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TOM TAT: Cho dé thi vo huéng G=(V,E), trong dé V ={v,v,,..v,} la tdp cdc dinh va E
la tap cdc canh ciia G. Mgt chu trinh C trong G dugc goi la chu trinh Hamilton néu C chita 11 cd
cde dinh cia G. Bao déng ciia d6 thi G la dé thi thu dugc tit G bdng cdch lan lugt néi cdc cdp
dinh khéng ké nhau ma téng bdc cita ching it nhdt bang p cho dén khi khéng con cdp dinh nao
nhue thé. Ky hiéu cl(G) la bao déng ciia G [9].

Trong bai bdo nay chiing téi trinh bay mdt thudt todn da thitc xdc dinh mgt chu trinh
Hamilton trong dé thi G tit m{t chu trinh Hamilton C cho trude trong dé thi cl(G) .

1. MOT SO KHAI NIEM CO BAN

Trong bai vi€t nay, ching ta chi xét véi cdc d3 thi hitu han, v& huéng va ddn goi ddn gidn la d6
thi. Cho trudc mot db thi G =(V,E) véi V 1a tip cdc dinh, £ 12 tdp cdc canh. Ta ky hiéu uv hay
(u,v) 14 canh ndi hai dinh u va v. Bdc clia dinh ve I 12 s canh xud't phit tit né va dudc ky hiéu bdi
d(v) (hoic d,;(v) khicin thi€t phdi xdc dinh 15 dinh v thude dd thi G dang xét).

Khéi niém duting di (chu trinh) trén dd thi trong bai vi€t dudc hi€u 12 dudng di (chu trinh) don va
sd cip, nghia 12 ching di qua m3i canh, m3i dinh nhi¢u nhdt mot 1dn. Ta goi mdt dudng di trén do thi
G 1 duong di Hamilton n&€u nhut n6 di qua tit ci cdc dinh cia G . Mot chu trinh trén d6 thi G 12 chu
trinh Hamilton n€u nhu né di qua tdt ca cdc dinh ciia G. Pd thi ¢6 chu trinh Hamilton duge goi don
gidn 1a dé thi Hamilton.

P8 thi G, = (V,,E,) dudc goi 1a dd thi con ciia 46 thi G, = (V,.E;) néu V,c¥, vi ECE,.
Khi b8 xung mdt canh uv ndi hai dinh « va v khéng k& nhau ciia do thi G, ta s& ky hiéu dd thi thu
dugc 13 G +uv. Mot dd thi goi 12 dé thj ddy di n€u moi cdp dinh cia n6 déu ké nhau, ky higu K, 1a
dé thi ddy dii p dinh.

2. BAO PONG CUA MOT PO THI CHO TRUGC

Tir mdt db thi G c6 p dinh cho trude, bao déng clia G dudc ky hiéu c/(G) 1a db thi thu dudc tir
G biing cdch 1in lugt b sung thém cdc canh ndi cdc cip dinh khong k& nhau néu tdng bac cia chiing
khong nhé hon p cho d&€n khi khéng con b3 sung dugc thém canh nio nifa. Qué trinh nay ké&t thic sau
khéng qui O(p*) budc. Khi dé ta nhin duge mot dd thi dude goi 12 bao déng cl(G) ctia d thi da cho.
Bao déng clia d thi G 1a dd thi H thda mén:

i) G 1a dd thi con va chifa tdt cd cdc dinh ciia H .

i) d, (u) + d, (v) < p vdi moi cip dinh khong ké nhau u va v ciia H .

Nhin xét riing, d€ thi€t 1dp bao déng ciia mdt db thi cho trudc, ta cé thé bd sung ldn lugt tig
canh vao d thi theo tiéu chudn t&ng bic clia ching khéng nhd hon s§ dinh p cla do thi, hoic ta c6
thé b8 sung déng loat tit ci cdc canh thda méan tiéu chufin niy vio dd thi. Ching han, véi d6 thi G
nhu Hinh 1, d4 thi bao déng thu dudc sau 7 bude bd sung canh, hodc chi sau 3 bude b3 sung déng loat
tAt ca cdc canh thda min tiéu chudn tng bic cla ching khong nhd hon sd dinh. Bao déng thu dugc 12
db thi ddy dii K,
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Hinh 1. Sau 7 budc ta thu dudc bao déng clia db thi ban diu.

