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ABSTRACT: Recently, the field of differential equations has been studying in a very
abstract method. Instead of considering the behaviour of one solution of a differential equation,
one studies its sheaf-solution (see[8]). Instead of studying a differential equation, one studies
differential inclusion (see[10]). Specially, one studies set differential equation ( a differential
equation whose variables and derivative are sets,( see[l-7]), a fuzzy differential equation is
generalized to be fuzzy control differential equation (FCDE), (see[13]).

In this paper, a set differential equation is generalized to be set control differential
equation (SCDE) and we present the existence and comparison of solutions of (SCDE).This
paper is a continuation of our works in this direction (see [11-15]).

Keywords: Differential sequations; Set differential equations; Set control differential
equations.

1. INTRODUCTION

In [1-8], authors studied the existence and comparison of solutions of the set differential
equation (SDE)
Dy X(t)=F(t,X(t)),

where X(t,) = X, € K ,(R"),X(t)e K ,(R"),t e[t,,T]=1 c R,
and F:IxK,(R')—>K,(R").
In this paper, we give the so-called set control differential equation (SCDE) in the form
Dy X(t)=F(t,X(t),U(t)),
where X(t,) =X, € K,(R"),X(t)e K,(R"),U(t)e K,(R"), t e [tU,T] =l cR,
F:IxK/(R")xK,(R')— K,(R"),

and study existence of solutions and comparison solutions of SCDE.

The paper is organized as follows: we recall some basic concepts and notations which are
useful in next sections in section 2 and some results on SDE in section 3. Existence results on
solutions and comparison of solutions of SCDE are presented in section 4.

2. PRELIMINARIES

We recall some notations and concepts presented in detail in recent series works of V.
Lakshmikantham et al. See [1-8].
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Let K,(R")denote the collection of all nonempty, compact and convex subsets of R".

Given A, B in K,(R"). The Hausdorff distance between 4 and B defined as

} @1

D[A,B] = max{su};)GE Linf, 5 a —b]), sup,.zinf,., la = b|

where |lJ| denotes the Euclidean norm in R".

It is known that (K <(R" ),D) is a complete metric space and if the space K (R") is
equipped with the natural algebraic operations of addition and nonnegative scalar multiplication,
then K (R")becomes a semilinear metric space which can be embedded as a complete cone
into a corresponding Banach space. See [15].

The Hausdorff metric satisfies some below properties.

D[A+G,B+0]=D[A,B] and D[A,B] = D[B, 4], 22)
D[m,w] = AD[B, 4], . 2.3)
D[A,B] < D[A, C] + D[C,B}, 2.4)
D[A+A,B +B'|< D[4 B]+ D[ 4',B'] 2.5)

forall A,B,C e K,(R")and A€ R,
Let A, Be K (R"). The set C e K (R") satisfying A=B+C is known as the

geometric difference of the sets 4 and B and is denoted by the symbol A — B. Given an interval
I=[t,,T] = R,. Function F : I — K (R") is said to be continuous at t¥ e I if for every

g > 0 there exists a 8 = 8(g,t*) > 0 such that
D[F(t),F(t*) | <5 for all tel with t—t#<8.
We say that the mapping F' has a Hukuhara derivative D, F(t) atapoint T e I, if
. F(t+h)-F
_ F(x+h)-F()

7 and lim F(t)- F(t— h)

ho0+ h h—>0+ h

exist in the topology of K, (R") and are equal to Dy F’ (t).
The Hukuhara integral of F is given by

IF(S )ds={_|‘ f(s )ds:: f is a continuous selector of F}
I I

for any compact set [ < R, .

