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ABSTRACT
This paper presents a method to establish a mathematical model of an elliptical gears pair's tooth
profile slip curve. The gear has an ellipse involute tooth profile generated by a rack cutter. The
profile equation was developed based on the gearing theory with centrodes and center distance
and consideration to conditions for avoiding undercutting. An elliptical involute curve and design
parameters of the rack cutter were established corresponding to different points on the centrode
of the elliptical gear. The profile equation was developed based on the theory of gearing with
given centrodes and axis distance and consideration to conditions for avoiding undercutting. An
elliptical involute curve and design parameters of the rack cutter determined corresponding to
different points on the centrode of the elliptical gear. Wrote a number calculation program was in
Matlab to examine and select appropriate pressure angles to limit the slippage between themating
teeth, to reduce wearing and enhance the lifespan of the elliptical gear pair. Case studies were also
presented to confirm the influence of the pressure angle on the profile slippage phenomenon and
select the rack cutter's pressure angle to reduce unevenwearing between the teeth of one elliptical
gear. The survey results show that when the pressure angle of the rack cutter is large, the profile
wear will occur faster since the ramp tooth rib, shorter length of the line of action, and pointed
tooth tip. These research results are meaningful in selecting the rack cutter's pressure angle to gear
the non-circular gear has tooth profile is an involute ellipse curve.
Key words: elliptical gear, ellipse involute, rack cutter, pressure angle, specific sliding

INTRODUCTION
Elliptical gears have been studied and applied more
and more in various fields such as agricultural ma-
chines, measurement equipment, medical instru-
ments, etc. Recently, Guo1 implemented oval gears
to design the planetary non-circular gearing system of
the rice transplanters. Xiong Zhao et al. (2020) con-
tinued to improve the elliptical gears in this machine
and apply them in transplanting machines for other
agricultural vegetables2,3. In4, Erika Ottaviano used
the elliptical gear-train in themechanical blood pump
for heart surgery. By combining non-circular gears
with circular spur gears, Guiyun Xu et al.5 designed a
gearbox for gas discharge machines in the mining in-
dustry. JianGang Li et al.6 utilized a generating gear
in the shaping process on the EDMmachine for man-
ufacturing non-circular planetary gearing system of
the hydraulic motors etc. In the field of designing
the elliptical gear train, there are two following main
trends: (1) Design of centrode of the gear pair with
rotation center located at the foci 4–13 or the center of
the ellipse14–16; (2) Design of gear profile by (a) Using
improve cycloid and cycloid curves as tooth profiles of
non-circular gears in the rotor design of Roots-type

volumetric hydraulic machines17–23; (b) Using gen-
erating trapezoidal12,14 or circular-arc rack cutters13;
(b) Using generating shaper cutter24. When generat-
ing by the rack cutter, most of the research focused on
the application involute of a circle. For example, the
gear profile generated by the rack cutterwith an equiv-
alent circle inner25;The drawbacks of thismethod are
the narrow addendum of the teeth located close to the
major axis. Biing in16 solved this problem by shifting
the rack cutter, which also caused the error of trans-
mission ratios. Therefore, this solution can only apply
to non-circular gear pumps. For the elliptical gears,
the mating profiles { G1 }, { G2 } are rolling and slid-
ing with each other at the contact point K. A relative
sliding velocity between two profiles on the common
tangent tt’ will cause profile wear from a kinematic as-
pect. In particular, for the central elliptical gear, the
position of the teeth profile {Γ} of the teeth relative to
the center of rotation is not equal. It leads to uneven
abrasive on the tooth surface between the teeth on
gear during the working process. On the other hand,
the pressure angle of the rack cutter determines the
geometry of the shaped tooth profile. Therefore, in
designing the tooth profile, it is necessary to choose
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the pressure angle of the rack cutter to avoid this phe-
nomenon.
In this work, the authors applied the elliptical involute
in designing gear profile and shifted the elliptical cen-
trode to keep the function of the transmission ratio
unchanged. Moreover, when designing the rack cut-
ter, selected different elliptical arcs at other generat-
ing ellipse locations to change the pressure angle and
avoid causing a narrow addendum. The profile slip-
page and the number of mating tooth pairs are also
considered while selecting the curved segment of the
ellipse involute.

