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TOM TAT: Trén co sé dinh ludt ma sdt réi, Iy thltyél dg dai xdo trén ciia Prandtl, va quan diém
“vén téc tuong” cua Bdkhmeteﬁ.' su phan bé vdn téc diém u trén mdt cdt wot duoe xdc dinh trong

truong hop chay réi thanh tron va thanh hein toan nham. Liew hegng Q va vén tée trung binh V dicge
tim thdy sau khi thwee hién tich phdn Q= ju.da) . Dua véo tinh chat ciia dong déu, méi quan hé giita V,
ol

hé s6 ma sat A va van téc cét u” dwgc thiét ldp. Khir u” sé tim dwoc V la ham cia R, (Reynolds) hodc dé
- nhdm twong doi e/D. Tir d6, cong thikc tinh J. ¢6 thé dwge xdc dinh. Dang céng thirc nay giong voi dang
cong thirc thuc nghiém cua Nikuradse, chi cé sai léch nho ¢ cdc hé sé va sai sé giita chiing khong qud
1% ddi voi truong hop chay réi thanh tron ; va khéng qud 2% déi véi truong hop chay réi thanh hoan
toan nham. Qua két qua nay, tinh ding ddn cua ly thuyét dé dai xdo trén ciia Prandtl hiu nhw dioc
khéng dinh.

Tir khod: H¢é 56 ma sat A, ly thuyét dp dai xéo trén ciia Prandtl, vin téc tuong ciia Bakhmeteff,

chay réi thanh tron, chay réi thanh hoan toan nham, vén téc cit u”, s6 Reynolds R..

1. PAT VAN PE

Pi v6i dong chay 6n dinh trong éng tron,
ta co thé tim thdy méi quan hé sau day giita cic

dai lugng vit ly:

F(%,V,D,p,e,#,gFO

Trong d6: AH ,: tén thit doc duong (m);

V: vin téc trung binh mit cat (m/s); D: dudng
kinh éng (m); p: khéi lugng riéng cuia chat Iong
(kg/m’); e: 6 nham tuyét ddi cua thanh éng
(m); p: hé s6 nhét dong .luc hoc ctia chét long

(Pa.s); g: gia tbe trong trudng (m/s?).

Dung phuong phdp phéan tich thir nguyén,
chon V, D va p lam ba dai lugng l3p lai, ta s&
dat duge cong thirc Darcy:

2
Ki =Rt M
D 2g
Véi A= f(R,—) @
e’D
B.=viD. 2 3)
7

Nhu viy viéc xdc dinh quan hé ham giira
hé s6 ma sit (ton thit doc dudng) A, va cac
tham sé: s6 Reynolds (R.) va dd nhdm tuong
dbi e/D 1a vin dé cin thiét va quan trong. Thi
nghiém Reynolds cho chiing ta biét: dong chay

trong dng tron co thé xay ra hai trang théi:
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1.1.Chiy ting

Khi s R, < 2320, img suit ma sat cia
dong chay tudn theo dinh luat ma sat nhét cua

Newton:

= il )

dy
Trong d6: T: img suit ma sit cia dong
chay (Pa); u: van téc tai diém trén truc y (y la
truc vuéng goéc voi phuong dong chay) (m/s);

y: khoang cach tir thanh dng dén diém tinh (m).

Dua vao dinh ludt nay va phuong trinh co
ban cta dong chay déu trong dng tron, ta co thé

tim ra quy luit phdn b cua van téc u. Bing
céch tich phan, Q= _f _[u.dw , ta c6 thé xéc dinh
]

dugc Q va V. Chuyén céng thirc tinh V vé dang
cong thirc Darcy, ta c6 thé xac dinh dugec:
_ 64

R

e

A (5)

1.2.Chay rbi

Khi s6 R, > 2320, (g sudt ma sit cia
dong chay tudn theo dinh ludt ma sat rdi cia
Prandtl [1]:

T= Tahen + Tesi = (WHM) = (6)

dy

Véi, n : hé s6 nhot rbi (Pa.s)

Dua vao két qua thi nghiém ciia Nikuradse
va 1y thuyét 16p bién ctia Prandtl, dong chay rdi

c6 thé chia 1am ba khu vuec:

1.2.1.Chiy réi thanh tron
Khi ma cac mé nham bj che phu bai 16p
mong chay ting sat thanh rén (e <8, v&i § 1a bé

day 16p mong chay ting). Tén thit ning luong

cua dong chay phu thuge chu yéu vao tinh
nhét, réi do ban thin d(‘)hg chay tao ra, nghia la
A =1(Rc).

