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) TOM TAT: Béi bdo nay gidi thiéu cach phat trién va vmg dung phan tir twong thich HCT
de phdn tich dong luc hoc kér’cdzf tam. O ddy trinh bay cdch xdy dung ma trdn khoi lwong cua
phan tic HCT st dung Iy thuyét tam mong cua Kirchhoff la phat trién tiép theo ciia [8]. Cdc loi
gidi s6 veé tdn so dao dong riéng cua hai bai todn tdm minh hoa hiéu qua sir dung ciia dang phan
tue nay.

1. GIOI THIEU
Céac tinh toan giai tich truyén théng da phan dua trén ly thuyét tAim mong cia Kirchhoff véi -

gia thuyét vé mit trung binh khéng bién dang da dugc phat trién du rat tot voi cdc 11 gidi cia
Ritz, Reyleigh, Navier...dudi dang chudi nhung chi gi¢i han voi mot s6 diéu kién bién nhét dinh
va phan 16n chi ding dé giai tim ndi lyc ma thoi. P6i voi phéan tich dong luc hoc bai todn tam thi
céc nghién ciru giai tich dya trén dinh lugt Newton, phuong trinh céng 40...con han ché hon nita
vi kho khin toan hoc. M6t sd cac phwong phip xép xi nhu phuong phap bién phan,
Galerkin...cling dugc phat trién tuy nhién két qua van rAt han ché. Mot sd cac két qua c6 thé tim
thﬁy trong [5,11,13]. Cung v6i su phat trién cla cong nghé may tinh hién nay, cac phuong phép

$0 nhu phan tir hitu han, phan tir bién, phuong phap khong phan tir (meshless)...dd duoc nghién

ctru ap dung va cho két qua rét tot. Cac kho khin vi khoi luong tinh todn nhidu da dugc may tinh
véi toe db va kha ning x0r ly cao giai quyét. Trong tat ca cac phuong phap s6 thi phuong phap
phan tir hitu han c6 thé duoc coi nhu mét cong cu rt manh dé giai quyét héau hét tat ca cac bai
toan co hién nay dac biét la bai toan tAm.

Bai bao nay mudn gidi thiéu img dung mot phén tir trong thich vao nghién ciru dong luc hoc
bai toan tim do 12 phan tir HCT, duge d& xuit boi ba téc gia la Hseigh — Clough — Tocher, tuan
theo céc gia thiét tim mong cta Kirchhoff. Phén tir nay ciing da duge Hung [9,10] va Duong [8]
nghién ctru 4p dung tinh toan va danh gia sai s6 161 giai ndi lyc cho bai tan tam va vo.

Chung toi s& trinh bay cach xdy dung ma trdn khéi luong cia phan tir HCT va mot s6 cac vi
du tinh toén, so sanh v&i mot s6 két qua da co hién nay dé danh gia hiéu qua cua phan tir nay
trong tinh toan dong luc hoc két cau tAm.

2. PHAN TU HCT

Phin t ban ddu ¢6 12 bac tu do trén bién (Hinh 1), nhung véi nhimg gia thiét va bién doi,
phn tir HCT s& giam xuéng con 9 bac tw do:

Ham chuyén vi ciia timg phan tir ¢6 thé duoc biéu dién qua cac bac tu do clia nit va ham
dang: w=N.q 1

v6i: N : 12 ma trin ham dang; q : 1a vector chuyén vi nit.
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Hinh 1.Phin tir trong thich HCT véi 12 bac tu do.
Trong phén tir, ngoai chuyén vi ciia céc gdc w; con cb cic goc xoay clia mdi goc phan tir.
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Chuyén vi nit cia phan tt cons6 1
q¥ =[w, 0,0, w,0,0,w,0,,0,0,]|" (©6)

q" 1a vector bao gdm 10 thanh phin chuyen vi, ta sir dung ham da thirc néi suy béc ba 10
thanh phén ctia Lagrange [11] cho mét phan tir con va dugc biéu dién trong - vu d6 tw nhién

