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TOM TAT: P§ tin cdy va tinh thiét thiec ciia viéc mé phong mét qud trinh vt Iy khéng
nhitng phu thugc vao mé hinh todn hoc mé ta qua trinh, thuong ¢ dang nhitng phiwong trinh vi
phdn, ma con phu thugc vao dj chinh xdc va tinh hi¢u qua cua phiwong phdp 56 ding dé giai
cdc phicong trinh vi phdn d6. Bai bdo nay trinh bay co sé Iy thuyét mot phwong phdp s6 méi
mang tén phuong phdap Tdp mirc Khong ludi (Meshless Level set method) trong do nhitng tinh
nang v viét cua 2 nhom phicong phdp khong heoi (meshless) va tdp mitc (level set) dirgce tich
hop dé gidi cdc bai todn bién di dong. Mgt s6 bai todn madu giai bang phzrong phap nay dioc
trinh bay trong bai bdo dé minh hoa cho dg chinh xdc va tinh hiéu qua cia né ciing nhu kha
néng img dung ciia phirong phdp trong nganh ky thudt dau khi.

1. GIOI THIEU

Pa s6 mé6 hinh toan m6 ta mot qua trinh vat Iy thucmg & dang céc phuong trinh vi phén. Déi
véi bai toan da bién, ta c6 cac phuong trinh vi phan riéng phan. Viéc tim nghiém cia nhiing
phuong trinh nay ndi chung la phirc tap nén thong thudng khong thé ding phuong phap giéi
tich dugc. Thay vao d6, ngudi ta sir dung cac phuong phép s6 dé tim nghiém gan ding cia
ching. Hién nay céc phuong phap sé dugce sir dung phd bién gdm c6 phuong phdp sai phéin hitu
han (finite difference method - FDM), phén tir hitu han (finite element method - FEM), khéi
hitu han (finite volume method - FVM), v.v.... Xin xem [Tannehill et al. (1997), Chung
(2002)] dé biét thém chi tiét. Cac phuong phap nay dugc goi chung 1a phuong phap rdi rac héa
theo khong gian. P6i véi cac bai toan phu thugc thoi gian, ta can thém cong cu sé dé roi rac
hoa phuong trinh vi phan theo bién thoi glan Xin xem [Quarteroni and Valli (1994),
Quarteroni et al. (2000)] dé biét thém chi tiét vé cac phuong phap nay.

Néu nhu céc phuong phap FDM, FEM, FVM, v.v... rdi rac hoa phuong trinh vi phén trén
co s& chia nho mién tinh toan thanh mét lusi (mesh) gdm nhitng phan tir rang budc 13n nhau
trén ludi theo nhing nguyén tic xac dinh (ta goi chung céc phlrong phép nay 1a nhém phuong
phap dua vao ludi) thi dbi véi cac phuong phép khong ludi, mién tinh todn dugc chia thanh
mot tép hitu han cédc diém roi rac, ¢ thé bé tri tiy ¥ (unstructured) va khong c6 bat ky méi
rang budc nao vé Vi tri tuong doi giita chiing trong qua trinh tinh todn. Két qua la céc phuong
phép khéng luéi rat thich hop cho céc bai toan c6 bién dang 16n (nhu trong co hoc ran niit)
hogc cac bai toan c6 bién di dong (nhu dy dodn qua trinh dién khuén dic hodc m6 phong mit
tién ddu-nudc/khi-dau trong qua trinh bom ép/thu hdi ting cuodng déu) trong khi déi vai cac
phuong phédp dua vao luéi, viéc gidi cic bai toan nay s& rat phirc tap (déi khi lam giam d6
chinh x4c ctia 10 giai) do phai thudng xuyén diéu chinh ludi bj bién dang trdm trong. C6 nhiéu
phuong phép khong lu6i [Kansa (1990a,b), Aluri (2002)], trong d6 c6 phuong phép Indirect
Radial Basis Function Networks (IRBFN) [Mai-Duy and Tran-Cong (2001,2003)] ding dé giai
cac phuong trinh vi phén khdng 1€ thudc thoi gian. Phuong phéap nay gin day da dugc md rong
dé giai cac bai toan phu thudc thoi gian [Mai-Cao and Tran-Cong (2003,2004,2005)].

