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TOM TAT: Bai bdo trinh bay cdc phuong phdp gdn ding tinh todn sy phdn bé ving
sudt trong éng tru tron dai bing vt liéu composite dan—nhdt tric hudng dudi tdc dung
ciia dp sudt trong va dp sudt ngoai. Tit nghigm dan hoi, sau khi dp dung nguyén Iy tuong
ing, thu dugc nghiém ciia bai todn dan hoi két hop. Tix ddy tinh dugc nghiém dan—nhot
bdng cdch sit dung ba phitong phdp gdn diing: phuong phdp truc tiép, phuong phdp chon
diém va phuong phdp tua dan hoi.

1. Bai todn bién dang phing

Trang thdi bi€n dang phing 12 trang thdi bi€n dang c6 chuyén vi song song vdi mit

phing toa do x, , x, vd khdng phu thudc x3
TIE FTC T ) RS T L e ) B R - (1.1)

Trang thdi bién dang nay xuét hién trong vat thé ling tru hoic hinh tru dai dudi tdc
dung ctia luc mat hodc chuyén vi vudng goc vdi mét bén va khéng thay ddi theo chi€u dai.

T (1.1) suy ra £y, =8;=6,=0 (1.2)

Tt cdc phuong trinh quy ludt @ng xi clia vat liu dan hdi cling nhu dan—nhét tuyén
tinh suy ra ring, cdc thanh phin cla tenxd Wng suét khong phu thudc x,. Gid sit tinh doi
xdng clia cdc tinh chat co hoc cia vt liéu sao cho véi diéu kién (1.2) thi

03 =0, =0 (1.3)

Khi d6 o,, la dng sudt chinh. Trong phuong trinh cin bing, thanh phin luc kh6i
F, =0, con F,,F, khdng phu thudc. x;.

Tém lai, trong ti&t dién ngang bat ky x, = const, trang thdi Gng sudt-bi€n dang gidng
nhau, do d6 chi can xét cdc trudng Ung sudt o, trudng chuyén vi u; va trudng bi€n dang &,
trong ti€t dién ngang bat ky x, = const.

Du6i ddy ta xét cu thé trang thdi bi€n dang phng d6i xitng truc clia Ong try c6 tiet
dién ngang dugc gidi han bdi cdc dudng trdn ddng tim v4i bdn kinh trong r = ava bdn kinh
ngoai r=>b. ’

Heé toa do tru 7,0,z c6 truc z hudng theo truc dng tru x; (Hinh 1)

Do tinh d6i xi@ng truc, cdc truc toa dd r,6 trong ti€t dién ngang 1a céc truc chinh. Cic
thanh phén bi€n dang khic khong 1a &,,&, tudng \ng céc thanh phdn ing sudt 1a o,,0,
(Hinh 2). Thanh phin o, #0 trong mdi ti€t dién ..,gang hgp thanh luc kéo nén doc truc va

.dugc tinh todn qua ¢,,&,.
Céc thanh phan ttng sudt, bién dang phu thudc vao r,z.
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G =
3 Oo
Hinh 1. Hinh 2.

Pit u, (r,t) =u(r,t) v6i u(r,t) >0 cdc thinh phan clia tenxd bi€n dang dudc tinh theo
cOng thic:
: .s‘,(r,t)=-(’ili A f;,g(r,z‘)zE (1.4)

or r

Cdc thanh phédn cida tenxd tUng suit o, (r,1),0,(r,f) khi khong c6 luc khGi thda

phuong trinh vi phin can bing:.

LU (1.5)
?
Diéu kién bién tai thdi diém ban diu ¢ = 0 dudc cho dudi dang:
o,=—P tai r=a
c,=-0 tai r=b : (1.6)

2. Nghiém dan hoi
Gia st dng dudc lam tir vat liéu c6 tinh chit cd hoc trwc hudng truc. BGi vé6i vat liéu
dan héi tuy&n tinh quan hé i¥ng suit-bi€n dang trong hé toa dd tru c6 dang:
o, =CLg, +Cpe,
Gy =08, 048 (2.1)
trong d6 C, 14 cdc m6 dun dan hdi. Quan hé nguge duge vi€t dudi dang:

& o g5
- —L =L

£, =—"F+—=— , g,=—"= 2.2
: "' Er Er8 ; Er& EG ( )
trong d6, cdc biéu thifc sau diy dudc si dung:
RS ECiNe SaNee, e TN D T ED 2.3)
Er Cuczz 37 Clz Ere Cnsz “Clz E& Cuczz "“Clz