DETERMINATIONOF THE RELATIVE
SLIDING VELOCITY OF THEMATING
TOOTH PROFILES
Design parameters of the generating rack
cutter for ellipse involute
Given are the centrode of the elliptical gear {ΣEC},
the function of the transmission ratio, and center dis-
tance. It is necessary to find the design parameters of
the rack cutter for generating the elliptical gear pair
with the given function of transmission ratio. Assume
that {ΣAE } is an addendum ellipse, {ΣBE } is a base el-
lipse for generating involute arc {Γ} of the gear; nn’
is the pitch line of the rack cutter. During generating
process, the line nn’ rolls without slipping on {ΣEC} at
the contact points I as described in Figure 1. If tt’ is
the tangent of {Γ} at I, then the normal of {Γ} at I will
be a line ∆. ∆ will also be the tangent to the base el-
lipse { BE} at the contact point P, and therefore tt’ is
the profile of the rack cutter. In other words, ∆ is the
generating line in the formof the elliptical involute {Γ}
and αc = ∠(△,nn′) is the pressure angle of the rack
cutter. With each arbitrary point I on{ΣBE }, we can
fully generate the elliptical involute arc {Γ} and corre-
sponding pressure angle αc of the rack cutter. From
that, it is possible to determine parameters of {ΣBE }
and{ΣAE }, as well as the other design parameters of
the rack cutter as follows.

Parameters of the rack cutter

pc - the pitch
In the generating process between the gear and the
rack cutter, the pitch line nn′ rolls without slipping on
the centrode {ΣEC} of the gear. Therefore, the pitch of
the rack cutter is equal to the pitch pc on the centrode
{ΣEC}:

pc =
CΣEC

z
(1)

Where: z is the number of teeth, ΣzEC

is the perimeter of the elliptical centrode

{ΣEC} and is given by the following formula:

CΣEC =
∫ 2π

0

√
rEC (ϕ)2 +

(
drEC(ϕ)

dϕ

)2
dϕ , rEC (ϕ) is

the polar radius of {ΣEC}, and from19,21, it can be
expressed as:

rEC (ϕ) =
2aECbEC

(aEC +bEC)− (aEC −bEC)cos2ϕ (2)

The tooth thickness s and space width w on the pitch
line of the rack cutter are expressed by:

s = w =
pc

2
(3)

mR– module of the rack cutter

mR =
pc

π (4)

h – the tooth height
The addendum height ha and the dedendum height
h f are given by:

h f = k f mR

ha = kamR

h =
(
ka + k f

)
mR

(5)

With k f , ka are the addendum and dedendum height
coefficients.

Determination of parameters of the adden-
dum ellipse {ΣAE} and the base ellipse {ΣBE}
by the design parameters of the rack cutter
From Figure 1a, the parameters of the addendum el-
lipse {ΣAE } are:

{ΣAE} :

{
aAE = aEC +ha

bAE = bEC +ha
(6)

And the parameters of the base ellipse are given as be-
low:

{ΣBE} :

{
aBE = aEC −h f

bBE = bEC −h f
(7)

A mathematical model of the profile of the
elliptical gear

An equation of the elliptical involute profile
In the fixed coordinate system ϑ f

{
O f ,x f ,y f

}
in Fig-

ure 2a, the generating movement between the gear
and the rack cutter consists of: (i) translational move-
ment of the rack in the direction of O f x f in distance
aEC from O f ; (ii) The gear will: (a) Translate a dis-
tance △s3 (ϕ) in the direction of O f y f , (b) Rotate
around the gear center O1 an angle ψ1. If rKR is a vec-
tor determining position of a point K on profile {ΓR}
of the gear in the coordinate system ϑc {Oc,xc,yc} of
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Figure 1: Principle of the shaping elliptical gear with (a) create the shape of the tooth profile with an ellipse invo-
lute and (b) Rack cutter

the rack cutter (Figure 2b), and rKE is a vector de-

termining the position of K on profile {ΓE } of the

gear in the coordinate systemϑ1 {O1,x1,y1} (see Fig-

ure 1a). At the time of generating process KΓ ≡ KR ≡

K, to transfer coordinates of the point KΓ from co-

ordinate system ϑc {Oc,xc,yc} to coordinate system

ϑ1 {O1,x1,y1} we have the equation of the profile of

the elliptical gear as follows:

rK Γ =1 M f M f
f Mc

RrKR (8)

