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TOM TAT: Cho D la vanh chia tém F. Ta ndi N la nhém con ciia D véi qui uoc rdng N
thuc ra la nhém con ciia nhém nhén D* cia vanh chia D. Bai nay xoay quanh gia thuyet sau
dady dwgc N. I. Herstein dwa ra nam 1 978 [2, Conjecture 3]: Néu N la nhém con d chudn téc
(subnormal) can trén F cua D thi N ndam trong F. Trong bai bao néu trén chinh Herstein da
chitng minh gia thuyet nay ding néu N la nhom con da chudn téc hitu han cua D. Tuy nhién
trong truong hop tong quat gia thuyét nay van chua dugc giai quyét. Trong bai nay, ching 16i
trinh bay mot so tinh chat cia nhém con é chuan tic trong vanh chia nham cung cdp nhimg
théng tin can thiét cé thé dua (6i viéc giai quyét gia thuyét néi wrén. Néi riéng, gia thuyét dirge
chung toi chimg minh la ding cho nhung vanh chia hitu han chiéu dia phuong trén tam.

Tir khéa: vanh chia, cdn, tam, d chudn tdic.

1.MO PAU

Cho D la vanh chia tdm F. Ky hiéu D" =D\ {0} 1a nhém nhan ctia D, D':= [D,D] 1a nhém
con hodn tr cia D*. Véi S D la tap con khac rbng cua D, ky hiéu F[S] (twong tmg
F(S)) 1a vanh con (twong tmg vanh chia con) nhé nhit ctia D chira F va S. Phin tir ae D’
dugce goi la can trén S néu ton tai sb nguyen duong k sao cho a* € S. Tap con A< D duoc goi
1a cdin trén S néu m01 phan tir cia A déu cin trén S. Vanh chia D duoc goi 1a hiru han chiéu dia
phueong trén tdm néu F(S) 1 hiru han chiéu trén F di véi moi tap con hiru han S. Ta ky hiéu
Cp(8)={xeD:xs=sx,VseS} va goino 4 tdm héa tir cua tap S trong D.

Cho F va K 12 hai truomg, néu F < K thi ta néi K 1a mé rong cua F va ky hiéula K/F.
Chudn cua K trén F duge ky higu 1a N, . Cho G 1a mot nhom, ky higu Z(G) 1a tim cua G.
Nhém con N cua G duge goi 1a & chudn tic néu tdn tai day chuin tic N < G, <...4G, =G.

Dinh 1y 1. Cho D la vanh chia hitu han chiéu dia phuong trén tam F va G la nhdém con d
chuan tic cia D".Khi d6, néu G cén trén F thi ndm trong F.

Chu-ng minh. Néu D la truong thi khong ¢ gi cén chimg minh. Vay, c6 thé gia sit D
khéng giao hoan va G la nhém con 4 chuén tic cin trén F. Xét hai phan tir bat ky a, b cia G
va dit K=F(a, b). Theo gia thiét K la khong gian véc to hiru han chiéu trén F, kéo theo X la
vanh chia hitu han tdm. Vi G 4 chuin tic trong D* nén G K * 4 chuén tic trong K* Hon
nita, do G(1K* can trén F nén G K* cin trén tim Z(K) cua K. Theo Il ; Th: 4L
GNK* < Z(K), suy raa va b giao hoan véi nhau. Véy G la nhom aben. Ap dung [4 , 14.4 .4,
p.440],suyra G F .

