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AP DUNG PHUONG PHAP KHONG LUOI GALERKIN
CHO BAI TOAN UON TAM

Ngé Thanh Phong, Vii D6 Huy Cudng
Trudong Pai Hoc Khoa Hoc Tu nhién, PHQG-HCM
(Bai nhdn ngay 29 thang 03 ndm 2007, hoan chinh sita chita ngay 05 thdang 06 ndm 2008)

TOM TAT: Noi dung cua bao cao la gidi thiéu Phtrong phap phan tur tw do Galerkin
(PP PTTDG), Thudt toan cua PP PTTDG cho bai toan uén tam va cdc két qua sé. Phan gici
thiéu sé trinh bay cu thé thudt toan téng quat cua PPKL. Tiép theo trinh bay PP PTTDG cho
bai toan uon tdm tong qudt va duwa ra so do khor ctia thudt toan. Cudi cung la két qua giai sa
cho mét s6 bai todn uén tdm don gian nhw tam hinh vudng twa ti do, tém tron ngam chu tuyén
véi luc phdn bo déu. Két qua duge so sdanh véi nghi¢m giai tich dé danh gid.

Tir khod: Phwong phdp Khong hwéi, Phan tir tu do Galerkin, Mién gia d@, Tam, dé vong

1.GIOI THIEU PP PTTDG

Trong viéc giai céc bai todn co hoc hién nay, c6 rat nhiéu phuong phap s6 dugce sir dung
va di cho két qua rét tot. Mot trong nhimg phuong phap méi nhat va c¢6 nhiéu wu dlem hon cac
phuong phép khac chinh la phuong phéap khéng ludi. Uu diém cia PPKL cling giéng nhu tén
goi clia nd, chinh 1 khong xay dung nén cic mit ludi, hay con g01 la céc phan tur.

PPKL ciing dugc dung dé thiét 1ap hé phuong trinh dai sb cho toan mién bai toan nhung
khéng phén lu¢i, PPKL dung tap céc nit roi rac ndm trong mién bai todn ciing nhu trén bién
dé biéu dién ma khéng roi rac mién bai toan. Chinh vi thé, nén ta ¢6 thé chu dong phan bd cac
nut roi rac theo cach ciia minh mét cach tuy y. Khi mot bai toan vira dugc giai xong, néu thay
chua ung y ta co thé cho thém hoidc rut bét mot sé nit ma khéng anh hudng nhleu dén qué
trinh thue hién. Théng thudng ngudi ta tap trung nhiéu nut & cac vi tri c6 tng suét hodc bién
dang 16n dé cho dugc két qua chinh x4c nhat.

1.1. Thuat toan cia PPKL [1]

Thuét todn PPKL c6 thé chia thanh 4 bude nhu sau:

a) Biéu dién mién bai todn:

Liy vi du can giai quyet maot bai todn vé cdu triac vét ran. Ta s& biéu dién mién bai toan
bang tap hop cac nit rdi rac trong tAm va trén bién clia n6. Mét do cia cac'nut nay thi khong
dong déu: & nhitng noi c6 bién dang 16n thi s& tap trung nhiéu nut. Boi vi mét do cua cac nit

c6 tham gia vao thudt toan ctia PPKL, né s& gop phan 1am cho nghiém bai toan duoc chinh xac
hon.

Céc nut roi rac

Hinh 1.Bién dién mot ciu tric vat rin bi’mg tdp cac nit roi rac theo PPKL
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b) Xay dung chuyén vi — Xay dung ham dang:
Vi khong c6 phan tir sir dung trong PPKL, cho nén dé ndi suy mot gid tri u tai diém

X=(%,) phai xdy dung mot mién, goi 1a mién gia dd, tai diém x d6 dé ndi suy u
u(x) = Z:qifv,.(x)uj
i=l

véi n 1a tdng s6 nut trong mién gia da.
ui 14 gia tri cua cac nut trong mién gia d.

¢ 1a ham dang (shape function) cta nut thir 1.