Céc phuong phép sb dé giai bai toan bién di déng da va dang dugc cac nha nghién ctru quan
tam vi tinh phirc tap cia ban than cic bién di dong (moving boundaries). Cé hai nhém phucmg
phdp sb duoc sir dung cho cac bai toan dang nay: Nhém phuong phap dua trén luéi di dong va
nhém phuong phép sir dung Iu6i c6 dinh. Phuong phap Tap mic (level set method) thudc

Trang 79




Sclence & Technology Development, Vol 9, No.11- 2006

nhém phuong phdp thir hai, do Osher and Sethian (1988) d& xuit. Phuong phap nay ban diu
duge thiét lap dé st dung véi nhém cic phuong phép dwa vao ludi nhu FDM, FEM, FVM
[Sethlan (1999), Osher and Fedkiw (2003)]. Trong bai bdo nay, phuong phap tdp mic dugc
trién khai trén nén tang cia phuong phap khong ludi IRBFN.

2. CO SO TOAN HOC

2.1. Phwong phap Tip mire
Trong phuong phap Tap mic, bién di dong I'(t) ciia mién Q — R* duoc xem 14 tip mirc
khéng (zero) cia mdt ham ¢(x,t), goi la ham tdp muc, trong khdng gian i
L(7) = {x e R* | §(x,1) = 0} (1)
Ham ¢(x,t) co thé chon tuy y voi diéu kién phai 1a ham tron. Trong [Sethian (1999), Osher
and Fedkiw (2003)], ¢(x,t) dugc chon la ham khoang céch sao cho
+d(x,1),xeQ"
d(x,1) = 0 xel (2)
—-d(x,1),xe Q"

trong d6 d(x,1) 12 khoang cach tir diém x dén bién di dong; Q" va Q12 midn bén ngoai va
bén trong bién tuong tmg. Nhu vay, trong phuong phap tap mirc, ddi twong nghién ciru 1a ham
tdp mirc ¢(x,t) chuyén dong v6i vén tée “md rong” (extended velocity) V thay vi 1a bién I'(t) di
chuyen v6i toe d6 F [Osher and Sethian (1988)]. Phu‘cng trinh chuyén dong ctia ham tap mirc

twong {ng vdi dich chuyén ctia bién trong truong van tdc V ciia moi trudng xung quanh nhu
sau:

o¢
otV V$=0 G)
O mot thdi diém bt ky, thong tin vé bién di dong (vi tri, hinh dang, d6 cong, v.v...) c6 thé
- duge téi tao tir ham tip mitc ¢(x,t) bang céch xac dinh tap hop cic doan trén I'(t) sao cho ¢(x,t)
triét tiéu.

Do phuong trinh (3) dugc giai bing phuong phap sb nén chi sau mot bude thai gian ¢(x,t)
sE khong con la ham khoéng cach. Vi vay vige tai thiét 1ap ham tdp mirc thoa didu kién (2) la

mdt budc cin thiét va duoc thuc hién bing cach tim 1o giai dung (steady) cho bai todn sau
[Sussman et al. (1994)]

% _s,@)a-1vé)

ot (4a)
#(x,t =0)=¢(x)
& doé S; 12 mdt ham tron sao cho
¢

S e 4b
NOE ree (4b)

v6i € 12 khoang cach ngén nhat giita mot diém bt ky v6i céc diém khac trong mién tinh
toén Co s¢ ly thuyét ciing nhu céc ing dung tiéu bidu cia phuong phap nay duoc trinh bay chi
tiét trong [Sethian (1999), Osher arrd Fedkiw (2003)].

2.2. Phwong phiap Khong luéi IRBFN
Xép xi i(x, ) ctia ham u(x,1) c6 thé duoc viét & dang td hop tuyén tinh ctia N ham co s&

N
ulx ) =) =D w0g () =g (In() )
i=l

Trang 80



TAP CHi PHAT TRIEN KH&CN, TAP 8, $811-2006

Trong do g(x) [g1(x),g2(x),.. ,gN(x)] la tdp cdc ham co s& cho trudc;
w(t)=[w,(1),.. wa®] latap N trong sO can tim. V&i mot tap hop M diém trong mién tinh toén
va gia tri ham tuong Umg tai cac diém do tai thoi diém t, U()=[U,(t), Ua(t),...,Um(®)], bing cich

thay w(r) = G™'U(r) vao phuong trinh (4), ta c6 cong thirc x4p xi ham

i(x,1) = g" (x)GU(r) (6)

Trong d6 G 12 ma tran hé sé duge xédc dinh béng cach ap dung (5) tai M diém trong mién
tinh toan voi tap cac ham co s& da cho g(x). Trong phuong trinh (6), gid tri ham tai cac diém
nat U(z) 1a bién cin tim. Dao ham béc nhit va bac hai ciia ham u(x,t) dugc xAp xi bing céch lay
dao ham phuong trinh (6) tuong ng:

i, (1) =g," WG U (7a)

a,,0n=g,, ®G'U®) (7b)

