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TOM TAT: Trong bai bdo nay, ching toi dp dung phuong phdp Meshless dé gidi bai
todn uing sudt phdng dam Timoshenko. Péng thdi dp dung hai phuong phdp khit didu kién
bién khdc nhau. Cdc phuwong phdp dugc sit dung, thit nhdt la phuong phdp Nhan ti Lagrange
va thit hai la phuong phdp ham phat. Ham dang ciia cdc bai todn dugc xdy dung dua trén
phuong phdp xdp xi binh phuong t6i tiéu. K&t qud tinh todn thé hién 6t su héi tu ndng lugng
bién dang ciia hai phwong phdp so vdi 10i gidi gidi tich ciia ddm Timoshenko. Tdt cd chuong
trinh dugc viét trén ngén ngit Matlab.

1. GIGI THIEU

Trong cdc phuong phdp s0 diung trong tinh todn cd hoc hién nay, phuong phdp
Meshless 12 mot trong nhitng phuong phdp s6 con rat mdi mé. Khong nhu phuong phdp
phén t& hitu han (PTHH), phuong phdp Meshless khong rdi rac phdn ti¥ ma chi rdi rac mién
bai todn thanh tdp hop tdt cd cdc nit. Tong quan c6 thé thay thuit todn tng quat gita hai
phudng phép phan tit hitu han va Meshless dugc thé hién nhu Hinh 1 dudi day

Mién bai todn

PTHH l L MESHLESS
Rdi rac phin i ‘ Rdi rac nit
: | ]
Xay dyng ham dang Xdy dung ham dang
dva trén cdc phan tif dua trén c4c nit
Hé phuong trinh cho Hé phuong trinh cho
cdc phan t cdc niit

! !

Lip rdp ma trin tong thé
Ap dat diéu kién bién

Gidi hé phudng trinh
va xudt két qud

Hinh 1: Thudt todn téng qudt ciia hai phwong phdp PTHH va Meshless
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Hién nay irén th€ gidi cling dd c6 nhi€u phuong phédp khit diéu kién bién khéc nhau.
Trong bai bio nay, ching t6i sit dung hai phuong phdp khi¥ di€u kién bién 13 nhan ti
Lagrange vd ham phat. Trong viéc x4p xi, chiing t6i 4p dung mdt dang clia phuong phép
clia Meshless 1a phuong phép Element-free Galerkin (EFG) dugc phat trién bdi Belytschko
Ted [1] dé xdy dung dang bién phan cda bai todn hai chiéu bing nguyén ly bién phin
Galerkin. Bai bdo trinh bay theo tuin ty nhu sau: Muc 2 trinh bay t6m luge phudng phédp
Element-free Galerkin, Muc 3 trinh bdy phuong phdp nhén tf Lagrange, ham phat trong
Muc 4 va Muc 5 12 két qué s6 cho bai todn dim Timoshenko.

2. PHUONG PHAP ELEMENT-FREE GALERKIN [1], [2]

Phuong phdp binh phuong t6i tiéu (Moving least squares-MLS) dugc sit dung trong
phuong phip EFG dé xdp xi mdt ham u(x) thanh %" (x) trong mién Q thi dugc dinh nghia

u"(x) =), p(x)a,(x)= p" (Na(x) 6y
i=1
§ diy p,(x)1a da thic cd bn. Trong 2D da thic cd bdn dang tuyén tinh 12
pr@=0 x yl, m=3 )
va dang bic 2
prm=01 x y x* y xl, m=3 3)

Hé s8 a,(x) trong phuong trinh (1) 1a mdt ham cda x, a;(x) thu dugc tai diém x bing cuc
tiéu ham J theo chudn L, nhu sau:

J= Z w(x—x)u"(x)-u,]* = ZW(JC -x)[p" (x))a(x)-u, ]’ 4)
7 7
Phuong trinh (4) c6 thé viét lai dui dang ma trin
J =(Pa—-u)" w(x)(Pa—u) (5)

trong phuong trinh (4) , n 12 s8 mit trong mién dnh hudng cda x ma & d6 ham trong s&
w(x—x,)#0 va u, 12 gid trj cda utaimit x=x,.

Hinh 2: Mién dnh hudng ciia it x, dugc ddnh ddu *. -

T4t ¢4 cdc mit dudc bao phit trong mién dnh hudng déu duge st dung dé€ xdy dung
ham dang. O day, nit 1 va 2 thi bi 4nh hudng, nit 3 khong bi anh hudng. Céc r,,r, va r,
lan lugt 12 ban kinh 4nh hudng.

