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LOP CAC QUA TRINH NGAU NHIEN ITO-HERMITE

Duong Ton Dam, Duong Ngoc Hao
Trudmg Pai hoe Cong nghé Thong tin, PHQG-HCM

(Bai nhan ngay 20 thang (05 nam 2009, hoan chinh swa chita ngay 11 thang 11 nam 2010)

TOM TAT: Trong bai bdo nay, ching téi nghién ciru mgt s tinh chat cia lop cac qua trinh ngau

nhién Ito — Hermite. Cac két qua duwoc trinh bay qua cac dinh Iy, ¢o ¥ nghia quan trong trong viec

nghién cuu giai tich Malliavin ndi rieng va trong giai tich ngdu nhién néi chung.

Tir khoa: It6 process, Ité’s rule, Ité-Hermite process.

1. GIOI THIEU

Cac da thirc Hermite trong giai tich tt
dinh ¢ nhimng tinh chat rit dac biét, trong d6
¢o tinh tryc giao; tdp cac da thuc Hermite ldp
thanh mdt co so truc giao cho khong gian
Hilbert cic ham thoa man diéu kién cho trudc.
Trong giai tich ngdu nhién, vai tro cua cac da
thirc Hermite trong khai trién Wiener — [to
chaos 14 rit quan trong [2], [5]. Phin diu cua
bai nay chung t61 dua ra khai niém vé qua
trinh It-Hermite va chi ra ring chiing tao nén
mot tap con cua lop cac qua trinh It6, sau do
chimg minh mot s6 cong thue dac biét cua qua

trinh Ito-Hermite.

2. QUA TRINH ITO VA CONG THUC ITO

2.1. Pinh nghia 2.1 (Qua trinh Itd)

Cho khéng gian xdc sudt dioc loc

(Q, ¥, { * } 0 ) trén do ta xac dinh qud trinh

re i rl 2 -,
Wiener m—chieu W, =(W'! W, ,...,W’,m)

!

Vai _PVI" ,Jd=12,....m la cic quad trinh _7; -

Wiener mot chiéu, doc lap voi nhau.

o, i3 N 1 2 ny,.
Ta néi rang X, _(Xr N, SN & )la
qua trinh Ité N —chiéu néu cdc qua trinh

XI

t 2

=20 ‘f, - thich nghi va thoa
man hé thirc :

! m
X/ =Xy+[Flds+) [Glaw/ ()
0

J=lo

; i 7 R ¥
trong do F; E st la cac qua trinh ?; - do

dirge dan va thoa diéu kién

I
0

fon wid
s <0 ﬂGj) ds<oo he Wt <oo; Vi, [ (2)
0

Khi X, 1a qua trinh Itd thi tir (1) ta ¢6 thé

viét
X, =X,+ [Ads+ [ Baw, ©)
0 ()

hodc dang vi phan Itd la
dX, = Adt + BdW, (4)
VOl

A, = (4,42, A"); B, = (BY)

nxm
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Cong thire Ito: ngau nhién ndy, ta ¢6 phép todn “cong” vi
“nhén” nh :
Cho lel,X,2 la hai qua trinh Itd mot il S
chiéu. Ap dung cong thirc Ité cho hai qué trinh
m
X! +X? =X} +X2+j{ Y }ds+zj{G" G Jdw! (5)

/=10

rEe-x x5 +Zj{X G + X? G”}dW’+j ﬂuxfﬂuicjfcf-fl(ds
Ji=lo /= )
(6)
2.2. Nhin xét:
'anxet e o H (t’L _-—[’LH t’l,) tH .(t L]}
e Qua trinh It6 dong kin doi vai cac phép

; 5 . B iR & i o ik 2

toan “cdng” va “nhan” néu trén. Tlr do ta di dén voimoi n € N,n 2> 2 (7

dugc nhdn xét : Tap cdc qud trinh ngau nhién o -
5 s T " o Dinh nghia 3.2: Tu goi H, (”O”I Gj)

It6 ciing voi hai phép toan cong va nhan nhie /

trén lap thanh mot truong. la qua trinh Ité- Hermite (hay con goi la qua
e Dé qua trinh It6 dang (4) tao nén winh Hermite suy rong), irong do 6(x) la

martingale thi dicu kién cdn va du fa : ham binh phwong kha tich wén [0,T] véi

A4 =0 hc.

o JJ}. = fes (s)ds < 0o,
3. QUA TRINH ITO-HERMITE

Pinh nghia 3.1. Da thic Hermite

T
i G = fﬁ 8)dW._ Ila tich phan Wiener.
H (t,x) la da thitce xac dinh nhu sau: N ( g e e

H,(t,z)=1 C6 thé thdy ngay ring 16p cic qué trinh

H ( " 3-) — [t6-Hermite nay la tip con cua tap cac qua trinh
T e

ngau nhién It6.