L= (L Bl )nhusau
w =Pa )
trong do:
PI[Li L32 L33 L21L2 L21L3 L22L3 Lzle L23L1 L23L2 L,L,L;]

T
o = [al Oy Oly Oby Qs Olg OLy OLg Cly 0510]

Dbi v6i céc phin tir con k = 1 3 thi ham dang s& duoc biéu dién N(L). Tir (6) ta suy ra
vector chuyén vi toan b cac nut q la:

T =[w, 0,0, w,0,6,w,0, ey394eseﬁ|woexoey0]

=lq§|q1-;]

Chuyén vi trong phén tir con sb 1 dugc biéu dién nhu sau:
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wh(L)=N"xq=[N" N é”]{ﬂ ®)
E

N va N 14n lugt 1a cdc ham dang déi véi chuyén vi nit bén ngoai va bén trong (nt 0).
Tuong tu nhu trong (8), ta 4p dung cho hai phén tir con 2 va 3, ta duoc mdi lién hé giira toan
bd cac chuyén vi la:
w D N gl) N f)])
w®|=|NW® Ngz) {qR} )

€
3 ds
w @ N£3) Nga)

2.1 Ma trén do cirng

k= [T pIskv - &[)[ﬁ]T[H][E]dA (10)

(m)

trong do: m la sb phé“m trcon,m=1, 2, 3.

s 1 v 0
. Et
va H]=————|v 1 0 ; [B] = (8V)[N]
12(1-v*) 1—
0 0 —
2
2.2 Ma tran khéi lrgng phén tir
oN, ON; aN ON;
m™ = J ID[N]T[N]+I( JdA a1
Alm) ox 0Ox ay oy
trong do: m la ) phé“m tir con. m =1, 2, 3; Iy, I; 1a momen quéan tinh cia khéi luong.
t/2 t/2 3
A .
J'pdz = iy Ipzzdz = CLl
-t/2 —t/2 12

p 1a khéi luong riéng ciia vat lidu lam tam.

2.3 Ghép néi va loai bé nit giira ciia phan tir

O day, trong (9) biéu dién cac thanh phan chuyen vi bac ba cia 3 phan tir con. Béy gio
ching ta xét 2 phan tir ké nhau c6 chung giao tuyen Doc theo canh 02 cta phan trconsolva3l
trong Hinh 1, chuycn vi dimng duy nhét dugc biéu dién bang cac gia tri chuyén vi nut tai 0 va 2
nhung cac do déc phép tuyén 1a khac nhau giita hai nat. That vay, (5) khong dién ta dugc mién
chuyen vi tuong thich bén trong phén tir. Pua vao céc diém i, j, k tai trung diém clia cac giao
tuyén ctia cc phan tir con. Bang cach ldy vi phan w' ) cua (8) thi do déc phép tuyén huéng ra

phia ngoai 1a: 5nw(l)|k = [Bi” Bgl)]|:qu|
E
Tir nhitng diéu kién lién tuc tai cac nit i, j, k:
8,w® =-2,w?| (12)
i,jk ij.k
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Ching ta thiét 14p céc ma tran theo nhiing diéu kién tuong thich nhu sau:
o (3) (1 (3)
B}’ +B;’| By + By

o0 -+5 B +5) [ a3
E
Bgz) B(s)‘B{Z) BE)?J?

Vi vay:
qs =-By'Bag = Cap (14)
Bing cach thay (14) vao trong (9), ta c6 dugc ham chuyén vi nhu sau:
w’ | [NE NGC
w® |=IN? NPC|xqy (15)

Ma tréin d6 cimg ciia phin tir c6 dugc bang cach “lay tong” do cling cla 3 phén tir con. Tiép
theo str dyng su c6 dac tinh (static condensatmn) dé giam cac bac tu do bén trong phan tir. va str
dung diéu kién ning lugng toan phin dimg dé tim dwoc ma tran do cing phan tir. Cac thu tuc
néu trén c6 thé tim thay duoc trong [8].