Dinh 1y 2. Cho D la vanh chia tam F va gia sir N la nhom con & chudn tic cia D can
trén F. Khido Yae N, Gal(F(a)/F): L

Chirng minh. Xét phan tr @€ N. Néu a e F thi khong c6 gi dé chimg minh.
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Gid st agF, Gal(F(a)/F)#1,vd 1#0eGal(F(a)/F). Theo [3, Th.2, p.162], ton
tai xeD’ sao cho o(a)=x"'ax. Do a cin trén F nén |Gal(F(a)/F)| <. Suy ra, ton tai
teN,t>1 sao cho o' =1, din dén a=0'(a) =x"ax’. Do d6 a giao hodn véi x'. Dit
D=6, (JC‘);Zl :[CD (x’ ):| Khi d6 a va x déu nim trong D,. Hon nita, tir F(x‘)g Z, taco

X vi a déu can tén Z,. Mat khée, do x"'ax =o(a)eF(a),nén ton  tai
m

meN,a,,q,,...,a, € F sao cho ax= xZaa FZaxa Do d6, vanh chia D, =Z,(a,x) 1a
i=0 =0

hiru han chiéu trén tim Z(D,). Do N 4 chuin tic trong D', nén ton tai day chuin tic
N =N<N,, <..<4N,=D".Dit G, =N,ND,(i=1n). Khidé G=G, << D,. RS rang G
can trén Z(D,), nén theo Pinh ly 1, GcZ(D,). Nmmg ae NND, =G, nén aeZ(D,),
suy raa giao hoan véix , dan téi o =1. Piéu vo 1y nay két thiic chimg minh.

Hé qua 1. Cho D la vanh chia tam F va gia sw N la nhom con d chuén tdc ciia D* can
trén F. Néeu ae N, a"® =1 (n(a)eN) thi aeF.

Chirng minh. Gia st ae N\F va ton tai s6 nguyén duong nhé nhdt & > 1 sao cho
a* =1. Khi d6 F(a)/F 1a mé& rong chuén tic hiru han, do d6 nhom Gal(F(a)/F)#1. Piéu
ndy méu thudin véi Dinh 1y 2, din téi a e F.

M6t chimng minh khac cua Hé qua 1 duoc trinh bay trong [2].

Tir Hé qua 1 ta suy ra ngay h¢ qua sau:

‘H¢ qud 2. Cho D la vanh chia tam F, N la nhém con d chudn tdc cia D". Néu N la nhém
xodn thi N ndm trong F.

H¢ qua 3. Cho D la vanh chia tam F, N la nhém con d chudn téc cia D°. Néu N la nhom
xodn va F hiru han thi N la nhém con cyclic ném trong F.

Chirng minh.Xét phan tr ae N. Khi d6 tdn tai sé nguyén duong k sao cho a=acF.
Miit khéc do F hitu han nén cé s nguyén duong m ma a" =1, suy ra a™=1. TuHéqual ta
¢6 aeF, din t6i N < F. Do F hitu han nén N ciing hitu han. Hon nita, charF =p>0 , kéo
theo N 1a nhom cyclic

Mot két qua cb dién cua Jacobson la: ° ‘Cho D la vanh chia va F la mot truong con hitu
han ciia D. Néu D dai sé trén F thi D giao hodn . Hé qua sau la tbng quat hoa cla két qua
nay.

H¢ qua 4. Cho D la vanh chia, F la mjt truong con hitu han cua D va N la nhom con a
chudn téc ciia D. Néu N dai sé trén F thi N nam trong tam cua D.

Chirng minh. Ly ae N, do a dai sb trén F nén [F(a) F] = 1 < 0 voi mot sd nguyén

duong n nao d6. Do F hiru han nén F(a) cling la tru(mg hitu han. Pic biét F(a) la nhorn
cyclic, do d6 a 1a phan tir xodn, kéo theo N la nhém xon, Ap dung Hé qua 2, suy ra N nam
trong tdm cua D.

H¢ qua 5. Cho D la vanh chia tam F va N la nhom con a chuén téc ctia D" can trén F. Néu
a,b™'ab ndm trong N va a giao hodn véi b™'ab thi a giao hodn véi'b.
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Chirng minh. Gia sir @ khéng giao hoén voi b, Khi 46 12a=a"'b'abe N. Vi N cin
tréen F  nén ton tai s6 nguyén dwong k > 1 sao cho d'eF, suy ra

a"'=(a"b“lab)k=a‘*b"1a"b=l. Do a@eN,nén theo Hé qua | ta ¢c6 acF, suy ra

a#b'ab=aae F(a). Do d6 ding cdu w(x)=b"xb trén F(a) la khong tim thuong, din
dén Gal(F(a)/F)#1, mau thudn véi Dinh Iy 2. Vay a giao hoén véi b.