Pinh Iy 3.1: Cho H, (||§||',j 1G;) la qud trinh It6-Hermite, khi d6

. 5, (16 62) = [ 8. (BE G peoraw, ®
(ii). E{H" (||5||j ,G;)} =0 (9)
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(i), B {[H (ne )]z} " E} B (6. 8 @ds a0
0

(iv).E{ ,!(||6|| Gal) ( 5|, G

TZ)} =0,Vm,n € Nym = n(l)

Chirng minh:
(i) va (ii) dugc chimg minh chi tiét trong
bai bao[1]

Chimg minh (iii): Ap dung dang cu It6 ta c6

5{, (. .c:)

_ EUH (I .G o cordw, b
0

= E]{Hl (lel? .G )]252 (s)ds

Ching minh (iv): Trude hét ta nhan xét ring

H, (||5||§. ,G.;‘.) + j §(s)dW,

H, |6l}. .G ) = fH(||5|| G HG! = fH (I6l¢ .G: s cord W,

=]]b(.s)6(t dW,dW.

0 0

(le2].62) ff fHé AW, .. dW, dW,

0 0 0 k=1

Khéng mét tinh tong quat, gia sa m < n . Dat

g(tity-t,) = TT6(4) (12)
k=1
h(Sl?"'1sr|-—m‘-tl?t'Z“-""tm): ]._[6(8&) 6(t)) (13)
k=1 J=1

Ap dung tinh dang cu It6 ta c6
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E@J,;GMHJMﬁﬂﬂ}

_—b[jf fj )W, dIV,"l

0 0 0

P by b
ff...fh ($13+++1 Sucms s bysevs b AWV, oW,

n n [}]
} dtna

|

T [

= E

)dW, ..dW, ‘

} j f BBy Bl JAW, oI,

—ff JElotetsr,

LU

f fh Symrbysiyenns by ) AW, AW,

= () (vi ky vong cuia qua trinh Ité bing khong)

dt,...dt,

Dinh Iy 3.2. Cho f,g: R — R la cac ham thuc, khi do

E{H“ (/ + 1o 9 + G;)} =H,(f,9) (14)

Chirng minh:

Ta sé chimg minh céng thuc (14) bfmg qui nap

Khin =1, H,(t,z) = 2 nén
E{Hl ['/' + Hc“”l 9+ G;}} = E(y + G;)

]o‘ (s)d w]
0

0

= g = H,{1,9)

=g+FE

Gia su (14) dang 161 n — 1, khi d6 theo cong thie (7) ta c6
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E{H,(f +1ol.9 +G})} =

(
(B[(g+ G3)Hys (7 +196 9 + G2~ (7 + 10 ) B [H.a (7 188 9 + 62)]
{

=
n
=

an 1 fg +E[G Hu 1 f+||6||1 ’g+Gb ] let*? f3 “6"[‘ n— 2 fg)}

Ti

o~

- % 9H,.,(f,9)— fH,, (f,9) + F[G.iH,,_i (£ +16l 0+ G;’.)] — 18I H,, (. 9)

0

=H, (f:g)

Vi

B|GiH, ., (f +16lf .9 + i) |=E fé(s)deH,,_g f+||5||,,g+aﬁ)5(s>dw]

= f 6 ) E|H,, (f +16l .9+ Gy )| ds
0

7

i f62 ($)ds.H, ,(f,9)
0

= 61 . (.9)

Vay dinh ly dugc chimg minh.

Nhin xét: 4KET LUAN

e Qua trinh It6-Hermite la martingale. Nghién ciru cdc qua trinh Ito-Hermite 13

e Cong thirc mot trong nhiing kién thic nén quan trong
Error! Reference source not found. co thé trong viéc nghién ciu ly thuyét giai tich
coi nhu truong hop riéng cua Malliavin. Cac két qua trong dinh 1y 2.1 c6 thé
Error! Reference source not found.. ma rong sang truong hop nhiéu chiéu.
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ITO - HERMITE RANDOM PROCESS

Duong Ton Dam, Duong Ngoc Hao
University of Information Technology, VNU-HCM

ABSTRACT: In this paper, we study some properties of lta-Hermite random process which are

necessary to study Malliavin calculus. Main results are in the following theorems:

Key words: [id process, 110°s rule, lio-Hermite process.

Theorem 1. Let Hn ("é"i G:) be an [to-Hermite random process, we have
- [ i
0

@ B{#, (J¢f. .G} )} = 0

3).E {[H (Il . &3 ) } = E]{H” N(Ee )f 8% (s)ds
0

(4). E{H“ ("(5l ? G ).HM ("62 H; Gy )} =0,VmneNm=n

Theorem 2. If f.qg: R — R are real deterministic functions, then

E{H,(f +I6F. .9+ G})} = H,(/.9)
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