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TOM TAT: Bai bdo dé xudt dinh nghia d¢ do xdc sudt cé gid tri thudec mét ldp
todn tit tuyén tinh trong khong gian Hilbert. Trong bai dua ra m@t chitng minh sy ton tai
ciia do do nay trong mot khéng gian cu thé.

1. Mé dau:

Nhu di biét, nhitng bai todn xdc suit ddu tién xudt hién vao nim 1654 tai Phdp.

Nhung phdi dén ndm 1933, titc 12 gin 300 nim sau, nha todn hoc Lién X6 1a
A.N.Kolomogorov mdi két tdp dugc tit cd cdc thanh qué trudc d6 va dwa ra mot hé tién dé
cho 1y thuyé&t xdc suat (xem [1],[2]).

Ly thuyé&t xdc suat Kolmogorov di tdc dong 1n t8i nhiéu nganh Khoa hoc thyc nghiém
khac nhau, ddng thdi da hinh thanh mdt s& nganh todn hoc mdi, nhu Théng ké Bayes ching
han. (xem [3],[4]) ‘

Mit khéc, trong ni¥a cudi thé ky 20 nhiéu nha todn hoc trén th€ gidi da xay dung dugc
mét s6 1y tHuy&t xdc sudt, khdc véi ly thuyét xdc sudt ciia Kolomogorov.

Mot trng nhitng 1y thuy€t d6 1a Ly thuy&t xdc sudt trong nita trudng topd, dugc cdc nha
todn hoc T: skent thudc Lién X6 tim ra trong nhitng nim 60 — 70 cia thé ky XX.([51,[6])

Mot 1y thuyé&t khdc 1a 1y thuy&t x4c sui't khong giao hodn duge tim ra bdi nhiéu nha todn
hoc trén th¥ gii, trong d6 c6 cdc nha todn hoc Lién X6 vao nhitng nim 70 cia thé ky XX.
Ly thuyét »4c suit nay dugc ndy sinh tir VAt ly lugng ti va da c6 tdc dong trd lai d6i véi Vit
1y lugng ti¥, nén dugc goi 12 Ly thuyét xdc suit lugng . ([7])

Trong bai bio nay tic gid thi d& xudt mot 1y thuyét xdc sudt, ma tdc gid tam goi 1a Ly
thuy&t xdc sut todn ti¥. Y tudng nay dya trén 1y thuyét xdc suit Kolmogorov. Ky thuat duge
diing 12 1y thuy&t todn ti¥ tuyén tinh bi chin trong khdng gian Hilbert, da dugc trinh bay trong
nhiéu tai liéu, ching han [8]-[16]

Trudc hét ta dua ra mot s6 ky hiéu c6 lién quan téi todn tif tuyén tinh trong khong gian
Hilbert
R, C: tap hop céc s6 thyc va phic (R* = [0,+e0))

B(R), B(C): c4c o -dai s6 Borel trén cdc khong gian R, C
H: Khong gian Hilbert ( thuc hodc phic )

L (H): Tap hop tat ca cdc todn ti tuyén tinh bi chin trén H
2. Sir ton tai clia do do xdc sudt todn tif:

Trong muc nay ta dua ra cdc dinh nghia c6 lién quan téi cdc todn tif tuy&n tinh bi chdn
trong khéng gian Hilbert. Sau d6 ta phét bi€u dinh 1y vé su ton tai clia dd do xdc sudt todn tit

Binh nghia 2.1: Cho khong gian Hilbert H va tap hop L (H).

.Toén t& Te L (H) dudc goi 1 chudn tic n€u T*.T = T.T*, trong d6 T* 13 todn ti¥ lién
hiép ctia T

Tap hop tat ci céc todn ti¥ chudn tic trén H dugc ky hiéu L “'(H)
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.Todn t& Te L (H) dudc goi laty lién hiép néu T = T*
T4p hgp tat cd cdc todn tif ty lién hiép trén H dugc ky higu L “I(H)
. Toan t& Te L (H) dugc goi 1a duong néu T> 0
Tap hgp tat cd céc toan tf duong trén H dugc ky hiéu L %H)
.Todn ti Te L (H) dude goi 1a chi€u tryc giao néu T=T* vd T?=T
Tap hop tdt cd cdc todn t chi€u truc giao dugc ky hieu L 5(H)
D& thiy: L¥(H) c¢ LYH) c L"H) ¢ L*H) c L (H)
Dinh nghia 2.2: Cho tdp hdp Q va o -dai s6 & céc tdp con ciaQ . Ham tip P xdc dinh
trén &, nhdn gi4 trj trong R*, dugc goi 1a d6 do x4c sud't Kolmogorov néu:
i P(Q)=1
ii.0<P(A)<1, VAe of

iii.Cho diy {4, } _, € & rdinhau titng doi mot.