Thé (1.4) vao (2.1), r6i 18y két qua thé ti€p vao (1.5), ta thu dudc phuong trinh vi phan
cdp 2 d6i véi chuyén vi cla &ng:

2
R 2.4)
or or -k,
Nghiém t6ng quit cda phuong trinh nay 1a:
Co d
u =;—r-+ Gt (2.5)

trong d6, C, C, 1a cdc hing s8 bat ky va
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r={"% (2.6)

Sau khi tinh todn C,,C, bing cdch si dung cdc diéu kién bién (1.6), ta c6 thé thu

dugc céc thanh phin bién dang tir (1.4) sau d6 thé bi€n dang vao (2.1) ta thu dugc céc thanh
phéin cia tenxd Wng suit [1]

r+1_ =
P i . i PP @)
1-c” 1
Pc™ - g 06T =P i e
O'a':_'_"—z,Q}"P”"__—_l_‘czr x™p™
trong do: c—/ , / exlespsl) (2.8)

Pé sit dung trong viéc minh hoa cdc phuong phép gan dung giai bai todn bién dan—
nhdt, ta tp trung chi y vao cdc ing suat vong tai bién trong r = a va bién ngoai r =b

o dy= w?” @2“_ 2.9)
0'9(5)=7’ il ~7Q1+c (2.10)

3. Nghiém dan-nhdét

3.1 Nguyén Iy tuong \ng va bai todn dan hoi két hgp

Ciing nhu trong 1y thuy&t tdng quat cia vat li€u dan—nhdt tuyé&n tinh, trudng hop bién
dang phing xét & day, nguyén ly tuong Ung hoan toan dugc 4p dung mot cdch hitu hiéu.

Theo nguyén 1y tuong d¥ng, nghiém cuia bai todn bién dan-nhdt cé thé thu dugc tir
nghiém clia bai todn bién dan hdi, trong d6 cdc hiing s6 dan hdi dugc thay bing cdc todn t
ham phu thudc thdi gian (md dun ching Ung suat hodc ham chdy chdm).

Dua trén nguyén ly tuong iing, ta dp phép bi€n ddi Laplace theo bi€n thdi gian thuc
t 20 vao cdc phu’dng trinh cin bing, hé thifc Cauchy biéu thi quan hé bién dang—chuyen vi,
dinh luat Hooke t8ng quat va céc diéu kién bién.

Cic phu’dng trinh thu dugc chia cdc ham 4nh clia phép bi€n ddi Laplace hoan toan
twong tv vé mat todn hoc véi cdc phudng trinh ctia 1y thuy&t dan hdi tuyén tinh, ta goi cdc
phudng trinh nay mo td bai todn dan hdi k&t hop.

Pé thu dugc nghiém cla bai todn bién dan-nhdt ta pha1 ip phép bi€n ddi Laplace
ngugc vao nghiém ciia bai todn dan hdi két hgp.

Phép bi&n ddi Laplace c6 dang

-f“E?(xr"p): J.e‘-‘"f(x,.,t)dt @.1)
0

Trong (3.1) 7(x‘.,p)lﬁ nghiém ctia bai todn dan hoi k&t hgp véi p>0. Haim nay da
biét dudi dang giai tich hoac dang s8 gdn ding, f(x;,#)1a nghich dnh ciia phép bién déi
Laplace, 12 ham chua biét, n6 chinh 12 nghiém ciia bai todn dan-nhot can tim.

3 diy f c6 thé 1a @ hoidc &,,E,, hoic &,,5,, dic biét, 5,(a),5,(b).

Dudi ddy ta sif dung ba phudng phédp gin ding aé gidi bai todn bién dang phing dan—
nhdt: phudng phdp tryc ti€p, phudng phdp ¢!«on diém va phuong phép twa dan hoi.
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3.2 Phuong phdp tryc tiép va phuong phdp chon diém
Phuong phép truc ti€p dua vao quan hé trirc tiép gitta ham phu thudc thdi gian va
nghiém dan hoi k€t hgp. N&u nghiém dan-nhét og(a,t), o,(b,t) c6 db cong bé trong db thi

ddi véi bién s6 logt(= log,, ), thi

LG L LA IV L A N LA (3.2)

trong d6 f=e° z% (C 1a hiing s& Euler)[2].