Néu nhu trong phuong phdp Kansa (1990a), ham co s& g(x) trong phuong trinh (5) dugc
chon la ham multiquadrics (MQ) thi trong IRBFN g(x) la dao ham béc k cia ham
multiquadrics hodc thin plate splines (TPS). Da s6 céc bai toan trong linh vuc CO’ hoc Chét long
Tinh toan (Computational Fluid Dynamics - CFD) dugc giai v6i k=2. Chi tiét vé casa ly thuyet
ciia phuong phap IRBEN ciing nhu (g dung cia n6 dé giai cac toan phu thudc thoi gian da
duoc trinh bay trong [Mai-Cao and Tran-Cong (2005)].

Nhwoc diém ciia phuong phép IRBFN néi riéng, va cac phuong phép Khong ludi n6i chung
12 ma trén hé s G ludn day dic trong khi ddi véi cac phuong phép khéc nhu sai phan hitu han,
phan tir hitu han, ... thi cdc ma trdn nay thuong la thua (sparse). Tuy nhién do sir dung cac ham
co s& béc cao nhu multhuadrlcs hodc thin plate splines, céc phu'O’ng phép khéng luéi c6 tc do
hdi tu nhanh nén mat do diém cén thiét dé giai cdc bai toan s& giam dang ké so véi céc phuong
phap truyén thong khéc. Trong [Ma1 -Cao and Tran-Cong (2005)], céac bai toan kiém chang cho
thiy mic di véi nhuge diém da néu, hiéu qua cta phuong phap IRBFN van cao hon nhiéu so
v6i mot sé phuong phdp khac khi giai cac phuong trinh dao ham riéng phan phy thudc thoi
gian, dic biét 1a khi két hop phuong phap nay vdi cac phuong phap tich phan thoi gian béc cao
nhu Runge-Kutta bdc 4/5 trong d6 d§ 1on cia bude thoi gian ¢ bude ke ticp duge diéu chinh
dwa vao udc lugng sai s6 cuc bd & budc tinh hién thoi [Cash and Karp (1990)].

3. PHUONG PHAP TAP-MUC KHONG-LUGI VA CAC BAI TOAN MINH HQA

Quy trinh giai mot bai toan bién di chuyén bi dong dudi tac dung ciia trudng van tdc khong
dbi bing phuong phap Tap mirc khéng luéi bao gom céc bude sau:

Budce 1: Xay dung ham tdp mirc ban dau 1a ham khoang cach théa phuong trinh (2);

Bude 2: Thuc hién dich chuyén ham tdp mic trong mét budc thdi gian bing cach giai
phuong trinh (3);

Budc 3: Tai thiét 1ap ham tap mic thoéa phuong trinh (2) bing cach tim 1oi giai dung cho
phucmg trinh (4a, b) Thoéng tin vé bién di dong & thoi diém dang xét c6 thé ti tao bing giai
thuat ldy dudng ddng mirc zero ctia ham ¢(x,t);

Budc 4: Quay lai bu6ce 2 cho budc thoi gian ké tiép hoic két thic qua trinh khi thoi gian mo
phong dat dén gia tri gidi han cho trude.

Trong bai bdo nay, cdc phuong trinh vi phan & budc 2 va 3 duoc giai bing cac luoc db sb
dua trén phuong phap IRBFN md ta trong [Mai-Cao and Tran-Cong (2005)].

Hai bai toidn mé phong dugc trinh bay trong muc nay nhim minh hoa cho tinh hiéu qua va
do chinh xéc ciua phuong phap Tép mirc Khong lugi. Do hai bai toan ndy khong c6 10i gl&l giai
tich, viéc kiém ching d¢ chinh xac cua céc két qua dugc thuc hién bang cach déi chiéu dién
tich ctia bot & thoi diém bét ky v6i dién tich cia chinh n6 & thoi diém ban diu (tai d6 bot c6
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dang hinh tron véi bén kinh cho trudc). Déi vai bai toan bdn bot di dong trong dong chay xody,
tdng dién tich cua ca bdn bot s& dugc so sénh thay vi dién tich cua timg bot riéng I&. Tinh hiéu
qua ctia phuong phéap duge danh gia dua vao mic do phic tap cua giai thuat cho ting bai toan.