P(UA,,) =3P )
LliC dé neN neN

B3 ba (Q,0,P) goi 1a khdng gian xdc sudt Kolmbgorov va 1y thuy&t xdc suit xiy du’ng
trén khéng gian nay goi 1a Ly thuy€&t xdc suit Kolmogorov (xem [1])

Dinh nghia 2.3: Cho tip hop Qva o -dai s6 & clia Q. Cho khong gian Hilbert H va tip
L(H). Ham tdp Q, xdc dinh trén &, nhin gid tri trong L (H) goi 12 dd do x4c suat todn t,
néu:

i. Q(Q) =1, vdilla todn ti¥ don vi.
ii. QA)e L¥(H), VA€ & Tirdiysuyra 0 <Q(A)<I, Vde f

iii.Cho diy {An}neN c & r&i nhau titng d6i. Liic d6:

Q(UAJ: >.0(4,) Trong d6 chudi Y O(4,)hoi tu trong s_topd (con goi 1a tdpd

heN neN neN
manh) ctia khéng gian Banach L (H)

Bo ba (Q,, Q) goi 12 khéng gian xdc sudt todn ti va 1y thuy&t dua trén su khdo sat
khéng gian nay dugc goi 1a 1y thuyét xdc suit todn ti.

Xuit hién c&u hdi: C6 hay khéng mdt dd do xdc sudt todn tif vd khong gian xdc suit
todn tf twong 1ng?

Nhu vy, bai todn dit ra 12 hdy khdo sat su ton tai clia d6 do x4c sudlt todn tf va khong
gian xdc sudt todn tf tuong ng vdi né. Bai todn nay s& dudgc gidi quyét bdi dinh 1y 2.1 dudi
ddy. Ky thuat d€ gidi bai todn 12 mdt nhdnh cda Gidi tich ham, dugc goi 12 Ly thuyét céc
to4n t tuy€n tinh bi chidn trong khong gian Hilbert ([8] _ [16])

DPinh Iy 2.1: Cho khong gian Hilbert H va tdp hgp L (H). Cho todn t& chudn tic
T€ L*(H). Khi 4y tn tai mot dd do xdc suat todn tit Q trén o _dai s6 Borel B (C), dudc xdc
dinh bdi todn tif chuin tic T

Do d6 ton tai khong gian xdc sudt todn t (C, B (C),Q) dugc x4c dinh bdi todn t& chudn
tic T.

5. Chitng minh dinh 1y ton tai:
DPé chitng minh dinh 1y nay, ta s& sit dung m6t s6 bd dé Gidi tich ham. C4dch chitng
minh cdc b dé iy dua trén m6t s6 tai liéu, ching han nhu [9] - [12].
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B& dé 3.1: Cho H 1 khong gian Hilbert bit ky. Vi moi Te L (H), ta ¢6
H=z H;, T=Z T, .Trong d6 H; 1a khong gian Hilbert khd ly, T, e L(H;),Vie ]

iel iel
va m51’1‘.
c6 mot vectd tuin hoan. & day Z 12 ky hiéu tdng truc giao clia céc khong gian Hilbert.

iel
Do b8 dé 3.1, ta chi cdn xét cdc khdng gian Hilbert kha ly.
B& dé 3.2: Cho H l1a khong gian Hilbert bat ky va cho todn tt chudn tdc bat ky

Te ISY(H). Khi £y tdn tai mot khong gian do ludng (Q,8, m) va ham ¢ e L7 (Q ,, m) sao
cho todn t¥ chuédn tic T va todn ti nhin Mrp trong khong gian Lz(Q ,&f, m) dugc xdc dinh
bdi ddng thic:
My (a)=pa,Vae I (Q,4, m) thi tuong duong véi nhau

Pic biét néu H 1a khong gian Hilbert kha ly thi m 1a d§ do hitu han.