Dinh 1y 1 [9] da chimg minh dugc ring bao déng clia db thi G 1a duy nhi' va khéng phu thudc
vao thit tu bd sung thém cdc canh méi.

3. BAO PONG TRONG CHUNG MINH TON TAI CHU TRINH HAMILTON

Mot trong nhitng ¥ twdng co ban trong cdc ching minh ciia didu kién di cho sy tdn tai chu trinh
Hamilton trong dé thi 13 s dung khdi niém bao déng. Trude hét ta chitng minh b dé cd bin sau day:
B3 dé 1. Cho dé thi G vdi p dinh, u va v I hai dinh khéng ké nhau théa man:

dv)+dw)zp,
khi dé, G la Hamilton khi va chi khi G +uv 1d Hamilton.
Chitng minh. Hi€n nhién 12 n€u G 1a dd thi Hamilton thi G +uv ciing 12 d5 thi Hamilton. Ngudc lai,
gid st G+uv 1a dd thi Hamilton, va goi C 12 mdt chu trinh Hamilton ciia né. Cé hai trudng hop xdy
ra:

(i) N€u C khéng chita canh uv, khi d6 C ciing 1a chu trinh Hamilton cda G hay G 1a d6 thi
Hamilton (dpcm).

(ii) Néu C chita canh uv, khi d6 G chita mot dudng Hamilton tif « t6i v, gid st 1a
U=V,V)500V,,V,=v. Dat § = {vk D uv,, € E} va T={, : wwekE}, 1<k< p-1. Theo gid
thi€t ta c6:

|S| |T| d(u)+d(v)=p
Nhung ta cé ]SuT| < p—1 do u,v khong k& nhau, vi viy tn tai k sao cho u ké Vi V2 VKE v,
Khi d6 G chita chu trinh Hamilton #,v,,,,V;,5,..,7 13V, V., VeV, 4 (Hinh 2). Ta c6 didu phai
chitng minh.

Visl Vis2 Yy v, =¥

Hinh 2: Chu trinh Hamilton trén d6 thi G suy tir chu trinh
Hamilton trén d6 thi G + uv.
Tir b8 dé 1, ta c6 thé chitng minh dudc dinh 1y cd bdn sau diy:

Dinh Iy 1 (Bondy va Chvatal [3]). Mt d6 thi G la dé thi Hamilton khi va chi khi bao dong cl(G) cia
nd la dé thi Hamilton.

H& qua 1. Néu cl(G) la dd thj ddy dii thi G 1a dé thi Hamilton.

Tryc ti€p suy ra tir hé qué 1 1a dinh 1y Dirac [4] va dinh 1y Ore [7]:
Dinh 1y 2 (Dinh Iy Dirac). Cho dé thi G vdi p dinh (p=3). Néu d(v)z-:lzp vdi moi dinh v ciia G,
thi G la db thi Hamilton.
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Pinh Iy 3. (Pinh Iy Ore). Cho do thi G vdi p dinh (p23). Néu d(u)+d(v)= p vdi moi cdp dinh u,v’
khéng ké nhau ciia G, thi G 1a do thi Hamilton.

M6t két qua khac ciia Chvatal [ 0] vé diéu kién dd ciia d6 thi Hamilton cling dugc ching minh
biing cich sit dung bao déng cda n6.
Pinh 1y 4. (Pinh Iy Chvdtal, 1972) Ch» db thi G gém p dinh (p =3) vdi day bdc ciia cdc dinh la
d, ,d,,...d, va d <d, LSy . N&v khéng tén tai gid tri ciia k< (p-1)/2 sao cho d, <k va
d _, < p-k,thi Gla s thi Hamilton.