Ta n6i 5 khai niém mién gi4 do: mién gid do cua diém x cho ta biét cc nut nam trong no,
tir d6 ta c6 the xap xi dugc cac gid tri tai x. mién gia do co thé c6 trong sd dugc cho béi ham
trong s6. Ham trong so nay c6 kich thudc va hinh dang khéc nhau tuy theo vi tri diém x.
Thong thudng mien gia d& co dang tron hodc chir nhat. (Mién gia do ciing chinh 1a tap xac
dinh ctia ham trong s0) .

Mién gia do

Hinh 2.Mién gi4 d& cia cdc niat X va céc nit roi rac nim trong né. Mién gia d& c6 thé 13 hinh tron, elip
ho#c chit nhat.

¢) Thanh ldp hé phwong trinh: '

Xuét phat tir dang'manh hojic dang yéu cta bai toan cing véi céc ham dang vua thanh 14p,
ta s& tim duoc nhitng phuong trinh roi rac. Nhimg phuong trinh nay thudng dugc viét trong

"dang ma tran va duogc tap hop lai thanh ma trén toan cyc trén toan mién bai toan.

d) Giai hé phwong trinh toan cuc:

Déi voi bai toan tinh, thong thuong két qua cia bude trén 1a 1 hé phuong trinh dai sb
tuyén tinh va ta giai bing cac phuong phap quen thudc nhu khir Gauss, phan tich LU...

1.2.Mién gia & va Mién dnh hudng

O phan nay, ta s& noi 1 hon vé mién gia d& (support domain) va mién anh hudng
(influence domain).

Mién gia do sir dung rat 6t khi mat do nit khong qua nhiéu. Tuy nhién trong thuc té c6
nhidu bai todn cin mat do nut 16n nhu bai toan img sudt suy bién. Dung mién gid d dya trén
céc nat hién hanh tai diém d6 co thé din dén viéc mat can bing trong viéc lya chon céc mut
xdy dung ham dang. Dé tranh trudong hop ndy, khai niém mién 4nh huwdng ciia mot nit duoc sir
dung.

Mién anh hudng 12 mdt mién ma 1 nit ¢6 anh huéng & do. N6 di lién v6i nit, nguge lai
v6i min gia d& di lién véi mot diém khong nhét thiét 12 mot nut. Ding mién anh hudng 13 mot
cach khac d@é chon nit cho viéc ndi suy, va nd van tét cho cac mit phan b6 khong déu. Mién
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anh hudng duoc xdc dinh cho m01 nit trong mién bai toan, va no cé thé khéc nhau tir nut nay
sang nit khac. Kich thuéc ciia mién anh huong ciing duge x4c dinh nhu cia mién gia do.

Pé xdc dinh kich thudce d clia mién mién gi4 d&, ngudi ta ding céng thirc sau:
d =ad, ‘
trong d6 ¢ 12 hé sb clia mién gia dd, thong thuong a, nam trong khoang tir 2.0 dén 3.0
d.. la dai lugng dic trung cho khoang cich giira cic nit. Néu céc nit duwoc phén bd déu, d.
don gian la khoang cach giita hai nit, nguoc lai d,, la “kich thudc trung binh” trong mién gia
dd. Ta c6 thé tinh d,, bing cach wéc lugng nhur sau:
D

5

| Péi véi 1D, “e = (n, —1) véi Dy 1a 1 uée lugng cua dg va np, la sb nut nim trong
mién ¢6 kich thuée D; . Tuong tu déi véi 2D va 3D.