Do cic b d& 3.1 va 3.2, ta chi cdn xét cdc khong gian do ludng (Q ,&f, m) v6imla
d6 do hitu han va suy ra dugc bS dé sau:

B& dé 3.3: Cho (Q,c, m) 1a khong gian do ludng véi m 1a dd do hitu han va M, 1a
todn tf nhan dugc xdc dinh nhu trong bd dé 3.2

Khi &y hé thilc ¥(@) =M, s& xdc dinh mft phép ding cu, ding cdu lién hiép tir dai
s6 Banach L°(Q,{, m) 1én da_u s§ Banach ML*(Q,0¢, m) = { M :p€ °(Q,cf m)}.
Trong d6 dai s6 Banach ML®1a dai s& Banach con, giao hoan, cyc dai cla dai s6 Banach
L( 1} (Q,H, m)).

Tit b8 dé& 3.3 ta suy ra bd dé sau.

B& dé 3.4: Cho (Q,0¥, m) 1a khong gian do ludng véi m 1a do do hitu han vaM, Ia
todn t& nhan duge xdc dinh nhy trong bd dé 3.3.

Khi &y v6i moi @ € L*(Q,04, m), ta c6:

(M, )=olp)=%(p)

Trong dé O‘(Mw)l phd clia todn tlt nhan M, trong dai s6 Banach L(I* (Q,{, m))

a(MP): phd ciia phdn ti ¢ trong dai s6 Banach I( *(Q,A, m))
R(p)={1 e C:mlfx € Q:|p(x)- 4| < £})#0},Ve>0 va goila tap hgp cdc tri s8 cot
yéucia ¢@.
Nhic lai ring phd o(a) cla phan ti¥ a trong mot dai s& Banach chinh 1a tdp hgp cdc s6 phifc
1 e C saocho (a-1. 1) khong c6 phédn tif nghich ddo trong B.
B3 dé sau diy s& gidi thich vi sao ER(qo) dudc goi 1a tdp hgp céc tri s6 cot y€u clia ¢.
B& dé 3.5: Cho (Q,{, m) la khong gian do ludng v6i m 1a do do hitu han va
@ € [*(Q,4, m). Khi 4y ta c6:

m({x e Q:p(x) e R(p)})=0

Tir 5 b3 dé trén ta c6 thé chitng minh dinh Iy t3n tai 2.1. That vdy, trude hét, theo bd
d& 3.1. ta c6 quyén gia st H 1a khong gian Hilbert khd ly. Tiép theo, véi H khd ly va véi bat
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ky todn tf Te L “'(H), theo b3 dé 3.2, s& tdn tai mot khong gian do ludng (Q,f, m) v6im
1a d6 do hitu han va ham ¢ e L*(Q,3¥, m) sao cho todn ti chuin tic T néi trén va todn ti
nhan My dugc xdc dinh trén khong gian L (Q,4, m) s& tuwong duong vdi nhau.
Dodé o(T)=oMp)
Nhung, theo b3 dé 3.4 thi:
cMp)= o(¢)= R(p)
Viy: o (T)= R(p)
Ti€p theo, 1dy batky f e L*(o(T)). Lic d6 f e L°(R(p)) v6i p e I°(Q,, m)
Theo b3 dé 3.5 tacé:
mixeQ: o(x) e ER(qo)} =0
Vay ¢ la ham bi chin cGt y€u va c6 trj s§ hdu hét trén R(p). Nhung ta da c6 f bi
chin c6t yéu trén R(p), nén ta c6 ham hgp foe bi chin c5t y&u trén (Q,4, m), tic 1a f,
peL”(Q,, m). Lic d6, theo bd dé& 3.2, hé thic £(T) = Mip s€ xdc dinh mot todn tf
chuin tic thude L “(H).
Dé€ xdc dinh d§ do x4c suit todn tl, ta 14y f= 14, Ae B(o (T)), v6i B(o (T)) 1a o _dai
s6 Borel trén o (T).
Hién nhién 1, € L*(o(T)) va hé thic Q(A) = M
tic. Q(A)e L*'(H) cL(H) .
Viay ting v6i Ae B(o (T)), ta ¢6 duy nhit Q(A)e L(H), nén ta thiét lap dugc ham tép

Q: B(o (T))—> L(H). !
Ta s& chitng minh ridng, hdm tdp nay chinh 12 d6 do xdc sudt todn t, tifc 12 né thod
céc tinh chat trong dinh nghia 2.3.