Wherein:

f MR =

1 0 s2

0 1 −aEC

0 0 1

 ,
M f =

1 0 0
0 1 △s3 (ϕ)
0 0 1

 ,
1M f =

 cosψ1 sinψ1 0
−sinψ1 cosψ1 0

0 0 1

 ,
With: s2 (ϕ) = s1 (ϕ) + rEC (ϕ)cos µ,△s3 (ϕ) =

aEC − s3 (ϕ) = aEC − rEC (ϕ)sin µ
ψ1 = ϕ + µ − π

2 , µ = arc tan
(

rEC(ϕ)
drEC/d(ϕ)

)
,rEC (ϕ)

is the polar radius of {ΣEC}, ϕ is the angle deter-
mining the arc J

e of {ΣEC} when {ΣEC} rolls with-
out slipping on the rack cutter datum line from
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Figure 2: Relative movement between the rack cutter and elliptical gear during machining

the position I to position I’. At the same time, the
rack cutter will translate a distance s1 (ϕ) =

J
e =∫ ϕ

0

(
(rEC (ϕ))2 +

(
drEC(ϕ)

dϕ

)2
)0.5

dϕ . The parame-

ters li (ϕ) , θi (ϕ) in Figure 2b are taken from gearing
condition between the rack cutter and the gear at K.

Undercutting

Litvin in12,25 stated that for avoiding undercutting
phenomenon, a module mR of the rack cutter must
satisfy the following condition:

∣∣∣∣∣∣∣
dxKR

dl
−cvtrx

∂ f (ϕ)
∂λ

∂ f (ϕ)
∂ϕ

dϕ
dt

∣∣∣∣∣∣∣=
∣∣∣∣∣∣∣

dyKR

dl
−cvtry

∂ f (ϕ)
∂λ

∂ f (ϕ)
∂ϕ

dϕ
dt

∣∣∣∣∣∣∣ ̸= 0 (9)

Where: f (ϕ) is determined from gearing condition
between the rack cutter and the gear, cvtrx,

cvtry are
components of the relative sliding velocity of K on
{ΓR} of the rack cutter. Condition for avoiding un-
dercutting is obtained by solving equation (9):

mR ≤ ρmin sin2 αc (10)

With ρmin is theminimum curvature radius of {ΣEC}:

ρmin =
aECbEC

2aEC −bEC
(11)

ESTABLISHMENT OF THE SLIPPAGE
COEFFICIENTS
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Equation of the sliding velocity at the mesh-
ing point
In the fixed coordinate system ϑ f

{
O f ,x f ,y f

}
at-

tached to the rotation center of the gear 1, with conju-
gated profiles ({Γ1}, {Γ2}) where {Γ1} and {Γ2} belong
to the first and second gear, respectively. At the mo-
ment of meshing on the arbitrary point K, the com-
mon normal nn′ of {Γ1} and {Γ2} intersect

_____
O1O2 at I

(I is the pitch point of the gear pair).
In Figure 3, ρK1 , ρK2 are meshing radii from point K
to the centers O1, O2. When the gear 1 rotates clock-
wise with angular velocity ω1, the gear 2 will rotate
with ω2 = ω1

i12(ψ1)
, where i12 (ψ1) is the gear ration

function. The absolute velocities of K1 ∈ {Γ1} , K2 ∈
{Γ2} in the ϑ f

{
O f ,x f ,y f

}
are given by:{

VK1 = ρ1 (ψ1)ω1

VK2 = ρ2 (ψ2 (ψ1))ω1 (i12 (ψ1))
−1 (12)

Where: ρ1 (ψ1) =
√

[rK1 (ψ1)]
T [rK1 (ψ1)]

ρ2 (ψ2 (ψ1)) =
√

[rK1 (ψ1)− rO2 ]
T [rK1 (ψ1)− rO2 ]

With rO2 = [A12 0]T

IfV t
K1
, V t

K2
are tangential components ofV µ

K1
, V µ

K2
pro-

jected to the common tangent tt′ , we will have follow-
ing equations:{

V t
K1

=VK1 cosβ1 (ψ1)

V t
K2

=VK2 cosβ2 (ψ2 (ψ1))
(13)

Where: β1 (ψ1) = ∠
(−→

V K1 , tt
′
)
, β2 (ψ2 (ψ1)) =

∠
(−→

V K2 , tt
′
)
are expressed by:

β1 (ψ1) =
π
2 −arccos

( −→n K(ψ1)
−→
V K1 (ψ1)

||−→n K(ψ1)||
∣∣∣∣∣∣−→V K1 (ψ1)

∣∣∣∣∣∣
)

(14)

β1 (ψ2 (ψ1)) =
π
2 −arccos

(
−→n K (ψ2)