1.3. Ham trong s6 va Ham dang [1],[3],[4]

a) Ham trong 50:

Ham trong s6 déng mot vai trd rét quan trong trong viéc xdy dung ham dang N6 gitp cho
trong sb thang du (Welghted Residual) tai nhitng diém khac nhau trong mién gié d& sé khéc
nhau: nit & gan s& “nang” hon, nit ¢ xa s& “nhe “ hon. Ngoai ra n6 con bao dam céc nit khi
roi hode vao mién gia do (khi x di chuyén ) thi ham trong s6 thiing du van lién tuc. Sau day la
mot s6 ham trong sO thong dung:

Ham trong ) bac ba

Y —4d +4d
— — — - =2 —3 _
W(x-x)=W(d)=1%—-4d+4d -} d Y<d<l
0 khi
Ham trong sb béc bén
= = B -
— —_ ! e <
W(x—x,.)EW(d)=ll 64 +8d° -3d'  d<I

x|

d

w

; , = : = . L
Trong cac phuong trinh trén, d dugc xac dinh nhu sau d = = d_ v6i d,, chinh 1a

kich thuéc ctia mién anh hudng.

b) Xay dung Ham dang bang PP BPTT:

Pat u(x)1a ham cua trudng bién trén mién Q. Xép xi cia u(x) tai diém x 1 dugc xdy
dung tir 1 tdp n gid trj nit trong truong ham #,u,,...,u4, tai n nit X;,X,,...,X, nim trong

mién gia d& cua x:

w09 = (5, %) = Y p, (6)a, ()= (x)alx) W
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vOi m 12 bac cua da thire p.
Ham trong sb thing du (Weighted Residual) dugc xdy dung bang cich xap xi gid tri cua
trrong ham va céc tham sé nit u, =u(x,):

J = 3 (x=x)u" (x, %) ~u ()P

o i W(X* X; )p’ (x;)a(x)— ur.]2

v6i %, 12 tham sé ndt cia truong bién tai nut I, W (X~ ;) 1a ham trong sb. Dé don gian ta
viét W:(x) thay cho W (x—X,).
Theo PP BPTT, tai bat ki diém x nao, a(x) duoc chon sao cho ham J t6i tiéu. Nghia
oJ

12‘15-; =0, Piéu nay cho ta hé phwong trinh tuyén tinh nhu sau

A(x)a(x) =B(x) U,
voi A(x) la ma trdn moment trong s cho boi: A(X) = Z W,x)p(x;) p?‘(x,.)

con ma tran B(x) ¢6 dang: B(x) =[B,,B,,...,B,] véi B, =W.i(x) p(Xx,)
va U, 14 vec to chira céc nit nim trong mién gia d5 U, =[u,,u,,...,u,]"

Giai phuong trinh trén, ta dugc: a(x) =A"'(x)B(x)U, . Thay vao phuong trinh (1), ta
duoc:

m

u" (X) = Zi Pj (X)(A_[ (X)B(x))ﬁui

So sanh vdi phuong trinh (1.1), ta rit ra dugc ham dang can tim.

4= p,(NA (B, =p A" B,
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Hinh 3.Ham dang va dao ham bac nhét ctia ham dang sur dung ham trong s6 bac ba.

2.AP DUNG PHUONG PHAP PHAN TU TU DO GALERKIN CHO BAI TOAN TAM
[11,[21,[5],[6] )

Xét 1 thm nhu trong hinh vé. Tam duoc biéu dién bing mit trung hoa ctia tAim. Chuyén vi
clia tim theo phuong X,¥,2 ( trong toa d6 Decarte ) duoc ki hiéu lan luot 1a u, v, w. Dua theo
gia thuyét Kirchhoff vé tAm mong, d6 vong w(x) cia mdt trung hoa tai diém x c6 thé xem la
bién ddc 1ap, va hai chuyén vi con lai duoc biu dién qua w(x).

Mién gid do cua x

Hinh 4.X4ay dyung cdc nit rdi rac biéu dién tAm
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Tam dugc biéu dién bang tap céc nut dit rai réc trén mién tim. Vi khong c6 phan tor st
dung trong PPKL, cho nén d& noi suy gid tri w tai diém x ta phai xay dung mot mién, goi la
mien gia do ( support domam ), tai diém x do dé n01 suy w

b vong cua tAm dugc xép xi ding cac tham s6 1a d6 véng cac nat w;
n
)
W)=Y gem,
i=1

véi n 1 tdng s nit trong mién gia d&, w, 14 gié tri cua cac nit trong mién gia do, ¢ 1a
ham dang (shape function) ctia nut thir i.