Ma tran khéi luong m ciia phén tir duoc thiét 14p theo trinh ty nhu trén, nhu sau:

m=>m" o (16)

_Trong do chi s& R va E trong cic ma tran lan lugt dung dé quy dinh cho céc thanh phan ciia
phén tir tam gidc twong Ung véi cac bac ty do cia cac nut 1,2,3,4,5,6 va céc bac tu do bén trong
nit 0 ma dad dugc gidn luogce.

Vi mot pha‘in tlr, dong ning T. co thé dwoc tinh nhu sau:

T
= Evjp{ﬂ}z {w}.av (17)

Mz nhu ta da biét, do chuyén vi la ham thoi gian, cac diém cua phan tir chuyén dong véi véan
toc bang dao ham bac nhat cua chuyén vi theo th&ri gian t:

.= [Nlaj,
O day, {_} 1a vector van tbc ciia cac diém nit cla phan tu.

Suy ra:

T, = L)) JeINTINIa [, =2 mfa),

My g {[ds IT.7 T AT |:mRR mRE:H: Az :\
=—ldr Qe . |=71r  9rC )
[ § ][mER mEJLiJ 2[ S ] mg, mg || Cqg

Trang 30



TAP CHi PHAT TRIEN KH&CN, TAP 10, S0 04 - 2007

= %q; (mRR +C'mg, +mC+ CTmEEC)qR

Trong do:
m, =My, +C'my, +mC+C'm,,C (18)
Thuec té thay rﬁng, phan tich c4c nit gitta canh 4,5,6 1a phtc tap. Tuy nhién, néu d¢ dbc phép
tuyén thay doi tuyén tinh doc theo canh thi nut tai gitra canh duoc bd di va coi goc xoay tai nat
giita 13 trung binh cdng ciia cac goc xoay tai nut i va nut j:

5 exi +exj eyi +e)’j :
0, =0, cosa; +0,, sina; = — coso; + = sino;  (19)

voik =4, 5, 6 va o 1a goc gitta cac canh i = 23, 31, 12
Luc nay phan tir HCT chi con lai 9 béc tu do (thay vi 12) nhung hoan toan tuong thich voi
su rang budc vé db déc phap tuyén tuyén tinh khac doc theo cic canh bién (Hinh 2).

. - _exa

Hinh 2. Phén tir HCT sau khi da gian luoc

3. Vi DU TINH TOAN

3.1 Phén tir HCT va mét s6 phin tir khéc

Xem xét hai ban vudng 1am bing vat liéu dang huéng c6 céc thong s6 nhu sau: kich thudc: a
=4 m; chidu day ban: h = 0.1 m; module dan hdi: E = 2.5311x10° Kg/m%; hé s6 Poison: v = 0.2;
khéi lugng riéng: p = 244.8 kg/m’ véi cic diéu kién bién nhu Hinh 3, 4.

Chiing ta s& xem xét cac gia tri tan sb  vong cua tAm trong 2 mode dau tién. Cac két qua cia
phén tir HCT s& duoc so sanh vdi céc két qua cia phdn mém Sap2000 sir dung phan tir thin-
plate. Ngoai ra ¢ déy con so sanh v&i mét két qua ng]:ncn clru treGe day trong [14]. Phin nay mot

lui chia duy nhét duoc st dung 1a ludi 10x10 (dbi véi HCT 1a 2x(10x10) nhu Hinh 5). Céc két
qua tir cac phén tir khac nhau s& dwoc so sanh véi 101 giai giai tich (chinh xac) trong [5].
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Hinh 5.Mode shape clia w; va ludi chia 2x(10x10) cua phén tir HCT (bén canh tua)

C6 thé thay rang,phan tr HCT cho két quéa kha tot So voi hai phén tir cung tuin theo ly
thuyét Kirchhoff 1a phan tir s6 1 va 2 con cho két qua tot hon.
Ba twa - mét ngam