−→
V K2 (ψ2 (ψ1))

||−→n K(ψ2)||
∣∣∣∣∣∣−→V K2 (ψ2(ψ1))

∣∣∣∣∣∣
)

In (14), we have: nK = [(xK (ψ1)−ρI) yK (ψ1)]
T

Finally, the velocity of relative slippage between K1 ∈
{Γ1} and K2 ∈ {Γ2} is calculated as follows:{

V tr
K12

=V tr
K1
(ψ1)−V tr

K2
(ψ2 (ψ1))

V tr
K21

=V tr
K2
(ψ2 (ψ1))−V tr

K2
((ψ1))

(15)

Establishing the equation of the profile coef-
ficients
When the centered elliptical gears are meshing, the
point K moves along the line of action, and if K is
not at the same position as I is, then profile slip-
page occurs. To examine the influence of the slippage

on the profile wear, the slippage coefficient µ is pro-
posed19,26:

µ1 (ψ1) =
V tr

K12
(ψ1)

V tr
K1
(ψ1)

µ2 (ψ2 (ψ1)) =
V tr

K21
(ψ2 (ψ1))

V tr
K2
(ψ2 (ψ1))

(16)

By substituting (15) into (16), we have:
µ1 (ψ1) = 1−

V tr
K2
(ψ2 (ψ1))

V tr
K1
(ψ1)

µ2 (ψ2 (ψ1)) =
V tr

K1
(ψ1)

V tr
K2
(ψ2 (ψ1))

(17)

INFLUENCE OF THE PRESSURE
ANGLE OF THE RACK CUTTER ON
THE PROFILE SLIPPAGE
A software program evaluating the influence of the
rack cutter pressure angle on the profile slippage has
developed from the established mathematical model.
The authors present case study of the elliptical gear
trainwith the centrode {ΣEC}: major- semi axis aEC =

40 mm, minor-semi axis bEC = 24 mm and axis dis-
tance A12 = 64 mm. To examine the influence of the
pressure angle on the slippage coefficients curve, the
addendum and dedendum coefficient were selected
ka = 1.15, k f = 1.35, respectively, to avoid teeth in-
terference. By substituting to equations (6, 7), we have
the parameters of the addendum ellipse {ΣAE }: aAE =

42.1055 mm, bAE = 26.1055 mm, and those of the
base ellipse {ΣBE }: aBE = 37.5283mm, bBE = 21.5283
mm. And after substituting the parameters of the cen-
trode {ΣEC}: aEC , bEC to (11), we obtain ρmin = 17.14
mm. To avoid undercutting, after choosing ρmin =
17.14 mm in (10), we have mmax = 1.8309 . Com-
bining with m = 1.8 mm, by substitution to (4), the
number of teeth is z = 36. Because of the symmetry
of the elliptical semiaxes, the involute arcs of the base
ellipse in the first quarter presented in Figure 4.
From Figure 4, the pressure angles αc of the rack cut-
ter corresponding to the elliptical involute arcs at dif-
ferent locations Ii (the pitch point) on { EC} shown in
Table 1. Only four points I1, I2, I3, I4satisfy a condi-
tion for avoiding interference and undercutting.
With obtained data, we present the results for 4 cases
at the position when the meshing process begins with
the pair of profiles ({Γ1}, {Γ2}) of the tooth number 1
of the first gear and the tooth number 19 of the second
gear. At the meshing position shown in Figure 4b, the
angular velocity w of the driving gear 1 selected to be
equal to 15 rad/s:
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Figure 3: Kinematic relation at the contact point between two profiles reciprocal

Table 1: Pressure angles corresponding to elliptical involute arcs at I on {ΣEC}

Position I0 I1 I2 I3

αc [o] 30.5 28 25 22.5

Position I4 I5 I6 I7

αc [o] 20 18.2 15.5 13

Case 1: The elliptical involute arc is at the position
I4(αc = 20o )
From Figure 5a, it is noticeable that with the given di-
rection of rotation in Figure 4b, tooth number 1 of
the first gear begins to mesh with tooth number 19
of the second gear. During the meshing process, the
contact point K will move along the profile {Γ1} from
the starting position to the addendum. At the same
time, along with the conjugated profile {Γ2 } the point
K moves from the addendum to the dedendum area.
Figure 5b shows the graph describing a relation be-
tween the slippage coefficients µ1,µ2. At pitch point I,
there is no slippage between the profiles, whichmeans
that only rolling movement happens. Moreover, in
this case, the dedendum of the first gear is less worn
than the second gear, but the addendum of the second
gear is worn more than the first gear.
Case 2: The elliptical involute arc is at the position I3
(αc = 22.5o )
In this case, the addendum of the first gear becomes
narrower, the size of the dedendum increases, and