1,00 SE€ Xdc dinh mot todn ti chudn

Thit vy, trude hét: Qo (1) = M, 5p=1

Thit nhi, tir cdc hé thue (1,0¢) =1,00 va 1,00=1,00, ta ¢c6 Q(A)* = Q(A) va
Q(A) = Q(A) nén Q(A) 12 todn tl chi€u truc giao, titc 12 Q(A) e L '8(H).

Tir day, dé thay 0 < Q(A) <1, véi moi A thudc B( o (T)).

k k
Theo b3 dé 3.3, ta thdy Q c6 tinh chit cdng hitu han, tic 1a U4, J =>0(4,)
: =] n=1

Tuong t nhu trong 1y thuy&t x4c suat Kolmogorov, dé chiing minh riing ham tap Q
c6 tinh chdt o _cOng tinh, ta chi cin chitng minh ring ham tdp Q c6 tinh lién tuc trén. Tic 12
néu cho {4, },, 12 mot day don diéu ting trong o _dai s6 B(o (T)) va dit 4, = J4, , thi

neN
0(4,)= lim 0(4,) trong s_topd ciia Z(H).
Thit vay, véimoiae L*(Q,4, m), ta c6:
[(©(4..)-1im (4, Xa) = lim (O(4. )- 0(4, Na)’
2
=: lim

M (IAQ =l )oqom

((IA.. =L )D‘P)a"z

= lim

n=r+w
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= tim Ji0 -1, )]
Q

= )

Viy Q 12 o _cong tinh va do dé 1a do do xdc suat todn tlf, xdc dinh trén khdng gian
do dudc (o (T),B(o (T))).

Cubi cing, ta c¢6 thé thic trién, mot cdch duy nhét, d6 do xdc suit todn t& Q trén
(o (T), B(o (T))) thanh d6 do x4c suat todn t& xdc dinh trén toan bd mit phﬁng phiic (C,
B(C)), ma ta ciing ky hiéu 1a Q, bing cich diu

Q(o (T))=0.

Trong d6 o (T)° 12 phan b clia o (T)trén C.

Viy ta da xéc dinh dudc do do xdc sudt todn tif Q trén mat phéng phic (C, B(C)) bdi
todn ti¥ chufn tic Te L “(H). Nhu vy, ddng thdi ta ciing xdy dung dugc khong gian xdc
suit todn t& (C, B(C)),Q) clia todn tit chuén tic T va dinh 1y tdn tai 2.1 chitng minh xong.

4. Nhan xét: Trudc hét, ta xét 2 trudng hgp riéng clia todn tf chudn tic T.P61akhi T
tu lién hiép va khi T don nguyén (unita).

41 Gia s T 1a ton t& ty lién hiép, tic 1a Te L (H). Liic d6, ta dd bi€t, phS
o(T)cIR. Goi B(o (T)) 1a & _dai s8 Borel trén o(T)cIR.

Khi &y, theo dinh 1y 2.1, ton tai mot d6 do xdc sut todn t& Q trén (o (T),B(o (T))).
Hon nita, ta ¢o thé thac trién Q, md cach duy nhat, thanh d6 do xdc suat todn t trén toan bd
(IR, B (IR)), ma ta ciing ky hiéu la Q, bing cdch dit: Q(o(T))=0

RO rang Q 1a do do xdc suit todn tif trén (IR, B (IR)) va bd ba (IR, B (IR), Q) tao thanh
mot khong gian xdc sudt todn tlf t lién hiép TeL“(H).

