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MOT SO CONG THU'C VI PHAN HAM NGAU NHIEN

Duong Tén Pam
Frudng Pai hoc Cong nghé Thong tin, PHQG-HCM
(Bai nhén ngay 26 thang 02 nam 2009, hoan chinh sica chita ngay 24 thang 04 nam 2009)

TOM TAT: Trong bai bdo nay tir khdi n#im vi-tich phén Ité da dwa ra ra mgt 50 cong
thirc tinh vi phan cua ham cdc qua trinh ngdu nhién nhdn gid tri dwong véi s6 mii thuc, tir do
ta s€ thu dwgc céng thirc vi phan cia nhitng ham hop phzrc tap hon.

Bai bdo con dé cdp dén nhimg tinh chat Iy thii cua qud trinh ngau nhién dang Hermite
suy npng,ma chiing la nhing céng cu rdt hitu ich trong phan tich cdc hon dpn-chao trong gidi
tich ngau nhién hién nay. Nhimg két qua thu duwoc co thé img dung dé xem xét cdc qud trinh
rii ro trong kinh té va tai chinh.

' 1.MG PAU
Vi phan It ciia qua trinh ngiu nhién
Ta n6i rang qua trinh ngéu nhién S, ¢6 vi phan It:
dS, = a(t,S,)dt+ p(t.S,)dw, (1.1)
néu X
t : !
S, =5, + [ar(s.S,)ds + [B(s,5,)dW,; (he) ty<t<T
fy )
Cong thitc It6 : Cho S, I& qud trink ngdu nhién 6 vi phan Ité vap(t,x): R* - R la

ham mét lan kha vi theo t, hai ldn kha vi theo x.Khi dé qud trinh ngdu nhién qo(t, S:) cé vi
phan Ité tinh theo céng thitc sau

-6go 1% op
de(t,S,)=|— dt+——dS
640 ¢ o) op
= o(t,S, —g%(1.8, dt+ p(1.S,)—dWw, 1.2
Tir (1.2) ta chirng minh d;nh ly sau:
Pinh Iy 1.1

Cho X,,Y, la cdc qud trinh ngdu nhién nhdn gid wi dwong, cé cdc vi phdn ngdu nhién
tuong ung

dX, = oy (t,X,)dt+ B (. X,)dW, ; dY,=a,(t,X,)dt+ B, (1, X,)dW,
Khi dé véi moi a,b € R ta sé co:

o d(XPX))=X7dY) + Y dX] +abB f XX A (13)
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a b a __ ya gyb a b
® d(Xg ] — Y; d‘Xr ’ )51 dY ﬂzX ﬂl Y ﬂzdf (1.4)
. () ()
trong do 181* =apf X ,a_] va ; = bﬂzYlb_l
Chitng minh:

Trudc hét tir hé thire (1.2) ta sé ¢6

dX; = {aa;Xf_l # %a(a = l)ﬁizXf_z}dt +af, X;"\dW, = ajdt + pdW,

. 5y 3 2 .
trong d6: ¢, = acy X/ '+5a(a—l)ﬂ12Xf 2. B =ap X (1.5)
Twong tu dbi véi };b ta cling s& co

ar} = [bazz"-' +b(5- l)ﬂ%”*z]“’”bﬂsz"d% = adt + frdW,

trong d6: a, = ba, Y™ +%b(b - Y2, By =bp.Y (1.6)
Mait khéc tir cac nhén xét:
a(xrx?)=5 a(xr + ) -a(xz -2 | a7
C+ 1) =(a oy )dt+ (B + By )W,
-1 )= (o e )dt+ (4 - ),

dung cong thirc 1t6 s€ thu dugc

d(x;
(
( +Y"’) _2(X“+Yf’)d(x,“+z”)+(ﬂ;+;3;)2d:
(051 =2(0r-1 ) -17)o (5 )

4c bié hu’c vira thu duoc vao (1.8) ta co

( “1})= [2(X,"+Y,”)d(X,"+Y,”)-2(Xf—Y,b)d(X,“—Y,“)]+

g\ (6 +55) (B - B3] Jar= xzavt s vPaxs g aw

Dit ﬁ; . ﬂ; da xac dinh trong (1.5) va (1.6) vao (1.8) ta s& thu dwgc dang thic (1.3) can
chirng minh.