Hé qua dudi day dugc suy ra truc tiép tir Hé qua 5:

Hé qué 6. Cho D la vanh chia tém F. Gia sit N la nhém con chuén tdc ciia D' cin trén F
va ae N. Néu a giao hodn véi b™'ab thi a giao hodn voi b.

Pinh 1y 3. Cho D la vanh chia tam F va gia sir N la nhém con d chuan tdc ciia D™ cdn
trén F. Néeu aeN,a*€F thi aeF.

Chirng minh. Gia st ag¢ Z(N). Khi d6 ton tai be N sao cho x=a'b'abz1. Tu
aeFtacd a’ =b"'a’b= (b"ab)2 = (a_x)2 =axax=>a=xax=x"'=axa™. Néu x=x"" thi
x*=1,din &én x=+1. Dox#1 nén x=—1 ,suyra b™'ab=—a. Do d6 tu ding ciu @ trén
D cho bdi 6(d)=b"'db (Vd € D) han ché xudng F(a) la ty ding ciu khong tdm thudng,
dan dén Gal(F(a)/F)#1. Piéu ndy mu thudn v6i Dinh ly 2, suy ra x#x™' =axa™' e N. Ly
luén tuong ty nhu trén ta co G'a!(F(x)/F) #{1},hon nita x € N suy ra ciing mau thuin. Do
d6 aeZ(N). Mit khac Z(N)<< D', nén theo [4, Th. 14.4.4 p.440], Z(N)c F, din dén
aeF.

Dé bit dau vai dinh 1y tiép theo, trude tién ta xét bd dé sau:

Bo dé 1. Cho D la vanh chia tam F ddc trung p > 0. Néu ae D\F va cé s6 nguyén dwong
n>0sao cho a”" € F thi téntai be D sao cho aba™ =1+b.

Chirng minh. X¢t D nhu la khong gian vecto trén /. Dinh nghia toan tir tuyén tinh
trén D cho bdi w(x)=ax—xa (VxeD). Khi d6 w* (x)=a” x—xa” =0.Suy ra y” =0.
Liy s6 nguyén duong ¢ 16n nhét thoa w' #0,va chon xe D sao cho y'(x)=#0. Khi d6 voi
b=y (x)w'(x)"a taco:

v®) =] (ay" @~y @a)y' ()" =y @' O (v () -y (a)y' () ]a
=(1-y"" ' @'y ' (0 )a=a
=ab-ba=a=>aba”' =1+b.

Dinh 1y 4. Cho D la vanh chia tam F déc trung p > 0, va gia st N la nhém con d chudn
tdc ciia D' can trén F. Néu ae N va cé sé nguyén dirong t > 0 sao cho a” € F thi acF.

Chirng minh. Nhin xét ring ta chi cdn chimg minh diéu khing dinh cho truong hep =1
la du. Vay, giastt a” € F va a¢ F.Theo Bd dé 1, ton tai be D sao cho aba™' =1+b.Chu
y ring v6i moi s6 nguyén duwong k ta c6 da'bat=b+k. Dit
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p=Il
c=[]k+b); D,=Cp(c); F,=Z(D,). Khi d6 .cad a va b déu nim trong D,. Mt khac

k=0
p-l i
a” e F c F, b la nghiém cta phuong trinh H(k +x)-cekF [X] nén a, b cung dai so trén
k=0
F. T mdi quan hé aba™' =1+bata cd F(a,b)ld vanh chia hiru han chiéu trén tam. Dit
N, =NNF((a,b),khi 46 N, 4 chudn tic trong F(a,h)" va ae N.Ap dung Dinh ly 2 ta c6
ae Z(F(a,b)),ddc biét a giao hoén véi b din t6i mau thudn v6i quan hé aba™ =1+b. Suy
raaefF.