Bén canh twa
1.65
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——e—— Hung[14]
il Sap2000 thin-plate
— —&— — Phan tir HCT

Hinh 6.Sai sb % cita cac phén tir so voi 1 giai chinh xic [5)
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Bang 1.Sai s& (%) tin sb clia cac phén tir trong 2 mode dao dong d4u tién so v6i [5]

ST , o Bén canh tua don Ba canh tya, mdt canh ngam
T Cac loai phan tir
W11 Wiz = Way W1 Wi2
1 Hung[14] 0,539 0,880 0,671 1,098
2 SAP2000 0,736 1,188 0,936 1,510
3 Phén tir HCT 0,334 0,859 0,657 1,078

*,
*

*

D6 hoi tu ctia 161 giai st dung phan tir HCT ,

Str dung lai cac dic trung vat liéu nhu trén dé tinh toan. P min ludi chia duoc thay ddi nhu
sau: 2x2, 4x4, 8x8, 10x10, 16x16 (& day ghi tat vi phan tir HCT lu6i chia that sy 1a 2x(...)) va
ciing so sanh véi 101 gidi gidi tich du6i dang sai s6 %. Chi khao sat véi mode dao dong dau tién
w1y, Ldi gidi chinh xac cho trong [5] cho mode nay ddi v6i tim bbn canh tua la 116.87 rad/sec
va cho ba canh tya — mot canh ngam la 140.03 rad/sec. Cac két qua tinh toan dugc trinh bay &
Hinh 7 va liét ké trong Bang 2.
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Hinh 7.D6 héi tu cia phén tir HCT (a: bon canh tua; b: ba tya — mot ngam)

ghs

L— Giai tich

100
0

—A— Phan tuﬁCT
=-%-~ Sap 2000-Thin plate |+

-

Luoi chia

b)

Ta thiy 16 giai ctia phan tir HCT hoi tu rdt nhanh. d¢ hoi tu dén 101 giai chinh xéc khi do
min luéi ting 1én cia HCT 1a rat tét. chi can ludi chia thd 2x(4x4) la sai s0 gitra 101 gidi HCT so
voi giai tich da dudi 2.5% va khi den ludi chia 2x(8x8) thi sai sO nay chi con khoang 1%.

Bing 2. Tn sé dao dong mode dau tién véi cac ludi chia phan tir (rad/sec) (tdm bdn canh tya)

SAP2000 - Thin-plate 96,36 111,44 115,52 116,02 116,54
Phan tir HCT luéi chia 2x(...) 129,17 119,71 118,09 117,27 117,23
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Bang 2(tt). Tan s6 dao dong mode dAu tién v6i cac ludi chia phan tir (rad/sec)
(tAm ba tua — mot ngam).

SAP2000 - Thin-plate 110,291 132,216 | 138,001 138,720 139,50
Phén tir HCT ludi chia 2x(...) 168,284 | 146,675 141,544 140,952 | 140,323

D6 héi tu ciia phan tir trong Sap2000 ciing rAt nhanh nhung hoi kém hon mét chit so véi cua
HCT. Mét dic biét nita 1a HCT tim dén 1oi giai chinh xac nhu mét can trén con Sap2000 thin-
plate thi nhu mét can dudi. Ta cd thé str dung phan tir nay trong bai toan dbi ngau.

3.2 Khio sat mit dj lwoi chia sit dung phin ti HCT

Ta khao sat thém mot truong hop nita v6i tAm chit nhat kich thudc 6mx4m. Cac dic trung
vét lidu van gitt nguyen Céc ludi chia phan tir khac nhau duoc sir dung dé rit ra mot ty 1€ ludi
chia thich hop voi phan tir HCT. Céc sai s6 cua cac ludi chia ciia mode dao dong dau tién (so v6i
[5]) dugc trinh bay trong Bang 3 va thé hién trén Hinh 8.