1.2.2.Chay roi thanh hoan toan nhdm

Khi ma bé day 16p mong chay tang () nho
hon nhiéu so véi bé cao cac mb nham (e). Khi
d6 cac md nham c6 tac dong chi yéu dén tinh
chit rbi ciia dong chay, nghia la: & =f(e/D).

1.2.3.Chiy réi thanh nhdam

Chay réi thanh nham la khu quéd do giira
chay rdi thanh tron va chay rdi thanh hoan toan
nhém. Khi d6 su rdi do tinh nhét, réi do ban
than dong chay (R.), va do cic mb nham (e/D)
d&u c6 tac dong dang ké dén tinh chit réi cua
dong chay,

nghia la: A =f(R., e/D).

Sau déy ching ta dua vao dinh ludt ma sat
rdi cua Prandtl dé tinh todn xac dinh hé s6 ma
sat A trong hai trudng hop:

- Chay rbi thanh tron.

- Chay rdi thanh hoan toan nham.

2. PHUONG TRINH CO BAN CUA DONG
CHAT LONG THUC CHAY PEU

Dua trén tinh chét cia dong chay déu, va
theo dinh ludt Newton II: tong cac ngoai luc tac
dong vao mot doan dong chay, chiéu lén
phuong dong chay bing 0, ching ta rit ra dugc
phuong trinh dong chay déu c6 dang sau:

T,=v.R.J (7)

Trong do, t,: img sufit ma sat tai thanh ong

(Pa); y: trong lwong riéng cua chit Wng(—'k
m
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J: d§ doc thuy lyc = I ; R: ban kinh

thiy lyc (m), trong truong hop dudng dng tron.
Taco: R=D/4,suyra D=4R; thé D
vao cong thirc Darcy (1), suy ra:

- AH, AV?

u’ ¢6 thir nguyén la L/T, cling thir nguyén
véi vin tbe va duge goi 1a “van téc cit” (shear

velocity).

3. SU PHAN BO VAN TOC TRONG DONG
CHAY ROI

Su khac nhau giira dong chay ting va dong
chay réi la trong dong chay rdi xudt hién 2
thanh phén vin tbc mach dong (velocity
fluctuation): u” theo phuong dong chay; va v’

theo phuong thing goc véi dong chay (xem

¥ A
r. = o2 tay [ =y :J:.V (8) Hinh 1).
ol 8
" du
dy v’
/ A
A !
/ W
g
b)
é}.‘_jg_
_dy
0 a) u

Hinh 1. Ky hiéu sir dung cho ly thuyét dg dai xdo
tron Prandtl [1]

Ap dung phuong trinh dong lugng ddi vai
phan t) dién tich song song véi phuong dong
chay, ta cé thé rit ra duoc tng suit réi do

mach dong (t,) nhu sau:

T, = pu'y )

Ap dung phuong trinh lién tuc ddi véi mét
phén té dién tich vudng song song véi u’ va v’

(Xem Hinh 1.b), ta c6 thé rut ra duoc:
(10)

Theo Prandtl:

u's 1.ﬂ

11
% a1

Véi | 1a chiéu dai x4o tron (mixing length),
tirc 1a doan duong di chuyén cua phén tir chét
long theo phuong vudng géc vdi dong chay
trude khi thuc hién su trao ddi dong vaoi cac
phan tir khac & vi tri méi. Thé (11) vao (9), luu
y dén (10), ta dwoc:

2

du

= pP| S 12
fa (dyj a2
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Quan sat ban chit vit Iy ctia dong chay rdi,
ta c6 thé nhan thdy do dai xdo tron ti 1§ véi
khoang cach y (theo phuong vudng goc dong
chay, tinh tir mép thanh rin) ([1]), vi thé ta dat:

1=Ky 13)

K: “hing sb phd théng” (universal
constant) trong dong chay rdi, hogc 1a hing $6
Von Karman (hay hing s6 Kapa).