Hé qua 7. Cho D la vanh chia tam F c6 dic trung p > 0 va N la nhom con G chudn tdc
cia D' cdn trén F. Néu ae N va k la sé nguyén duong nhé nhét sao cho a* € F thi p
khéng la woc cua k.

Chirng minh. Néu a € F thi két qua 1 hién nhién. Gia st a ¢ F' va p 1a udc s6 cua k.
Khi d6 k=ps; (s,p)=1; s <k. Suy ra d* :(a’)p € F. Theo Dinh ly 4 ta ¢6 a° € F,nhung
didu nay mau thuan véi tinh nho nhét cta k. Vay p khong l1a udc cua k.

H¢ qua 8. Cho D la vanh chia tam F va N la nhom con a chudn tdc cia D" can trén F.
Khi doé moi phan tir a€ N déu tach duoc trén F.

Chirng minh. Liy aeF. Néu charF =0 thi rd rang a tach dugc trén F. Bay gio, gia su
charF = p>0va kla s6 nguyén duong nho nhit théa a* e F. Theo Hé qua 7, k khong 1a ude
cua p, suy ra a tdch dugc trén F.

Pinh ly 5. Cho D la vanh chia tam F va N la nhom con chuan téc cia D" can trén F. Khi
do, Yae N, da thicc t6i tiéu ctia a trén F c6 dang x' — Ny r(a) .Hon nita t la mot 56 Ié.

Chirng minh. Khong mét tinh téng quét ta c6 thé coi F* c N. Ly aeN va goi

r 1 re -
f(x) =Za1x’ (1) 12 @da thirc toi tiéu cua a trén F. Theo dinh ly phédn tich nhin tI
i=0
Wedderburn, ton tai g,,g,,...,g, € D' sao cho: f(x)=(x—a®)(x—a®)...(x—a*) (2). O day
a® =g;'agj. Can bang hé s cua (1) va (2) ta nhan dugc Niayp(ad)=a"a® ...a% Mit
khac, ta co:

8 48 B gl -1 -1
a’a>..a" =g ag\g, ag,...g, ag,

ot ot -1 -1 =1 _—1+2 -1 _ -1 -t+2 =-1_ -1
=aa a g aga a a g, ag,da ... g, ag,

=d {a“'” [a,g]a"" } {a""2 [a,g,]a" } " .{a" [a.g,., ]a}[a, g |
=d' [a,gl]a'_I [a.2, ]a’-: Jag.][ag]

Dit d,=[a,g, ]a"l ..la,g]. Khi do Neayr(@)=d'd,(*). Suy ra

d,=Npyr(@)a” e N(1F(a). Tac dung N, 1én hai vé chia (*), ta nhan duoc:

Neayr [NF(a))F(a)] =Nryr [alda] = I:NF(a)fF(a)]‘ = Nrwyir (ar ) Nr(a)u-' (da) = NF(a)IF(da) =1
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Goi k 1a sb nguyén duong nhé nhat sao cho a* € F. Khi d6 Ny, r(@)' =a"d}, suyra
d* €F. T Npgp(d)=1 ta cd 1=Ny, () =Ny r(d;)=d;. Theo Hé qua I,

d, eF. Do (*) nén da thic x' =N, .(a)d;' nhin a 1am nghiém. Néu ¢ 1a s6 chin thi

g = (a’ )2 :(2,r)=1;r<t. Theo Pinh ly 3 a" eF, diéu nay mau thuin véi
deg(min(a,F))=t¢, suy ratla s 1&. T tinh duy nhét cua da thic t6i tiéu ta c6 d, =1 suy ra

Hé qua 9. Cho D la vanh chia tam F va N la nhom con chudn tdc ciia D" can trén F. Khi
do, néu ae N\F thivéimoi aeF tacé a+agN.