Phuong trinh (3.2) trd thanh chinh xdc néu o, (a,t), o, (b,?) ti1é véi logt.
Phuong phép tryc ti€p thu dudc biing céch viét (3.2) dudi dang tuong duong
%@ =[pgy@pl.y, . oo, =[p, (P, (3.3)
~Cén nhén manh ring (3.3) dugc si dung véi gid thit v& d6 cong bé clia o,(a,?),
o, (b,t) d6i vdi logt.
Nguyén 1y tuong ng cho-phép ta nhin dugc nghiém bai todn dan hdi két hgp tir
nghiém bai todn din hoi _
o, >0, ,0=P— PH(t)= i , H(#) 1a ham Heaviside
D

Lt
= S 34
y=2r E (3.4)
7P 7 7
PG4 = pG,(a,p)= pAG,(a,p)+o, = l_y 57 [1+c2’ o ‘] (3.5)
- e s —-yP > 74
pc'y=pGy(b,p)= pAc,(b,p)+o, = 1—_’;—2,[1 +c* —2¢7 1] (3.6)
Cdc md dun ching tinh todn E, va Ea dudc xdc dinh tif cdc phuong trinh (2.2) qua bi€n
ddi Laplace:
ar=%+f—9 , &= S (3.7)
Er Erﬂ Era EB

Xét thi nghiém chiing ng sult, trong d6 o, =0 va &, c6 gid trj hiing tic dung tai thdi

diém t=0, ta c6

o, = o Es& (3.8)
p
T day ta suy ra
E =pE (3.9)
va E@=29 (3.10)

.I'

Tuong tu, ta cé EB = pfo

Cédc md dun ching E, (f) va E,(f) dudc gid thi€t c6 dang him mi [2]

E,(f) =[100( %0)4,_5 +1]Ee (3.11a)
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Ea(t)=[100(%) : +1}Ee (3.11b)

trong d6 7, va E, la cdc hdng so.

Ap phép bién ddi Laplace vao (3.11) ta nhan dugc

E = pE, =[100I'(.5)p" +1]E, (3.12a)

E, = pE, =[1001'(0.9)p*" +1]E, (3.12b)
v@i cdc gia tri hAm gamma

0.5 =~1.77 ; 1(0.9)~1.07 (3.13)

Nghiém bai todn dan—nhdt hitu han khi # = c6 thé dugc viét dudi dang

o,(at)y=Acy(a,t)+o,(a) , 0,(b,1)=Ac,(b,t)+o,(b) (3.14)
trong do, theo dinh nghia

AO’B(G,CO) = Os Ao-a (b,OO) = 0 ] O';(a) = O'B(H,OO) ’ O'; (b) = 0'9 (b,OO) (315)

o (a), o (b) duge tinh tiY cdng thifc (2.9), (2.10).

. Phuong phép chon diém 12 phuong phdp gin ding tim bién ddi Laplace ngugc cla
AG,. Hing o) la nghiém can bing hodc nghiém lau dai khi gid thi€t né hitu han. Tir (3.5),
(3.6) va (3.12) ta nhan dudc

[p5, ], =0s(@ o) =05(a) , [p5y],., =04(b,®) = 5(b) (3.16)
Pé tim bi€n ddi Laplace ngugc clia AT, ta gid thi€t ring nghiém c6 thé xdp xi bing
chudi Dirichlet hitu han

N
Ay =Y 8g™ (&7
i=1
trong d6 A, va S, la cdc hiing s6 thyc. Bi€n d6i Laplace ngugc chinh xdc cda céc bai todn

twa tinh cling thudng ¢6 dang e-mil nhu Ac,. Cdc hé s6 S, dugc tinh bing cdch cyc tiéu héa
binh phudng sai s6 giita Ao, va Ao,

E* = [(Ao, — Aoyt (3.18)
; _
Cuc tiéu héa thu dugc tir diéu kién _
L mj(Aa ~Acy)e *dt (3.19)
288, R e :

Nhu vy, N quan hé giita cdc bién d6i Laplace c6 thé thu dugc bing cdch tinh toan tai
cécsothuc 4, i=1,N
ATL(A) = A5, (4) | (3.20)
P& thuin tién khi 4p dung, ta nhan hai v& (3.20) v6i p va thu dugc dang hién hé N
phudng trinh tuy&n tinh dd dé tinh todn N hing S,

N

.23 o i
Z[“ J &aj S; =[PAT ), =[PTs ),y — O (3.21)

=
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Tém lai, binh phuong sai s6 theo thdi gian dugce cuc tiéu héa bing cdch chon diém cia
ham 4nh bi€n ddi Laplace clia chudi Dirichlet va nghiém dan hdi k&t hgp tai N sb thuc
p=4,.