Hién nay, co khd nhiéu nghién ciiu Iy
thuyét va thie nghiém dé khang dinh tinh chdt
ding dén ciia hdng sé nay. Nhimg két Iudn
chia lam 3 hiéng: hing sé6 K bang 0,4; nho
hon 0,4 mét it, va lén hon 0,4 mét it. Trong do,
két qua nghién ciru thuc nghiém cua Y. Zhang
va cong sir cong bé ngay 05/12/2008 [2] dua
vao bg dir ligu CASES-97, vé viéc do dac khdo
sdt sw bién déi cua téc dd gio theo do cao,
nhiét d@g khong khi, va d¢ am riéng (specific
humidity) thu thdp tai gan thanh phé Wichita,
tiéu bang Kansas, USA, trong khoang thoi gian
tir 06/4/1997 dén 24/05/1997, da chi ra rang
déi voi khéng khi:

+Dudi diéu kién khéng phdn tang (neutral
stratification), hing sé K = 0,4;

+Dudi diéu kién phdn tang (non-neutral
stratification):

- Phan tang én dinh (stable condition),
K=>04

- Phan ta:ng khong én dinh (unstable
condition), K<0,4.

+ Do dé, néu quan tam dén s phdn tang,
mét cdch tong quat, gia tri trung binh ciia K =
0,384 — 0,390.

‘ Thé (13) véo (12), ta duoge:

-4 =Ky.— (14)

3.1 Su phén bd vin téc trong 16p mong
o A
chay ting

Tén dung khai niém vé chiéu dai xdo trn,
o day su phén b van tde rdi duge xem xét cho
truong hop tim phing va thanh trong dudng
béng. Déi véi dong chay réi trén bé mdt tdm
phdng tron, tmg sudt cdt trong heu chdt la hang
56, 7, (xem [1]). Khi d6, phuong trinh (6) c6
thé ap dung dugc, nhung 1 s& tién t6i 0 & sat bé
mit thanh rin; con p trd nén khong déng ké khi
xa khoi bé mit nay. Néu 1) khong dang ké trong
pham vi 16p mong chay ting cé chiéu day y=3,
khi @6 p hoan toan khéng ché, thi phuong trinh
(6) tro thanh:
_du
= pd—y
Vi 16p mong chay tang cé & rat bé nén co
thé xem van tdc u tuyén tinh véi y (véi y< §),

a

nen:

du u i W u
—=—,dodés: —=—.—=V.,—
dy y p LY Yy
o day, v (m?/s) dugc goi la hé s6 nhét

= T = \2
dong hoc cua chat long, ma —*== (u T , do
yej

do

véi y<38(15)
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3.2 Sy phin bd vin téc trong khu vue
» As
chay roi
Khi y > 8. Trong cdng thirc (6), 1 xem nhu

khong dang ké, nén sir dung cong thirc (14), ta

co:
T du .
\[Z = Ky_—-- =l do do
P dy
du L d_y )
u Ky

Sau khi ldy tich phan, ta duoc:

u, = L) Ln(y)+ Const (16)
u K

3.2.1 Trong khu vwe chiy réi thanh tron

Theo Bakhmeteff, goi u,,' “vén téc tuong*
(wall velocity) 1a van téc ctia lwu chét & bién
I6p mong chay ting, y = §. Do d6 & va u, sé
thoa 2 phuong trinh (15) va (16).

u‘;’ s 2 =N= LLM(5) + const,
u Vv K
suy ra

5= E;K ; vd const= N - LLn(é')
u K

Do do, const=N- L £, V¥ =N.
| K u

| 1% 1
—Ln(—)-—Ln(N
X n(u)K n(N)

Thé vao (16), ta dugc;

u 1 yu 1
Y eIy N—InN
u K & 1% ) K N

My Cm o Tt a4
u K v

A=N—LLn(N), véi
K

(18)

Dua trén sé liéu thi nghiém Nikuradse,
) £. ) u

trong khu chay roi thanh tron, = dugce vé
u

*

theo Ln( J tir @6 xac dinh dugc A. Két

4

qua cho: K = 0,40 va A=5,5 (xem thém & [1]).