Chirng minh. Gia su ton tai aeN\F va aeF'sao cho a+aeN. Khi do,
F(a)=F(a+a),suy ra k:=degmin(a,F)=degmin(a+a,F). Tt Dinh ly 5, ta cé:

min(a,F) = x* = Ny ¢ (a) va min(a+a,F)=x" =Ny, (a+a).Suyra

(a+a) =Npgyrl@a+a)=a* + Ny (@) =kad™" + §,_,d 7 +...+ f,=0(B, € F,i=0,k-2).

Do d6 da thite kax*"' + B,_,x* ...+ Bx+ 8, nhin a 1am nghiém va c6 bac 13 k-1. Diéu
nay chi c6 thé xay ra khicharF = p>0 va p|k. Nhung theo Hé qua 7 thi p khéng 1a udc cua
k didu nay dan toi mau thuin. Vay a+a ¢ N.

Hé qua 10. Cho D la vanh chia tém F va N la nhém con chudn tic ciia D" can trén F. Khi
do, néu a, b la hai phan tir nam trong N ma a+be N thi ton tai a € F sao cho a=ab.

Chirng minh. Néu ae F thi theo Hé qua 9 ta ¢c6 beF. Khi d6 a= ab” eF va
a=ab.Vay, gia st aeN\F. T a+b=(ab™ +1)beN tacd (ab™' +1)eN. Ap dung Hé
qua9,suyra a:=ab” €F" hay
a=ab.

Pinh Iy 6. Cho D la vanh chia tam F va N la nhom con chudn téc ciia D* can trén F. Néu
aeN,d’eF thi aeF.

Chirng minh. Néu N 1a nhém con chudn tic cin trén F thi F*N ciing 12 nhém con chuan
tic can trén F. Do d6, khéng mét tinh téng quét ta co thé xem F'cN. Néu aeF hoic
a* € F thi theo Dinh 1y 3 ta c6 a e F. Bay gio, giasiring ag F va a’ ¢ F . Ap dung Dinh
ly 5 ta c6 min(a,F)= x’ —a (a€F). Theo Dinh ly phan tich nhdn tr Wedderburn, ton tai
d,,d, e D" sao cho

X —a=(x-a")(x-a®)(x-a).
Tir d6 suy ra g +a® +a=0, din dén a®™ +a=-a" €N. Theo Hé qua 10, ton tai
B e Fsao cho a=fa®,suy ra a giao hodn véi d,'ad,, dan t6i a giao hoan voi d, boi Hé
qua 6. Tuong tu ta c6 a giao hodn véi d, , kéo theo 3a = 0. Do d6 charF = 3. Ap dung Pinh ly
4 ta nhén dugc a € F, ddy la diéu mau thudn. Viy aeF.
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ON ONE OF HERSTEIN’S CONJECTURES

Nguyen Van Thin, Bui Xuan Hai
University of Sciences, VNU-HCM

ABSTRACT: Let D be a division ring with the center F. We say that N is a subgroup of
D with understanding that N is in fact a subgroup of the multiplicative group D* of D. In this
note we disscus the conjecture which was posed by Herstein in 1978 [2, Conjecture 3]: If N is
a subnormal subgroup of D which is radical over F, then N is contained in F. In his paper,
Herstein himself showed that the conjecture is true if N is a finite subnormal subgroup of D.
However, it is not proven for the general cases. In this note, we establish some properties of
subnormal subgroups in division rings which could give some information in the direction of
verifying this longstanding conjecture. In particular, it is shown that the conjecture is true for
locally centrally finite division rings.

Keywords: division ring, radical, central, subnormal.

TAI LIEU THAM KHAO

[1]. Bui Xuan Hai and Le Khac Huynh, On subnormal subgroups of the multiplicative group
of a division ring, Vietnam J. Math. 32 (2004), no. 1, 21-24, MR2052718.

[2]. LN.Herstein, Multiplicative commutators in division rings, Israel J. Math. 31 (1978)
180-188.

[3]. Jacobson, Structure of Rings, American Mathematical Society Volum XXXVI..
[4]. W.R.Scott, Group Theory, Dover Publication INC 1987.

Trang 10