We have the following properties of the Hukuhara integral.
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If F:I— K,(R") isintegrable, one has
b 4 t
[F(s)ds = [F(s)ds+ [F(s)ds, t, <t, <t, (2.6)
ty ty Y

and

t t
[MF(s)ds =2 [F(s)ds, e R.
ty ty

If F,G : I - K,(R")are integrable, then D[F(.),G(.)] : I — R is integrable and
t t t
D{ [F(s)as, [G(s )ds} < | D[F(s ),G(s )] ds . @7
ty ty to

Let us denote D [A, 9”} =||4|| = sup {lal : a € A}

for Ae K ,(R"), where 0" is the zero element of R" which is regarded as a one point set.

More details in continuity, Hukuhara derivative, Hukuhara integral of the mapping
F:I— K, (R"),please see [1-8].

3. SET DIFFERENTIAL EQUATION

In [1-8], authors considered the set differential equation (SDE) as following.
B Xt ) =Ft, X(t}), (3 1)

where
X(t,) =X, e K,(R"),X(t)e K (R"),te [t,,T] =1 ,state X(t)e K (R")
and F:IxK,(R')—> K,/(R").
The mapping X € C* I:I LK (R )] is said to be a solution of (3.1) on [ if it satisfies (3.1)

on I. Since X(t) is continuously differentiable, we have
t
X(t) =X, + [DyX(s)ds, tel.
ty
We associate with the initial value problem (3.1) the following

X(t)=X,+ [F(s,X(s))ds, teI  (2)

fy
where the integral is the Hukuhara integral. Observe that X (t) is a solution of (3.1) if only if it

satisfies (3.2) on [ .
We recall some results in [1-8].
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The local existence result on solution of SDE is the following.
Theorem 3.1. Assume that

() F e C[R,,K,(R")], D[F(t,X()),6"] < M,, on Ry=1xB(X;,b) where
B(X,,b) ={X(t)e K,(R"): D[X(t),X,] < b} and

(i) ge C[Ix[0,2b],R+:|, 0<g(t,w) <M, on Ix[0,2b],9(t,0)=0, g(t,w) is
nondecreasing inw for each t € I and w(t) =0 is the unique solution of

w' = g(t,w), w(t,) =0 onl
(iii) D[ F(t,f(t)),F(t,X(t))J < g(t,D[Y(t),X(t)]) on R,.

Then, the (3.1) has a unique solution X(t)= X(t,X,) on [to,t0+n], where
n= min{a,%}, M = maz {M,,M,}.

(3.3)

The global existence result on solution of SDE is as follows.

Theorem 3.2. Assume that F' € C[R+ xK,(R"),K.(R") ] and

D[F(t,X(t)),6"] < g(t, D[ X(t),6" ]), (£, X(t)) € R, x K.(R").
where g € C[RE,R+],

g(t,w) is nondecreasing in w for each t e R, and the maximal
solution 7(t,t,,w, ) of

w'=g(t,w), w(t,)=w, = Oexists on [t0,+oo). Suppose further that F is smooth

enough to guarantee local existence of solution of (3.1) for any (t,,X,) € R, x K,(R" ). Then

the largest interval of existence of any solution X(t)=X(t,t,,X,) of (3.1) such that
D[X,,0" ]| s w, is [ty,+o).

The below theorem is an existence result on solutions of SDE.

Theorem 3.3. Assume that F' € C‘l:R+ X KC(R"),KC(R")] and

() D[F(t,X(t)),0"]< g(t,D[X(t),O"] ), (t,X(t)) e[t,, T]x K,(R"),
where g € O[[to,T] X R+,R+:|, g(t,w) is nondecreasing in (t,w);
(i) the maximal solution T(t,t,,w,) of

w'=g(t,w), wty))=w, =0

exists on I,

Then there exists a solution X(t) = X(t,t,, X, ) to the (3.1) which satisfies
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D[X(t),X,] < r(t,w,),t € I, where w, = D[X,,0"].
Some results on comparison of solutions of SDE and stability of solutions of SDE were

studied in [1, 4, 5].