Cuc ti€u Jtheo a . 0 (6)
Oa
thu dugc méi lién hé tuyén tinh gita a va u,
a(x) = A7 (x) B(x)u )

Trang 6



TAP CHi PHAT TRIEN KH&CN, TAP 8, S 10-2005

trong d A(x) = Zw ()P (x)pCx) » W, (X) = wix—x,) ®)
B(x) =[w,(x)p(x,), wy(x)p(x,), ... w,(x)p(x,)] &)
ul =[uy, uy, - u,] (10)

Tir (1) va (7) chiing ta thu dugc ham xap xi 1" (x) _
W ()= D)3, (A (B s =34 (0w an

va ham dang ¢, (x) thi dugc dint; n;hia nhu sau I
4= 3P, IA™ (DB, (12)
Pao ham clia ham dang ¢, (x) céjthé? thu dudc

g, () = i{p"" (47B), +p,(4;B+47B)) ) (13)

Trong bai bdo ndy, ham trong s6 w(x) la ham cubic spline dugc st dung vdi bdn
kinh dnh hudéng r. [3] '

2_4r% +4r°, r<
wx)=w(x—x,)=43-4r+dr’ —=4r’, j<r<i (14)

0, r>1

Hinh 3: Ham dang va dao ham ham dang theo phuong x va y
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3. PHUONG PHAP NHAN Tfl’ LAGRANGE [1],[2], [3]

Xét bai todn tinh hai chiéu trong mién Q vdi bién T, phuong trinh cén bing ¢6 dang
V.o+b=0 trong Q (15)
véi o la tenxd Wng sudt twong ting v6i trudng chuyén vi u, b 1a vector lyc khéi. Pidu kién
bi€n dudgc cho bdi

on=t trén T, (16a)
u=u trén T, (16b)
Dé xdc dinh cdc thanh phan chuyén vi u e H'(Q), bién dang £ € H°(Q), dng suit
o€ H’(Q) va nhan tf Lagrange 4 e H°(Q) phai thda man céc phuong trinh (15), (16a)
va (16b). St dung nguyén 1y bi€n phan Galerkin cho phwong trinh cin bing thu dugc
[V, 6u" : od2 - [ou" bdq - [ou” 7ar - [64" (u - wyar - [ou aar=0  (17)
Q Q L r, I

Véue H',6Ae H®, H'va H® dugc ky hiéu 13 khong gian Sobolev bic 1 va 0. Tir phuong
trinh (12), ta 4p dung cho thanh phdn x4p xi chuyén vi

u'(x) =3¢ ()u, (18)
1
Chi ¥ ring ham xap xi khong théa man diéu kién bién co ban trén bién I",, nghia la
u'(x)-u 20> ¢, (x)u, ~#0 (19)
1

Vi vdy chiing ta sit dung nhan tf Lagrange d€ ddm bdo diéu kién bién trén T, va dugc biéu
dién theo phuong trinh (11), ¢6 dang nhu sau
A(x)=N,(s)4,, xeTl, (20)
OA(x)=N,(s)04, , xeT, (21)
& day, N,(s) 12 ham ndi suy Lagrange trén cung s doc trén bién I'. Cudi cliing chiing ta

thu duge hé phucng trinh rdi rac biang viéc th€ cdc ham xap xi va cdc phucng trinh (20),
(21) vao phuong trinh bi&€n phan (17)

o olal-{o o

trong d6 Ky = [B{DB,dQ ma tran do ciing (23)
Q
Gy == [#Nydl (24)
rll
i = [¢7dr + [¢,bdC2 (25)
T Q
gy =— [Nyudr (26)
rl‘l‘
¢I,x 0
& day B, =| 0 ¢, 27)
¢!,y ¢I,x
Ny N
AL e K K
K { Ny NK] (28)
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cho bai todn Wng suit phing (29)

| & &

1-v
2

<o =
o = X

4. PHUCGNG PHAP HAM PHAT [6], [7]

Trong phuong phdp nhin t¥ Lagrange & trén, phudng trinh (22) da bi ndi rong bdi
nhén t& Lagrange. Sy md rong nay ciing 4nh hudng dén viéc gidi hé phuong trinh trén néu
bai toan khao sdt 16n hon. G day, ham phat dudc s dung d€ ddm bdo diéu kién bién cd ban
ma hé phuong trinh vin khong thay d6i hay néi rong kich thudc ban dau. Tuong ty nhu
nhén tt Lagrange, di€u kién bién sif dung trong ham phat cling 12 phuong trinh (19).

igﬁ, (X)u, =u wén T, (30)
I

Xét bai todn nhu cdc phuong trinh (15), (16a) va (16b). Thay vi si dung nhin tf
Lagrange, chiing ta ding hé s phat @ dé cho nghiém xap xi «" MLS trén bién I', bling

v6i rang budc chuyén vi cho trude # , nghia la :
a{i ¢, (xX)u, — E) =0 trén I, 3D
khi d6 dang bié€n phan Galerkin sﬁ’ldung cho ham phat ¢6 thé dugc vi€t nhu sau
[V,6u" : 0d - [ou” bd2~ [6u” FdT —%5( [l - 2 dF] =0 (32)
Q Q E T,

v6i a=[e, @, .. @], trong 2D, k=2. Trong Meshless, @ =1.0x10°"E, nhu trong

[7] cia Liu G.R, véi E 12 modun dan héi. Ta th€ biéu thiic clia xap xi MLS cho chuyén vi
u" nhu trong phuong trinh (18) vao phuong trinh bi€n phén (32) ta thu dugc phuong trinh

