién diém
phan tu trong phuong phap phin tir hitu han d¢é
mé phong tmg xu dinh vét nit trong khéng
gian hai chiéu, trudng Ung sufit va truong
chuyén vi gin dinh vét nit s& dugc thé hién
chinh xdc hon so véi cic loai phin tir khac,

viéc tinh toan h¢ sb cuong do img sudt s&

APPLICATION OF QUARTER-POINT S

nhanh hon so véi ly thuyét giai tich khi gip mé
hinh vét nut phirc tap. Ddng théi, co thé du
dodn dugc mot cach tuong dbi cach thire phat
trién va hinh dang ciia vét nat hai chiéu khi lan
truyén trong nhiing diéu kién khac nhau vé mé

hinh, vt liéu va cach thiuc dit tai.

INGULAR ELEMENT IN FINITE

ELEMENT METHOD TO SIMULATION OF CRACK TIP BEHAVIOR

Truong Tich Thien, Tran Kim Bang
University of Technology, VNU-HCM

ABSTRACT: Fracture mechanics is a new branch in engineering. The development of modern

mathematical background with different numerical methods has supported fracture mechanics to solve

many complex fracture problems in practice effectively. This article introduces the application of

quarter — point singular element in finite element method to simulate crack tip behavior in two

dimensional problems. The ANSYS and FRANC2D programs are used to compute stress intensity factor,

simulate the stress and displacement fields near crack tip and simulate crack propagation. The

calculation results are compared with analytical results

and the results in other articles.
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