; p 1
Ti€p theo ta chitng minh hé thirc (1.4), trudce hét str dung (1.2) cho ham F :
t

Trang 30



TAP CHi PHAT TRIEN KH&CN, TAP 12, S0 07 - 2008

"[3%?]:‘(};)2dﬂb+(_1ft?(ﬁ;)2dr=(zl) [ 55 &g

t

Ap dung hé thirc (1.3) ta thu duoc

a1 agl L1 1 oroay B
d(X, FJ:X, d(—y—b)+—bd()(, )-—M-zz—dt

t 1 6 (be)
b a a _gyb b
dX,
Y - X,/dY, ﬂz ,5'] 4 ﬂzdt i

() ()
Khicho @ =b =1 tas&co hé qua sau
Hé qua 1.2
Cho X,,Y, la cdc qud trinh c6 cdc vi phdn ngdu nhién tiong vng:
dX, = o, (t,X,)dt + B, (t,X,)aW, ;  dY,=o,(t.X,)dt+ B, (1. X,)aW,
Khi do ta sé co
o d(X,Y)=XdY +YdX, + B, f,dt

. 4 X, ) _Ydx,-Xdy, ﬂzX ~-AY,
¥ e ;o

t t 4

L pydt

2. VI PHAN NGAU NHIEN CUA QUA TRINH DANG HERMITE SUY RONG
Pinh nghia 2.1 (Da thitc Hermite)
Pa thire Hermite H i (t : x) duwpc xdc dinh boi céng thire truy héi:

Hy(t,x)=1;H,(t,x)=x;

H,(t,x) ——[xH,,l(t x)-tH, ,(t,x)] khi n22 @.1)
Theo dinh nghia trén ta sé& cé:
x2 ot x> tx
H, (t,x)=—-—; Hy(t,x)=———
4 3 42
x & 1
Hilt, —_———t—
(9= 713
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Dinh nghia 2.2 (Qua trinh ngdu nhién dang Hermite suy rong)

T
Cho 5()6) la ham binh phwong kha tich trén [0,T], véi chudn ||5";2r p— '[52 (S)ds < o0
0

T
va tich phdn ngdu nhién Wiener G2 = I(S (S)dWS khi do néu trong biéu thircc (2.1) thay x

0

53 X s d - g s = ; , S PR o
boi G;? va thay t boi ”5 “T ta sé thu dugc qua trinh ngau dang Hermite suy réng va ky hiéu

nola H, (]|5|§,G;f).

Dinh Iy 2.3

Cho H, (“5 ‘f. 3 fo ) la qud trinh ngdu dang Hermite suy rong khi do ta sé co:
r :

o 1, (617,67 )= [H,(Jo .67 )s(s)am, 2.2)
0

« B{H, (87,62 )| =0 vn=23.. 23)

Chimg minh

co

Hﬂ

Theo dinh nghia (2.1) trwdc hét ta xét dén ham

1
H,(t,x)= ;l-[an_l (t,x)-tH,_, (t,x)]
B%mg phuong phép quy nap ta chimg minh dugc ring

B%H,, (t,2) = H,s (1,%)
%%(Hn(t,x))+§;(Hn (t,x))=0

2
Tir d6 ap dung cong thirc (1.2) cho ham A, (”5“]_ ; Gﬁ) xac dinh theo dinh nghia 2.2 ta sé

£ (10F.6¢) - [ 1 RO

Hon thé nita tir (2.2) ta nhan-thdy ring Hn(

.62 )dG! = ZjH,,_l (le

5
5”T,G,‘f ) nhan duoe tir tich phan Ito cia

2 v 5 5
e (”5"5 ,G? ) , mat khéc theo tinh cht ky vong cta tich phan Ité déu bing khong do d6 ta

s& thu dugc (2.3) U
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i {
Khi cho &§(s)=1 xét trén [0,T] ta c6 G, = _[dW <, ”1”2 = jds =¢ tir d6 thu
0 0

dugc hé qua sau

Hé qua 2.4

Cho qud trinh ngdu nhién Wiener mot chiéu . Voi da thuc Hermite xdc dinh boi cong
thire truy hoi

Hy(t,W,)=1; H,(,W,) =W,

H,(LW,)=~[WH, (W)~ tH, , (t7,)] s n22
n

Khi dé ta sé co

o dH, (L) = H,,(1],)a,

« E{H,(t.W,)} =0 khin>1

DIFFERENTIAL FORMULAS OF STOCHASTIC FUNCTIONS

Duong Ton Dam
University of Information Technology, VNU - HCM

ABSTRACT: Based on the quadratic variation theorem of the Brownian motion, we
have established the basic rules of stochastic differetial calculus operations.

Theorem 1.
If X,,Y, are positive-valued stochastic processes satisfying respectively the following

stochastic differenntial equations

dX, =, (1,X,)dt + B, (. X,) dW,
{dY, =a, (6, X,)dt + B, (t, X, )aW,
then ¥ a,beR :
0d(X7xt)= X7dy} + P X[ +abf p, X 7Y} dr
Dd{Xf J _Yldx; - ‘f‘ady'b + B X7 - f"y’b Byt
. (%) (¥)

Where i =0BY,"" 5 By =bB,Y,"
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Theorem 2

Suppose  H, ("5 ||:, ,Gg ) is the Hermite type stochastic process of
T T

GE = [8(s)dW, ; |6] = [6*(s)ds <o then
0 0

o 1, (I0F.G2) = [t 1ol .62 )5(s)aw,
0

. E{H,,(|[5||j,cﬁ)}=o V=23,

Keywords: Wiener stochastic process, Ito integral, Hermite type stochastic processes.
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