4. MAIN RESULTS

In this paper, we provide a set control differential equation (SCDE) as following

Dy X(t)=F(t,X(t),U(t)), X(t,) = X, € K,(R"), (4.1)

where F:IxK/(R")xK,(R")—> K, (R"), state X(t)eK(R"), control
U(t)e K,(R").

The U : I — K_(R") is integrable, is called an admissible control. Let U be a set of all
admissible controls. The mapping X e C"' [I il ™ )] is said to be a solution of (4.1) on / if

it satisfies (4.1) on I. Since X(t) is continuously differentiable, we have

t
X(t) =X, + [DyX(s)ds,t € I.
ty
We associate with the initial value problem (4.1) the following

X(t)=X, + ]F(s,X{s),U(s))ds,te I
t

where the integral is the Hukuhara integral. Observe that X ('¢) is a solution of (4.1) if only
if it satisfies (4.2) on 1.

Now, based on the theorems 3.1-3.3 of SDE we have some existence results on solutions of
SCDE.

Firstly, we have a unique existence of solution of SCDE as following.
Theorem 4.1. Assume that

@) FeC[R,K,(R")], D[F(tX(t),U(t)),0"]<M,, on
R, =IxB(X,,b)xU,

~ where B(Xn,b)={X(t)€ KU(R”):D[X(U,XO]SI)} and
(i) geC[Ix[0,2b],R, ], 0<g(t,w)< M, on Ix[0,2b],9(t,0) =0, g(t,w) is

nondecreasing in w for each t € I and w(t) = 0 is a unique solution of

w'=g(t,w), w(t,)=0 onl. (4.3)

(iii) D[ F(t,X(t),TU(t)), F(t, X(t),U(t) )] <g(t, D[ X(t), X(t )]) on By.
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Then, the (4.1) has a unique solution X(t)=X(t,X,,U(t)) on [t,,t, + ], where
n= min{a,—ﬂ%}, M= ma:c{MD,Ml}.

Proof. Function U(t) is of variable ¢. Set h(t,X(t)) = F(t,X(t),U(t)) plays the
role of function F(¢,X(t)) in theorems 3.1 and consider U(t) as parameter, then using
theorems 3.1, we have theorem 4.1. O

Then, we have the global existence of solution of SCDE as below.

Theorem 4.2. Assume that F' € C’[R+ x K (R")x KC(R”),KC(R”)] and

D[F(t,X(t),U(t)),0"] < o(t, D[ X(1),6" ]), (1, X(1),U(t)) € B x K(R")x U,

where g(t,w) is nondecreasing in w for each t € R, and the maximal solution
r(t,t,, w,) of
w' = g(t,w), wty) =w, 20

exists on [to 3 +00). Suppose further that f is smooth enough to guarantee local existence of
solution of (4.1) for any (t,,X,,U(t,)) € R, x K, (R")xU. Then the largest interval of
existence of any solution X(t)= X(t,t,,X,,U(t)) of (4.1) such that D[X,,0"] < w, is

[£y, +o0).
This theorem also holds for J = [tﬂ ; T] ,TI > 8.

Proof. Using theorem 3.2 and the proof is similar the proof of theorem 4.1. o
We adapt theorem 3.3 of SDE to below theorem of SCDE.
Theorem 4.3. Assume that F' € C'I:R+ x K,(R")x KC(R”),KE(R”)] and

@ D[F(t, X(t),U(t)),0"] < g(t,D[X(t),e“] ),
(t,X(t),U(t)) € [ty, T]x K (R")*x U,
where g € C[[tU,T]x R+,R+]. g(t,w) is nondecreasing in (t,w);
(i) the maximal solution T(t,1y,w,) of
w' = g(t,w), wity)=wy, 20

exists on I.
Then there exists a solution X(t) = X(t,t,,X,,U(t)) to the (4.1) which satisfies

D[X(t),X,] S r(t,w,),t € I, where w, = D[X,,0"].
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For comparison solutions of SCDE we need the following assumption.
Assumption

F:RxK,(R")x K (R")— K,(R") satisfies the condition

D[F(t, X(t),0(t)), F(t, X(t),U(t)) | < e(t) { D[ X(t),X(t)]+D[U(t),U(t)] } (4.4)
For t e I; X(t),X(t)e K,(R"); U(t),U(t) e K,(R”), where ¢(t) is a positive and

integralble on [ .

r
kg0 = IC( t )dt . Because ¢(t) is integrable on I, it is bounded almost everywhere by a
ty

positive constant K .