Chitng minh. Dita vio Hé qud 1 ta cl i cin ching minh bao déng cl(G) clia G 1a dd thi ddy did. Ta
chitng minh bing phin ching. Gid st ing H = cl(G) khong 1a db thi ddy di, ta s& chi ra mau thudn
véi gi4 thigt cia G. That vy, do H khong day dii nén t8ng bic clia bit ky hai dinh khong ké nhau
ciia H nhidu nhitla p—1.Goi x vA y la hai dinh khong k& nhau cia H c6 tdng bac 16n nhat.
Khéng gidm 3ng qudt, ta gid st ring d,(x)<d,(y). Pat d,(x)=k, th€ thi k< (p-1)/2 va
d,(y)=p-k-1. Ky hiéu X 12 tdip hop cdc dinh khong k& véi y trong H. Th& thi
|X|=p-1-d, ()2 k. Hon nifa, do :éch chon x v y,taciing ¢6 d;(v)<d,(vV)<k véimoi veX.
Mbt cdch tuong tu, néu ky hiéu } 1a tdp tdt cd cdc dinh khong ké véi x trong H, chiing ta cé
[¥|=p-k-1va d;(v)<d, (V)< o—k—1 véimoi veY.Viviy G c6 itnhdt k dinh c6 bic nhiéu
nhat 1a bing k (chinh 1a cdc dinh trong X') va it nhit p—k dinh c6 bic nhiéu nhdt p—k—1 (chinh
1a céc dinh trong ¥ U {x}), didu n2y trdi v6i gid thi€t wén G . Vay bao dong cla G phaila dd thi day
dd. Pinh 1y dd dudc chitng minh.

4. THUAT TOAN PA THUC X..C PINH CHU TRINH HAMILTON CUA PO THI DUA VAO
BAO PONG CUA NO

Trong [9] chiing ta da dua ra thudt todn c6 do phifc tap O(p') xdc dinh chu trinh Hamilton cia
G tit mdt chu trinh Hamilton cho trudc clia ¢/(G), trong phin nay ching ta s& md ta thudt todn chi tiét
nhu sau:

Péu tién, ta gn cho mbi canh wv clia c/(G) mot nhdn a(uv) tuong dng véi thtt tr né dude
thém vao theo qué trinh xdy dung c/(G) (ban ddu cdc canh cla G dudc gdn nhan bing 0). Gid st C
1 chu trinh Hamilton trong ¢/(G). N€u moi canh clia C d&u c6 nhin bing 0, thi ta c6 C 1a chu trinh
Hamilton trong G, thudt todn két thiic. Ngugc lai, ta chon canh uv cla C v@i nhin cao nhit, theo
ching minh ciia b8 d& 1, ta c6 thé chon ra hai dinh lién ti€p v, va v, cla C saocho u k€ v, v
ké v va a(uv,,)<a(v) va a(w,)< a(uv), qud trinh ndy c6 thé thuc hién khéng qud O(p*) budc.

Bing cdch xod di hai canh v,v,,, VA uv trong C va thay vao hai canh w,, va wy,, ta thu dugc
chu tiinh Hamilton mdi trong c/(G) v6i nhin cda cdc canh nhd hdn a(uv). Lap lai qué trinh nay sau
nhidu nhat O(p) budc cho dén khi trong C khong cdn canh nio ¢6 nhian khdc khong, ching ta thu
duge mdt chu trinh Hamilton trong G .

Thuét todn dugc mo td nhu sau:
(1) Thuit todn xdc dinh bao déng ¢l(G) clia dd thi G cho trudc:
Input: D6 thi G=(V,E), V={12,., p}
Output: ¢l(G)=(V,E"), vdi E"-tdp hgp cdc canh
Procedure closure(G);

Var count: integer;
Begin
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For uve E do a(uw)=0; {Gﬁ;l nhin O cho cdc canh cia G}
E'=E; count:=0;
While (Ju,veV,uve E: du)+d(v)= p) do
Begin
E'=E +uv;
count ;= count + 1
a(uv) = count;
End;
Return c/(G)=(V,£");
End;

(2) Thudt todn xdc dinh chu trinh Hamilton cda G tir chu trinh Hamilton C trén bao déng cl(G)
ciia né vdi cdc canh di dugc gdn nhin.