absolute values of the slippage coefficients µ1, µ2are
0.05 larger than those in the previous case (Figure 5b
and Figure 6b).
Case 3: The elliptical involute arc is at the position I2
(αcαcαc = 25o )
Figure 7a shows tooth number 19 of the second gear
at the position of the maximum curvature radius. The
tooth profile turns into a straight one, similarly to the
profile of the rack. And tooth number 1 of the first
gear is at the position of the minimum curvature ra-
dius, where the tooth has a larger dedendum and nar-
rower addendum. In this case, the conjugated profiles
will be evenly worn, but the dedendum of tooth num-
ber 1 of the first gear (position at theminor-semi axis)
will be worn faster.
Case 4: The elliptical involute arc is at the position I2
(αcαcαcαcαc = 2
In Figure 8a, we can notice that the space width will
be narrowest at tooth number 19 of the second gear
(position at the minor-semi axis). The slippage co-
efficients increase at the dedendum of the first gear,
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Figure 4: The elliptical involute gear with (a) elliptical involute arcs of the base ellipse ΣEC (b) the elliptical gear
with involute profile at I4
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Figure 5: The conjugated profiles generated by the rack with the pressure angle αc = 20o with (a) conjugated
profiles at the beginning of the meshing process and (b) graph of slippage coefficients.
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Figure 6: The conjugated profiles generated by the rack with the pressure angleαc =22.5: (a) conjugated profiles
at the beginning of meshing process and (b) graph of slippage coefficients
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Figure 7: The conjugated profiles generated by the rackwith the pressure angleαcαcαcαcαc =25: (a) conjugated
profiles at the beginning of meshing process and (b) graph of slippage coefficients.
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which means rising pressure angle causes enlarge-
ment of the slippage coefficient and leads to faster
wearing of the teeth.

DISCUSS THE RESULTS
From the above numerical calculation results, we can
notice the following points:
(1) As the pressure angle value of the rack cutter in-
creases, then the working arc length on the tooth pro-
file decreases. If L is called the length of the mesh-
ing arc on the tooth profile (from point meshing into
to point meshing out), then: L|αc = 20◦ mm, L|αc =

22.5◦ mm, L|αc = 25◦ mm, L|αc = 28◦ mm. While
the length meshing arc on root teeth (from point
meshing into to pitch point) increases, the length
meshing arc on top teeth (from the pitch point to
point meshing out) decreases (see Figure 9).
(2)To achieve thorough evaluation, we use △µ =

|µ1 −µ2| to demonstrate the difference between slip-
page coefficients during the meshing process (Fig-
ure 9). We have:
(i) When the pressure angle ac of the rack cutter in-
creases, the elliptical gear with an involute profile will
have the teeth in the area close to the minor-semi axis
with the narrower addendum. And the teeth close to
the major-semi axis will have a narrower dedendum,
which leads to a meshing zone between conjugated
teeth.
(i) When △µ (difference between slippage coeffi-
cients of dedendum and addendum, respectively) in-
creases, which means the pressure angle of the rack
cutter will have larger values, the gear will be worn
faster, especially with the teeth located close tominor-
semi axes and major-semi axes. However, the dis-
tance from the starting point of the mesh cycle to the
pitch point will be shorter, enhancing the teeth’ bend-
ing resistance and making those gears suitable for the
high-load application.

CONCLUSIONS
The findings of this work were as follows:
(i) Research has built a mathematical model for eval-
uating and selecting the elliptical involute arc on the
centrode and the rack cutter’s pressure angle αC to re-
duce profile slippage and uneven wear of the elliptical
gears pair.
(ii) Successfully developed the software program to
examine and select appropriate involute arc of the
base ellipse for gear profile design.
(iii) It confirmed that with higher values of the rack
pressure angle, the profile wear would happen faster
because of the higher differences between slippage co-
efficients of the tooth addendum and dedendum, re-
spectively. Moreover, the addendum of the teeth close

to the minor-semi axis will narrower, and the deden-
dum of the teeth close to the major-semi axis will also
have a smaller width.
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Figure 9: Values of△µ corresponding to different pressure angles of the rack cutter.
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