3.2.2 Trong khu vuc chay réi thanh hoan
toan nham

Goi u,, la van tbc trong tmg véi y, = m.e.
Véi e 1a chiéu cao tiéu biéu ctia md nham, m hé
s6 hinh dang phu thudc loai md nhéam. Thé vao

phuong trinh (16), ta duoc:

W

1
= T Ln(m.e) + const ; suyra

u | 1
const = — —— Ln(m)—— Ln(e
ke e (m) z (e)

Khitr const & phwong trinh (16), ta duoc:

A 3. & 1
) =
u K n(e) iR A}
i e T B (19)
u K e
u, 1

Voi: B=—"4+-—L 20
o1 e K n(m) (20)

Dbi véi thi nghiém cua Nikuradse, d6

nhdm nhén tao 1a cat cé dudng kinh hi’mg s (e)
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d3 qua sang loc, gin dinh vao thanh trong cua
dng, két qua thi nghiém chi ra ring: K = 0,4 va
B = 8,48 (chi tiét tham khao Victor L. Streeter
[1])

4. XAC PINH CONG THUC TiNH 2
4.1 Trong khu chay rdi thanh tron
Su phan bd vin téc tuin theo ludt (17):

u

:—Ln( WY

Trén dién tich udt hinh tron, xét vi phin
dién tich hinh vanh khin, cach tim mot doan
(ro —y), c6 bé day dy. Ta c6: dw = 2n(r, —y).dy,

suyra:

Suyra:

C)

H

Vi L:m[yL (y.u D:O, va
v—0 Vv
Ltm[y L}{yu D:O
y—=0 Vv

Suy ra: sl
T.E U

7]

<~
()

*

=

Thé u'=\/%.V (cong thire (8) ), suy

ra:

=2r {AI y——gy +Eyl_.n{v:;}

d? = u' .dw=(—1— Ln[y.“—J+ A] 2n(r,-
u u K 1%

y).dy

_ [ 99
e H =
=2H£{A.r A.y+IZL =

&

1% K
Véi: _[Ln(
Vv

}Jy=y.Ln —H—J- y; vi
14

* ( *
yau 1 5 yu | 1 ,
: ) B
ijf?( - de ~ } i
- T .- (ﬂ'_LL};zT
YTk? v Tk JO
1 _ 3.1
Tz S[A 2K+KL{2J_D L'{Rﬂ
(21)

Theo thi nghiém cua Nikuradse K=0,4;

A=5,5; suy ra:
1
—=0,88.Ln|lR /1 )-0,91
'lﬂ ( e )

Pbi ra logarithm thap phén, ta dugc:
1
Vi

Cong thirc thyc nghiém cia Nikuradse [3]

= 2,0262.log(R, V7 )-091 22)

twong Ung :
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1
ool 2,0. log(RE VA )— 08  (23)
& day, diéu kién ap dung ddi voi cong thirc
Nikuradse 1a: 3x10° <R, < 10°;
4.2 Trong khu chay rbi thanh hoan toan
nham

Su phan b vén téc tudn theo céng thirc
(19):

u 1 y
w=—0Ln(=)+B
K (e)

u

Chimg minh tuwong tw nhu trén, ta rit ra

duoc két qua nhu sau:

1 1 3 1 1 D
—=—|B———-—Ln2)|+——=LH —
N Jﬁ( 2K K "()J K8 {ej
(24)

Trong truong hop cua thi nghiém

Nikuradse, khu chay réi thanh hoan toan nhém:
K=0.4 va B=8.,48, suy ra:

LY 1,06 + O,88Ln[—1-)-]

i e

Dudi dang logarithm thip phan :

L _1,06+2,03. log(D ) (25)

Vi e
Cong thirc thuc nghiém cda Nikuradse [3]

tuong ng :

1 D
—=114+2log| — 26
Vi {2) o

Ta c6 két qua tinh toan va so sanh trong
Bang 1 & Bang 2, va dugc thé hién trong Hinh
2. va Hinh 3.

5.KET LUAN

Trén co so dinh luat ma sat réi va ly thuyét
d6 dai xdo tron ctia Prandtl, ta c6 thé xac dinh
dugc cdc cong thirc tinh hé s6 ma st A t'rong
hai khu vuc chay rdi thanh tron, A = f(R,) va
chay réi thanh hoan toan nham. A = f(e/D).

Cac cong thic ndy gibng voi cac cong
thirc thuc nghiém cia Nikuradse vé mat dang
thire, chi sai léch nho cic hé sb, véi sai sd
khong vugt qua 1% ddi véi truong hop chay
rbi thanh tron; va khong quéa 2% déi voi trudng
hop chay rdi thanh hoan toan nham.