Kg=g (33)
véi K, = [ B/ DB,dQ-a | ¢¢,dr (34)
g = [ gidr+ [ pd2-a [ gaar (35)

cdc s6 hang cudi cling ctia hai phuong trinh (34), (35) 1a nhitng ma trdn d§ cing phat t6ng
qudt va vectd luc phat trén bién I, . o) ddy, ¢, dudc xdc dinh nhu trén phudng trinh (12).

5. KET QUA sO
Xét bai todn dim Timoshenko, c6L =8;D =4; Mbdun dan hdi E =3.107; Hé s6

Poisson v = 0.3; T4i trong phan bd dang parabol P =250. [5]
y
l—-u M
> all  x
Ip
v

wn
.o

L
Hinh 4: Ddm Timoshenko
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Nghiém gidi tich theo Timoshenko va Goodier [8]

u, = 61.2'}1 [(GL 3x)x+(2+ V)( y - DTIJ:' (36)
", = 2 [?w (L-x)+(4+ 5v) Dx Rl x)xz} (37)
6EI
Cédc thanh phan Wng suit twong Wng vdi cdc chuyén vi
o.(xy)= @ (38)
o, (xy)=0 (39)
T, (%)= *%{% ~y J (40)

Lan lugt rdi rac bai todn tir 45, 91, 153 va 561 nit, K&t qud tinh todn nhu dudi day

DISPLACEMENT X

NOCE MESH

Signa XX

Sigrna Xy

Hinh 5: Roi rac 17 x 9 =153 nit. Két qud cdc thanh phdn ving sudt va chuyén v
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TA‘ﬁ’n:g Phlﬂ‘)'ng Chuyén vi tai A Négg higng ) Sai s
s0 it phap bién dang niang luong
Chinh xdc -0.00312500000 0.03982451423 0
9x5 =45 | Lagrangian | -0.00306068104 0.03882940669 | 0.02771448390
9x5 =45 | Ham phat -0.00309221998 0.03883387498 0.02745563851
'I;ii’n'g Phu’t}ing Chuyén vi tai A Nﬁ'ij’g lugng Sai s6
s0 nut phép bién dang nédng lugng
Chinh xac -0.00312500000 0.03982451423 0
13x7=91 | Lagrangian -0.00310256563 0.03943905641 0.01660145952
13x7=91 | Ham phat -0.00312195952 0.03942245483 0.01677664599
’IA"("fn‘g thifng Chuyén vi tai A Nﬁ.gg lugng ; Sai s
s6 nit phap bién dang nang lugng
Chinh xdc -0.00312500000 0.03982451423 |0
17x9=153| Lagrangian | -0.00311182493 0.03959605218 | 0.01250694688
17x9=153| Ham phat -0.00313213720 0.03959098547 | 0.01250677370
’I"\(’“)’ng th’]‘ng Chuyéa vi tai A Né"lzg Iugng Sai s¢’
s6 niit phéap bién dang ning lugng
Chinh xdc -0.00312500000 | 0.03982451423 |0
33x17=561| Lagrangian | -0.00312200004 | 0.03977482761 0.00598870271
33x17=561] Ham phat -0.00314229774 | 0.03976970274 | 0.00599050025
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Hinh 6: Hji tu ndng lugng bién dang va sai sé ciia ning lugng bién dang

6. KET LUAN

K&t qud s6 cho thdy viéc dp dung hai phuong phdp nhan tf Lagrange va ham phat 1a
twong duong v4i nhau. T6c d6 hdi tu cla ning lugng bién dang 1a rat t6t va sai s6 ning
lugng bién dang 12 khong ddng ké giita hai phuong phdp. Bii bdo ciing di thé hién tot su
chinh xdc cia phuong phdp Meshless so véi 15i gidi gidi tich cda dim Timoshenko.
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APPLICATION OF THE MESHLESS METHOD
FOR A PLANE STRESS PROBLEM

Bui Quoc Tinh, Ngo Thanh Phong

Department of Mathematics & Informatics, University of Natural Sciences — VNU-HCM

ABSTRACT : In this paper, we are applied the Meshless method to solve the

Timoshenko beam plane stress problem. Together we also applied different two methods of
enforcement of essential boundary conditions. The first is the Lagrange multiplier method
and the Penalty method is then. The shape function is constructed by the moving least
squares approximation. Result obtained is good showed the convergence of the strain energy

of two methods with respect to the analysis result of the Timoshenko beam. All the programs
are wrote by the Matlab language.
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