Dang yéu Galerkin cho bai toin uén tam dugc cho boi phuong trinh :

[oe],da- [ou"bdQ- [ou” tas - [o1" (0-w)dl - [ow™dr =0 @)

A Q S, Ty u

v6i Q 1a thé tich cua tim, A 1a dién tich cia tim, S, 1a bé mit ciia canh tam trén bién tu
nhién, I’ 1a phan bién chinh, € , 12 pseudo-strain, G, 12 pseudo-stress, b la vec to luc khoi, t

1a vec to luc trén bién, u la vec to chuyén dich, ®,® lan luot 12 vec to do vong xép Xi, vec to
do vong cho trudc va A 1a nhan tir Lagrange

Trong phuong trinh trén, s& hang dAu thé hién cong 4o cla ndi luc trong tam, so hang thir
hai thé hién luc khéi trén toan tarn s6 hang thir ba 1 cong ao thuc hién do cong cua luc trén
bién tu nhién va hai sb hang cudi cung tinh dén diéu kién bién.

Ta lan luot tim duoc

ow | K, .- K,|lw
Se 0, = s e, : 2.1)
ow, J Ky - K. L Wa
Ma trin d¢ cung K c¢6 kich thuéc (nxn).
ow \ ' ow \ A
Sub=| | |vasut=| ! | (2.2)
ow, | F, ow, | F,
Vecto ¢ot F = F° + F' kich thudc 12 (n x1)
(A G, - G ]
: | :' b
P o4 || G, & : 23)
04 || Gl . G 'm n
: : ., : Wa
6&) L G'ZH L G'2M J

Ma tran G’ ¢6 kich thudc la (2/xn)
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o4, auw t..+q,,w

s |84 W+ ...
5/2'7'&) — /] qn’]ﬁ—'— +qln wi'?__ - (24)
o4, G t- g, W,

62'.*)_ QoW+t Gy, W,

Ma tran q c6 kich thudc (27 x 1)

Méi mot ma tran vira tim dugce chi img véi mot diém nam trong 6 tich  phén. Vi vy sd
nut roi rac xuat hién trong tung s6 hang trén la c6 gidi han. Tuy nhién khi ta lay tich phén trén
ca mién bai toan thi tit ca cdc nut rdi rac déu tham gia vao hé phuong trinh dai sd.

Hinh 5. Sé nit rdi rac (mg véi mét diém nim trong mét 6 tich phan

Sau khi ¢6 duge cde sd hang dd roi rac, ta sé tich phén ching 1én va 1dp rép vao ma tran
toan cuc nhu sau:

o o))"

V6iK, G (G'=G"), F, q duoc xdy dimg trong phuong trinh (2.1), (2.2), (2.3), (2.4).
Giai hé trén ta sé tim dugc d9 vOng w clia céc nit roi rac.
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Begin Tim céc nat roi rac ndm trong mién gid do
cua nit Gauss vira dugce xac dinh

va xdy dung cac ham dang trong tng

Nhap cac 56 liéu cud tam: kich thude, do
day, mo dun E, hé s6 Poat x6ng | lyc q, ¥
Tich phdn cac 50 hang trong pt dang yéu

Xay dung tap cac nut rdi rac -
Xay dyng cdc 6 tich phin Lap rap cdc ma tran K, G. F, q va Giai h¢

phurong trinh tim nghiém dé vong w

Xac dinh toa d¢ cac nat Gauss 3
va mién gia dd cua no / Nt 48 vBnow /
‘ y
End

Hinh 6. So d6 khéi cua bai todn tim d6 véng clia tim bi udn

3. KET QUA SO

Bai todn 1: Cho tAm hinh vubng 6 chiéu dai a = 2 mét, chidu cao h = 0.04 mét, mé dun
Young E = 2. 10° Niuton/metz, hé so Poatxong v =0.3. tam dugc tua ty do trén cdc bién va chiu
tac dung ciia luc phan b déu q, = 100 N/m*