Theorem 4.4 Suppose that F' satisfies assumption (4.4) and X (t),X(t) are solutions of
SCDE (3.1) starting at }?ﬂ . X, and of U(t),U(t), respectively. Then one has

D[X'(t),X(t)]sg if D[ﬁ(t),U(t)]sa(s) and D[XD,XU]SS(E).
Proof.The solutions of SCDE (3.1) for controls U(t),U(t) originating at X,,X,,

respectively, are equivalent to the following integral forms

()= X, + [F(s,X(s),0(s))ds

X(t)=X,+ ]F(S,X(s),U(s))ds.
ty

We estimate

D[X’(t),X(t)}

=D| X, + ]F(S,X(s ),U(s))ds, X, + ]F(s, X(s),U(s) )ds}
t ty

< D:XO,XU} + Dl»tJ-F(s,)—((s),U(s))ds, ]F{s,X(s),U(s))ds}
< D[ X, X, |+ ]D [F(s,X(5),0(5)),F(s,X(s),U(s)) Jis

<D[ %, X, ]+ ]-c(s ) {D[ X(s).X(s)|+ D[ U(s),U(s )]}ds
ty
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< D[X'U,Xﬂ} + ]c(s )D[ X(s),X(s )]ds 3 ]c(s )D[ T(s),U(s )]ds.
ty ty
If D[ﬁ(t),U(t)] < 8(c) and D[}‘(U,XD} <§(<) , then

D[X(t ), X(t )} < (K +1)8(¢) + ]c(s )D[ X(s),X(s )}ds.
fy

Here we have used (2.5), (2.7).
Using Gronwall inequality, we have

D [)‘c(t ), X(t )} < (K +1)8(c)ezp(C).

g
1t follows the proof if we choose 0 < 8(g) < :
3 (K +1)exp(C)

5. CONCLUSION

In this paper we gave a new concept of set control differential equation and studied its
existence of solutions. A comparison of two solutions was considered. Some more results on
existence and comparison of solutions of set control differential equation will be presented in
next works.
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SU TON TAI NGHIEM CUA PHUONG TRINH VI PHAN PIEU KHIEN TAP

Nguyén Dinh Phu, Trin Thanh Ting
Trudng Pai hoc Khoa hoc Ty Nhién, PHQG -HCM

TOM TAT: Gan day, linh vuc phirong trinh vi phdn da dwoc nghién ciru mét cdch trivu
twong hon. Thay vi khao sdt dang diéu ciia mét nghiém, nguoi ta da khao sat mét bo nghiém (tdp
hop cdc nghiém). Thay vi nghién ciru mot phuong trink vi phén, nguoi ta nghién ciru mét bao vi
phan (xem [10]). Ddc biét, ngudi ta da nghién ciru phuong trinh vi phan da tri (tdp) la phuong
trinh vi phdn ma ca bién va dao ham cia né d@éu la cdc tdp hop (xem [1-8]). Trong bai bdo nay,
ching 16i tong qudt hod phiong trinh vi phdn da tri thanh phuong trinh vi phén diéu khién da
tri, trinh bay s ton tai nghiém va so sanh cdc nghiém ctia nd. Bai bdo nay la su iié;v néi ciia cdc
céng trinh ciia chiing t6i vé hudng nghién citu nay (xem [11-15]).

Tir khoa: Phuong trinh vi phdn, Phwong trinh vi phdn tdp; Phicong trinh vi phdn diéu

khién tap.
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