4.2 Gia st T 12 todn t& don nguyén (unita), nic1a T thoa didu kién: T.T =T .T=],
v6i11a todn tif don vi. '

Ta ciing biét ring, n€u T don nguyén thi phd o (T) cia T la mdt tdp hdp con cla
vong tron don vi
D={zeC:lzl=1}

Ky hiéu B(o (T)) lac _dai s6 Borel trén o (T). Theo dinh ly tdn tai 2.1, s& ton tai
mdt do do xdc suat todn tf Q trén khong gian do dugc (o (T),B(o (T))) va bd ba (o (T),
B(o (T)), Q) 1a mdt khong gian xdc suit todn ti cia toan tf don nguyén T.

Ta ¢6 thé thac tri€n, mot cich duy nhdt, d do Q thanh do do xdc sudt todn tf trén
toan bd vong trdn don vi D, ma ta cling ky hiéu la Q, bing cdch dit

Q(o(T))=0

Lic dé bo ba (D, B(D), Q) 1a khong gian xdc suit todn tf ciia todn tif don nguyén T.

4.3 Trén day ta di xdy dung mot s6 do do xéc sud't todn tif cu thé va ciing vdi né
chiing 12 mot s8 khong gian xdc sudt todn tf cu thé.

Tuy nhién, ta da bi€t ring, trong 1y thuy&t xdc suat Kolmogorov, rat it khi ngudi ta
quan tdmtdi khdng gian xac suét cu thé. Thong thudng, ngudi ta chi cho mét khodng gian cdc
bi&n c6 sd cdp Q, moét o _dai s6 X trén Q va mot do do xdc suat P trén . Khi 4y, bd ba
(Q,c4,P) duge goi 1a khdng gian xdc suit Kolmogorov nhu d@ néu trong dinh nghia 2.2.

i vay, doi véi ly thuy&t xdc sudt todn tlf, ta cling khong cdn néu cu thé todn t& T
ciing v8i d6 do xdc sudt todn. tif va khong gian xic suit toan ti¥ tuong ng vdi n6, ma chi can
cho mét tip hop Q, mot o _dai s6 & trén Q va mot do do xdc suat todn t& Q trén . Khi
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dy bd ba (Q,4,Q) tao thanh mot khéng gian xdc sudt todn tf nhu 43 néu trong dinh nghia
2.3.

4.4  Trong b3 dé 3.1, ta gid sit H 1a khong gian Hilbert bt k¥ va chitng minh dugc
H 12 tdng truc giao clia mot ho khéng dém dudc cdc khong gian Hilbert khd 1y H; Viel.
Nhung trong chifng minh nay phdi si dung tién dé chon ( dusi dang tuong duong vé6i nd 13
b6 d& Zorn). BE trdnh viéc sit dung tién dé chon qua nhidu Iin va cdc ric 16i ¢6 the ndy sinh
khi sif dung né, ta c6 thé gia thi€t ngay tir ddu riing H 1a mot khong gian Hilbert khi ly. Viéc
slt dung gid thi€t nay c6 18 khong lam m4t m4c nhiéu cho Iy thuyét clia ta sau nay.

Hon nifa, khi do, trong bd dé 3.2, ta s& c6 ngay H la mét khong gian Hilbert kh3 ly va
s& ton tai ngay mot khdng gian do Iudng (Q,f,m) v6i d6 do m hitu han. Viéc nay ciing 1am
gidm b6t rat nhi€u do kho khin khi chitng minh bé dé 3.2
5. Thidu: Ta xét vai tap tri clia d6 do x4c sudt todn tif.

5.1 Xéttrudng hgp H = IR. Khi 4y:

L (H)= L(IR) = t4p hop cdc ham tuy&n tinh x4c dinh trén IR,

Hon nita tp hgp cdc todn tif chi€u tryc giao L ¥(H) = L “(IR) = {0;1}, tic 1a chi ¢6 2
phan ti. Pay la trudng hop tim thudng.

5.2 Xét trudng hop H = IR% Khi &y:

L (H) = L (IR?) = M(2x2) = Tép hop tdt ¢4 cdc ma trin vudng cip 2.

Ngoaira L "®(H) = L "(IR*) = Tap hop tat c4 cdc ma tran chiéu truc giao cap 2.