Céc két qua trén diy, mot 1an nira khing
dinh tinh ding d4n cua dinh luit ma sat rdi va
1y thuyét do dai x4o tron cua Prandtl.

Trong khu chay rdi thanh nhém, A phu

thudc ca hai tham sé R, va e/D, ta chua giai

quyét dugc vi bai toan kha phuc tap.
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=+ Theo Céng thifc bin thyc nghigm (13)
~a- Theo Céng thire Nikudrase (14)

0,04

0,035

003

it i
s
g

002

i

§ 50 ma sdt

Zoms
om

0,008

0 L
LOE+03 1LOEA04 1.0E+05 1006

5 Reynolds (Re)

Hinh 2. So sanh hé s6 ma sat A giita cong thirc
ban thuc nghiém va céng thiic cia Nikuradse,
khu chay roi thanh tron.

~+— Theo Cang thire bdn thyc nghi¢m (15)
- Theo Céng thirc Nikudrase (16)

H§ sb ma sat )

Ty sb duimg Kinh vi 0) nhim D/e

Hinh 3. So sénh hé s6 ma sat A giira cong thirc bn
thue nghiém \.:é cong thirc ctia Nikuradse, khu
chay roi thanh hoan toan nham.

Bing 1.Tinh todn va so sanh A giita cong thirc bén thuc nghiém & cong thirc thuc nghiém cua

Nikuradse, trudrg hop chay rdi thanh hoan toan nhém.

2 A (tinh) 8 A_;Lﬁ %)
e (25) (Nikuradse)| }
(26)

30 0,0607 0,0596 1,81%
61,2 0,0455 0,0450 1,11%
120 0,0358 0,0356 0,56%
252 0,0284 0,0283 0,35%
504 0,0233 0,0233 0,00%
1014 0,0195 0,0195 0,00%

Béng 2. Tinh toan va so sénh A theo cdng thirc ban thuc nghi¢m & cong thirc thuc nghiém cia

Nikuradse, trudng hop chay rdi thanh tron.

R. A (tinh) |A (Nikuradse) | A4 % )
22) (23) 4
5x10° 10,0378 0,0374 1,00%
6x10° 0,0359 0,0355 0,99%
7x10° 0,0343 0,0340 0,88%
8x10° 0,0331 0,0328 0,91%
1x10* 0,0311 0,0309 0,65%
2x10* 0,0260 0,0259 0,39%
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3x10°* 0,0236 0,0235 0,64%

4x10* 0,0220 0,0219 0,46%
6x10°* 0,0201 0,0200 0,50%
8x10° 0,0188 0,0188 0,00%
1x10° 0,0180 0,0180 0,00%
2x10° 0,0156 0,0156 0,00%
4x10° 0,0137 0,0137 ' 0,00%
6x10° 0,0127 0,0127 0,00%
8x10° 0,0121 0,0121 0,00%
1x10° 0,0116 0,0116 0,00%

DERIVING THE SEMI-EMPIRICAL FORMULA TO COMPUTE THE FRICTION
FACTOR A FOR TURBULENT FLOW IN PIPE

Le Van Duc

University of Technology, VNU-HCM

ABSTRACT: Based on law of shear stress in turbulent flow, Prandtl’s mixing length theory, and
Bakhmeteff’s point of view on “wall velocity”, turbulent velocity distribution u on wetted area can be

derived for smooth pipe and complete turbulence, rough pipe. Discharge Q and average velocity V are

obtained, after the integration, Q= ”u.da) is done. Relying on the properties of uniform flow,
)

relationship between V, friction factor 1, and shear velocity u' is set up. After eli}ninating u*, velocity V
is obtained as a function of Reynolds number R, or relative roughness e/D. Finally, the value of friction
factor A can be derived as a function of R, or e/D for the two above-mentioned cases. These formations
of A formulas are almost same as the experimental ones introduced by Nikuradse with minor deviations
in the factors and their relative errors do not exceed 1% for smooth pipe, and 2% for complete
turbulence, rough pipe. Through this research result, the rightness of Prandtl’s mixing length theory is
almost asserted.

Keywords: friction factor A, Prandtl’s mixing length theory, Bakhmeteff"s wall velocity, smooth

pipe, complete turbulence, rough pipe, shear velocity u", Reynolds number.
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