Nhéan xét ring, mot chu trinh Hamilton trén d6 thi véi tip dinh ¥ ={1,2,..., p} c6 thé xem 12 mot
hodn vi cla tép {1,2,.., p}. Gid sit ta ky hiéu C =(d[1],¢[2],....c[p]) 1a chu trinh Hamilton cho trudc trén
cl(G), trong d6 (c[1], ¢[2],...,c[p]) 12 mdt hodn vi cla tip {1,2,..., p}. P& don gidn trong 1ap trinh, 8 mbi
budc 1dp thic hién qud trinh ha bic cho canh wv ¢6 nhdn cao nhit trén C dang xét, ta cin mdt mang
trung gian a[l},a[2],...,a[ p] chia cdc dinh theo thit tv cla chu trinh C nhung dinh » & ddu mang va
dinh v & cu6i mang. Gid st uv=c[k]c[k+1] (1<k<p-1)Ia canh c6 nhin cao nhit trén C, khi dé
mdng trung gian a sé& dugc xdc dinh theo cong thifc:

a[ilz{c[k4i+l], i=1k g )
cp+k+1-i], i=k+1p

Ti€p theo, gid st k (2<k<p-1) dugc xdc dinh sao cho a[l] k& afk+1], a[p] k& alk] va
a(alllalk +11) < a(al)al p]), e(dl plalk]) < alalllal p]). Khi d6 chu trinh C & budc lap ti€p theo dugc
xdc dinh nhu sau;

all], i=1
clil={alk +i-1], i=2, p—k+l1 ()
alp—i+2], i=p—-k+2,p

Thuét todn dugc md td nhu sau:
Input:  cl(G)=(V,E" ) vdi cdc canh da duge gdn nhan,
C la chu trinh Hamilton trong cl(G).
Output: Chu trinh Hamilton trén G.

Procedure Hamiltonian(c/(G), O);
Var max_label: integer;
Begin
max_label .= max{a(uv): uve C};
While max_label>0 do
Begin
Xdc dinh wve C sao cho a(uv) = max_label;
Xdc dinh mdng a theo cdng thifc (1);
Xdcdinh k trén g sao cho:
{ 2<k<p-1, cdccanh a[kla[k +1], a[l]a[k + 1], al pla[k]
thudée E° va
a(a[l]alk +1]) < max_label, a(al plalk]) < max_label };
Xdc dinh mdng ¢ cho chu trinh C theo cong thiic (2);
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max_label :=max{a(uv): uve C};
End;
Return C - la chu trinh Hamilton trén G ;
End;

Vi du. Ap dung thuit todn cho dé thi G trén Hinh 3. Piu tién 12 danh sdch cdc canh 1dn lugt dudc b
sung cho G dé xdc dinh bao déng gdm (1,6),(1,5),(1,2),(2,3),(2,4),(3,4),(4,5) v&i cdc nhin tudng dng
12 1,2,3,4,5,6,7. Bao déng thu dugc 1a db thi ddy di K.

5 | \ 5 \

4 4
(@) (&)

Hinh 3: P4 thi G va bao déng K ctia né.
Tiép theo, gid sk chu trinh Hamilton trén K, dudc xét1a C=(1,2,3,4,5,6). Khi d6 quad trinh thuc

hién thudt todn xdc dinh chu trinh Hamilton cho dd thi G dudc ghi trong bing dudi diy. Chu trinh
Hamilton ctia G thu duge sau 3 bude 12 (2,6,4,1,3,5).

Buge lip | Chu trinh C | max_label Canh Méng a k
0 (1.2,3,4,5.6) 7 (4.,5) (4.3.2,1,6,5) 3
I (4.16,5,2.3) 6 (4,3) (4.1,6,52.3) 2
2 (4,6,52.3]) 4 (2,3) (2,5,6,4.1.3) 2
3 (2,6,4,13,5) 0

POLYNOMIAL ALGORITHM DEFINES HAMILTONIAN CYCLE
OF THE GRAPH FROM ITS CLOSURE

Vu Dinh Hoa”, Do Nhu An®
WUniversity of Pedagogy — HaNoi, ®Nha Trang University of Marine Products

ABSTRACT: Given an undirected graph G=(V,E), where V ={v,v,,..v,} is the vertex set and E

is the edge set of G. A cycle Cin G is called a Hamiltonian cycle if C containes all vertices of G. The
closure of G is the graph obtained from G by recursively joining pairs of nonadjacent vertices whose
degree sum is at least p until no such pair remains. We use cl (G) to denote the closure of G [9].

In this paper we shall present a polynomial algorithm to define a Hamiltonian cycle of G from a
given Hamiltonian cycle C in cl(G).
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