Cdc ma trin chi€u truc giao s& c6 dang:

-

a b e M e, SN0
L= va dugc tim tir diéu kién
e d .

trong d6 T" 14 ma trn chuyén vi cla

ma trdn T
Diéu kién d6 s& dugc dua v& hé phuong trinh:
a’+b*=a
bla+d)=b
b*+d*=d

Gidi hé phuong trinh ndy, ta dugc cdc nghiém:

Ta=(+ a i,/a(l—a)}osasl

\/ a(l-a) 1-a
1 0 0 0
= s
=il 0 0
6. Thdo ludn: Ta mudn so sanh sd bd Ly thuy&t xdc suit todn ti va Ly thuy&t xdc suit

Kolmogorov théng qua tip tri cda cdc dd do. ; ,

6.1 KhiH = IR, ta da bié€t tip tri clla d6 do x4c suit Kolmogorov 14 toan bd doan
[0,1] tifc 12 v6 han diém.

Trong lic d6, theo thi du 5.1, tap tri cia do do xédc sudt todn tf chi gdm 2 diém {0;1},
tifc 1a ngheo hon so vdi tap tri cia dd do x4c sudt Kolmogorov.

Tuy nhién tinh hinh s& khéc di, khi khong gian Hilbert H 16n hon.

Cu thé, khi H = IR? thi tdp tri ciia dd do xdc sudt Kolmogorov vin 13 doan [0,1].
Nhung theo thi du 5.2 thi tdp tri clia d6 do xdc suat todn ti da rat phong phi. Tuy nhién, didu
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quan trong 12 né gém tdp hgp cdc ma trdn chi€u truc giao cdp 2, tic 1a khoéng phdi trudng
hop riéng clia tip tri clia d6 do xdc suat todn t& va kich ¢ rat 16n.

6.2  Ciing qua thi du & muc 5, ta thdy 1y thuy&t xdc sudt Kolmogorov khéng phéi la
trudng hop riéng cla Iy thuy&t xdc sudt todn ¥ va 1y thuy&t xdc sudt todn tif cang khong
phai 13 trudng hgp riéng cla 1y thuy&t xdc suat Kolmogorov, mic diu giita ching ciing ¢6
mdt vai diém chung.

Nhu vay day 12 hai Iy thuy&t khic nhau va c6 thé @ng dung cho hai loai vat chat khéc
nhau. D8i tugng vat chat cia Ly thuyét xdc sudt Kolmogorov thi di rd do tam ng dung
phong phii clia né trong nhiéu nganh Khoa hoc thuc nghiém.

Con d6i trgng vat chdt cia 1y thuy&t todn tf thi hi¢n nay chua thdy & dau. C6 thé né
nim trong mot dang vat chdt nao do ciia twong lai.

6.3  Day chila bai md ddu ciia Ly thuy&t xdc suat todn ti. Con v6 sd vdn de can
phai gi4i quyét . Thi du nhu dinh nghia tinh doc 1ap cda 2 bi€n ¢8, dinh nghia dai Iugng ngu
nhién; ky vong va phudng sai clia dai lugng ngiu nhién.. Cdc van dé dy s& dugc ldn lugt
trinh bay vao thdi di€ém thich hop.

Loi cam on: Tdc gid cdm on cdc ban déng nghiép cd tén dudi ‘dziy da tham dw Sémina “Xdc
sudt — Théng ké Ung dung” va/hodc gop ¥ cho bai bdo nay:

Vé Minh Tri, Duong Tén Pdm, Duong Minh Duc, Té Anh Diing, Bdng Dong Triéu, Lé
Thanh Nhén, Tran Huy Cang, Pham Quang Ldm, Pham Ngoc Quy, Nguyén Truong Chdng, Lé
Vinh Thudn, Lé Minh Tri, Lé Thi Xudn Mai, Lé Thi Diéu Uyén, Pham Tri Cao, Nguyén Quyél,
Nguyén Tdn Hoang, Nguyén Thi Anh Nguyét.

ON THE EXISTENCE OF OPERATIONAL PROBABILITY MEASURE

Ung Ngoc Quang
Facuity of Mathematics_Informatics, University of Natural Sciences - VNU-HCM

ABSTRACT: The paper investigated a Probability measure Q, taking the values in the
L (H), where L (H) is the spae of all linear bounded operators on a Hilbert space H.
We proved the existence of Operational Probability measure Q in a special case
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