Nghi¢m chinh xdc cua d§ vong theo phuong phap Bubnov-Galerkin cho bdi cong thirc

4
sau: w(x, y)=C, 98 sin( = )sin( n_y)
D a a

. 3
v6i D 1a d6 cimg tim khi uén D=L2 va C, =iﬁ=0.00416=4,16.10‘3
12(1-v7) T

Gi4 tri dd vong ( don vi mm)chinh x4c (Wex) va xap xi (Wxx) tai toa do x 1a:

X -1l 0875 075 0625 05 0375 025 0125 0
Wex 0 -0.1108] -021734] 031552 040159 04722 05247| 055702] 056793
Wax 000237| -0.11657| 022607 032449] 04085 047566 052448 055402 056334
)3 1 0875 075 0625 05| 0375 025 0125

Wex 0 01108 021734 031552 040159 047222 05247 055702

Wi 000188 01159 022545 032375 040782 047504 -052403| -055377
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g w

Hinh 7.So sénh giira d vong chinh xac va d¢ véng xép xi PPKL ciia tim hinh vuéng twa tir do

3

) A 6

e
ae

Hinh 8.Bién dang 5.1:\‘ va ), vaung suat 0’ w ¥ T, cua mat trén cua tam vudng
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Bai toan 2: Cho tAm hinh trdn c6 bén kinh R = 2 mét, chiéu cao h = 0.04 mét, md dun
Young E = 2.109 Niuton/met2, hé s6 Poatxéng v= 0.3. Tam dugc ngam trén chu tuyén va

chiu tac dung ctia lwe phéan bd déu q = 100 N/m2.

Nghiém chinh xac cua d§ véng dugc cho boi cong thire sau:

w(r)=C, %- (R*r%)?

véi C, =0.015625

Gié tri d6 vong (don vi mm) chinh x4c (Wex) va xdp xi (Wxx) tai toa do x la:

o

<15

X -2| -1.82574] -1.63299| -1.41421 -1.1547| -0.8165 0
Wex 0| -0.05924| -0.23698| -0.5332| -0.94792| -1.48112| -2.13281
Wxx 0.008708| -0.03471| -0.20851| -0.52297| -0.92333]| -1.51848| -2.0334
% 2| 1.825742] 1.632993| 1.414214| 1.154701| 0.816497
Wex 0] 005924 023698 -0.5332] 094792| -148112|
Wxx. | 0010672 -0.03492] -020821] -0.52305] -092328] -151851] |
sa:ﬂ:n“’ da vong cua tam trong mat thang dung
I eS|
— e
—] 1
dovddgw ;- - - | ‘ =0
| I |
-~ i T
4 N _|_ T
. | T~ el I
: |
4 — !
_,E 1 | | J

Hinh 9. So sanh giita d6 vdng chinh x4c va d¢ vong xdp xi PPKL cia tim hinh tron ngam chu tuyén

Két luan: Két qua cho thiy nghiém xép xi cua PPKL Phan tir tu do Galerkin rit gin véi
nghiém chinh xdc. PPKL con phu hgp véi cac mién bai toan khac nhau ma khong gap phai
nhitng kho khan nhu céc phuong phap khac.
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APPLICATION OF GALERKIN MESHLESS METHOD FOR BENDING

PLATE PROBLEMS

Ngo Thanh Phong, Vu Do Huy Cuong
University of Natural Sciences, VNU-HCM

ABSTRACT: This paper introduces Meshless Method: Element Free Galerkin with

Lagrange multipliers applying for plate problems, the algorithm of it and numerical examples.
The first presents algorithm of Meshless Method. The second talks about algorithm of Element
Free Galerkin Method for plate problem. The last is numerical examples for some simple
plates: Uniformly Loaded Simply Supported Square Plate and Clamped Circle Plate. The
results are compared with analytical results.
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