3.1. Bai todn bot xoay tron

Xét mgt bot hinh tron ban kinh r=0.15 ban dau duoc dat tai vi tri (0.5,0.7) trong mién chir
nhéat [0,1] x [0,1] 6 trudng vén tdc xody (u,v) dugc xac dinh nhu sau:

u=-sin(nx) cos(my)

v=-cos(mx) sin(my)

y Két qua md phéng & nhiég thoi diém khac nhau dugc trinh bay trong hinh 1. O mdi thai
diém, giai thuat trich dudng dong mirc zero cuia ham tdp mirc cho ta bién dang bot c6 dang da
gidc khép kin. Dién tich cta hinh da gidc nay chinh la dién tich cua bot & thoi diem tuong Gng.
K&t qua tinh toan cho thdy ti 1¢ phén tram thay doi vé dién tich cua bot trong sudt qua trinh md
phong khong vuot qua 2% v&i mét dd diém trong mién tinh toan la 32 x 32.

3.2. Bai toian 4 bot di dong trong dong chdy xody

Céc bot ban diu dugc bd tri ngdu nhién nhu & hinh 2 trong mét trudng vén téc xody gidi
han trong mién [-1,1] x [-1,1]. Céc hinh bén trai cia hinh 2 thé hién bién di dong 1a dudng dong
miic zero (mau xanh duong, trong ciing) & cac thoi diém ban dau va t=4.1333. Bén phai 1a ham
tp mic & cac thoi diém twong (g trén d6 bién dang cia 4 bot di dong dugc gin vao. Nhu vay
thay vi theo d&i su chuyén dong va bién dang cua ban than 4 bot di dong, ta quan sat ham tép
mirc di chuyén theo quy luat (3) va trich dudng déng mirc zero ctia n6 dé c6 bién dang cua cic
bot & thai diém cin quan tdm. Két qua tinh toan cho théy ti [& phan tram thay ddi vé tdng dién
tich cuia 4 bot trong subt qua trinh mé phong khéng vuot quéa 1.2% v6i mat do diém trong mién
tinh todn 1a 64 x 64. Trong bai toan minh hoa nay, su két dinh va tach roi giira cac bot dugc mo
phong hoan toan theo quy trinh 4-budc tdng quat md ta & trén ma khdng can phai xir ly cho
tirng truong hop riéng biét nhu trong céc phuong phép truyén thdng khic. Biéu nay thé hién
tinh hiéu qua cta phuong phap Tép mic Khdng ludi khi giai cac bai toan bién di dong.

Initial zero conlour Initial level sel lunction
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Hinh 1. Bai toan bot xoay tron
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zero contour at 1=1.70833 Level set tunction at t=1.70833
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Hinh 3. Bai to4n 4 bot di ddng trong dong chay xody
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4. KET LUAN & HUONG PHAT TRIEN CUA PE TAI

Phuong phép tdp mic khéng ludi duge xdy dung trén co so trién khai phuong phap tap
mirc trén nén khong ludi cia phuong phap IRBFN. Qua cac bai toan mdu trinh bay trong bai
bao, phuong phap méi cho thdy d6 chinh xéc va tinh hiéu qua cao cua no khi giai cac bai toan
phu thude thdi gian, trong d6 m6 hinh cac bot di dong c6 thé duge mé rong dé mo phong ché
do dong chay cuia hon hop dung dich trong ng khai théc. Pay chinh 1a hudng phét trién cia dé
tai trong d6 ¢6 xét toi sy phéan chia thanh nhing bot thir cip ciing nhu sy két hop giita céc bot
khi trong qua trinh di tr ddy giéng lén bé mat. Ngoai ra, cic md hinh chét long phi Newton
(non-Newtonian fluid) cling s& dugc xem xét dé mo ta (g xir phirc tap cia hén hop dung dich
khai théc.

MESHLESS LEVEL SET METHOD: MATHEMATICAL FUNDAMENTALS
AND POTENTIAL APPLICATIONS IN PETROLEUM ENGINEERING

Mai Cao Lan, Tran Cong Thanh®
(1) University of Technolgy, VNU-HCM
(2)University of Southern Queensland, Australia

ABSTRACT: The reliability and usefulness of the numerical simulations of a physical
process depend not only on the mathematical model representing the process, normally in
Jorms of differential equations, but also on the accuracy and efficiency of the numerical
methods for solving such equations. This paper presents the theoretical basics of a new
numerical method, namely Meshless Level Set method, in which the advantageous features of
meshless methods and level set methods are integrated to solve moving boundary problems.
Some benchmark problems solved by the method are presented to demonstrate the accuracy
and efficiency of the method as well as its potential applications in petroleum engineering.
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