Sai st (%)

RS T B - ¥ T« TS N ]

4
*

4x2 4x6 6x4 8x4 8x5 10x5 8x8 10x8 12x8 12x10  15x10 20x10

Luéi chia phiin tif

Hinh 8.Sai sb (%) so véi 16i giai chinh x4c cua cic luéi chia khic nhau.

Bang 3.Sai sb (%) so v6i 10i gii chinh xéc clia cac ludi chia khéc nhau (tAm chit nhat).

Ludi chia 4x2 4x6 T 6x4 8x4 8x5 10x5
Saisd (%) | 6,672 4,061 1,774 1,549 1,034 0,968
Ludi chia 8x8 10x8 12x8 12x10 15x10 20x10
Saisd (%) | 0,876 0,531 0,399 0,35 0,241 0,211

Theo két qua khao sat ta thy, dé c6 thé dat dugc mot sai s6 xap xi 1% thi chi cén sir dung
luéi chia 2x(8x8) va chi can tang d6 min ludi dén ludi chia co ty 1é chiéu dai gitra hai diém chia
trén canh tAm va chidu dai tAm cta hai canh 13 1/10 thi 161 giai dat dugc di twong d6i én dinh voi
sai 56 1%.

4. KET LUAN

Bai bdo nay da d& ra duoc cach xdy dgrr}g ma tran khéi luong m cta phéan tir HCT va tng
dung vao phén tich dao déng riéng bai toan tam.
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Str dung phan tir HCT da cho cac két qua tét, 1oi g1a1 s6 gin nhu sat voi 1o gidi chinh xac
khi ludi chia con kha thd. Dac biét khi so sanh véi phan tir dugc sir dung trong phan mém rat
théng dung hién nay & Viét Nam d¢ 1a Sap2000 dé phan tich dong luc hoc bai toan tam mong di
cho két qua tuong d6i tét hon. HCT da cho két qua hi tu rét nhanh, s6 bac ty do clia phan tlr nay
cling it, do d6 néu sir dung phén tir nay de phan tich s& khong can chia luéi min va c6 thé rit
ngan duoc thoi glan tinh toan. Mot d& xuét khi st dung phan tir nay 1a chi can sir dung ludi chia
c6 ty 1é chiéu dai gitfa hai diém chia trén canh tAm va chidu dai tim 1a 1/10 d3 co6 két qua gin
chinh xéc vdi sai 6 nho hon 1,5% cho 2 mode dao ddng dau tién nhu da khao sat.

Dac diém hoi ty ctia 1 giai nhu mét can trén cho bai toan dao dong cua phén tir HCT 1a mot
dic trung co thé ting dung vao loai bai toan phan tich d6i ngau (duality).

Tuy nhién trong khuén kho mdt bai bdo, bai nghién ciru nay moi chi phén tich bai toan dao
dong riéng khong xét dén hé sb nhét. Céc vén dé dao dong khéc clia bai toan dao dong nhur dao
déng c6 can, dao déng vai lyc kich thich ... hi vong s€ duoc trinh bay trong cac nghién ciu tiép
theo. Phén tich dao dong bai toan vo mong la nhiing phat trién ma céc tac gia dang thuc hién.

Mot hudng phat trién twong lai nita d6 1a van dung ly thuyét tim day ciia Mindlin vao loai
phan ti nay ciling la nhitng nghién ciru kha thi vi.

CONFORMING ELEMENT HCT WITH DYNAMICS OF KIRCITHOFF PLATE

Nguyen Quang Tuyen”; Chu Quoc Thang; Le Hoai Long"
(1) University of Technology, VNU HCM
(2) International University, VNU-HCM

ABSTRACT: In this paper, we will present the application of HCT element in analyzing
dynamics of Kirchhoff plate. And the procedures to construct the mass matrix of HCT element
will also be displayed. This paper is a development from a previous study [8]. Some numerical
solutions will justify the effectiveness when using this element.
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