V6i mot nghiém dan hdi thu duge dudi dang s6 hodc bing dd thi véi p >0, cdc gid tri
thich hgp ciia A, cdn phdi lva chon bing cich cin nhic ky.

3.3 Phuong phap twa dan héi

Theo phudng phdp twa dan hdi, nghiém din-nhdt duge x&p xi bdi nghiém dan hdi,
trong d6 cdc hing s& dan hdi dugc thay bdi cdc md dun chiing ng suit. Trong bai todn dng
tru composite dan-nhdt truc hudng, trong nghiém dan hdi (2.9), (2.10) cdc md dun dan hdi
dugc thay bdi cong thite (3.11).

3.4 So do khdi gidi bai todn dng tru composite dan-nhét tryc hudng bing phuong
phép tryc ti€p, phuong phip chon diém va phudng phédp tya dan héi.

Nghiém dan hdi | Phudng phép
a,(b) (2.10) twa dan hdi
4
Nghiém dan hdi k&t hop
p&', (3.6)

+ Phuong phép tryc ti€p

T (b’t) = (b)lﬁ,(r),ﬁ:g(:) (3.11)

Tinh o = [p7, | 5:(8.36)

A

Tinh nghiém truc tiép
- = |
Oy (b,t) e [PG e]p=%’
V& mién bién thién cia
T (b,t) theo log ot

+ Phuong phép chon diém
Chon A; vdi A" =log, ¢ 4
(Mién ma o, (b,r) thay ddi o) Nghiém dan nhét theo
I phuong phdp chon diém
Thanh lap hé phuong trinh dai s6 tuy&n tinh => gidi tim S c,(b,1)=Ac,(b,t)+ 0
i[lﬁ‘f A} lSj. =[pA5,),., =[p5,],., —05 B21) | véi Ao, (b,r)= i“S,e‘*"
j=1 i i=

4. Két qua so

Tinh ng sudt dan nhdt & ban kinh trong og(a,t)/P va § ban kinh ngoai og(b,t)/P clia
ong tru dai vo han. Vi 4p suit tdc dung & ban kinh trong va ban kinh ngoai ldn lugt 12 P va
OV6iP = Q.
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6 T T T T T T T
A
41 -
asss Phudng phdp nya din hdi
2 —— Phudng phdp tnyc tip
xx x Phudng phdp chon di€m N=20
: +++ Phudng phdp chon didm N=50
L
g'r
@]
ok
Nghiém ding hudng (nghiém 13u dii)
4F 22— e e = - — - = - = - — e e = = e =T T 3
x X
2+ Wi tri chon cde li 3l
x X X X X X X X X X X X X X X X X X X F 4
+ + + + R+ +
a 1 1} L 1 1 1 1
-10 -5 1] B 10 16 20 25 30
Iog t/t,
Hinh 3. Ung sudt & bién trong ciia 6ng tru dugc tinh bang 3 phuong phdp
1 T T T T T T T
Vi tri chon cdc 1
+++++}—H+|—H++—H+H-H+H—H—H+H—H—I—H++f+f'++++++++ 1
1 8 % M X X % M. % MoM oW XD xR KX -
AL e e B U O R e e e e e g 5
il
n@
3 ases Phudng phdp wja din hdi
— Phuong phdp tose tidp
xxx Phutng phdp chon diém N=20
4} 2
+++ Phudng phdp chon diém N=50
‘vt '
5 L 1 1 1 ! L 1
-10 -6 0 B 10 16 20 25 20

Iog t
Hinh 4. Ung sudt & bién ngoai ciia 6ng tru dugc tinh bang 3 phuong phdp
Cic k&t qua dudc vé trén hinh 3 va 4 khi ti s§ giud bdn kinh trong vd bdn kinh ngoai
a/b=1/2. T4t ¢4 ba 15i gidi 12 chinh x4c tai thdi di€m gidi han = 0 va f =c0 va phd hgp lin
nhau trong su chinh xdc dd thi tai moi thdi diém, khong k€ trén diém dinh dng sudt.
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Pé thdy 15 dugc wu diém cla phuong phap chon diém, ching t6i d3 s dung 2 1dn
chon céc di€ém A;. Lan 1: N =20 di€m, 1dn 2 : N =50 diém. V6i N = 20, ta thdy két qua cia
phuong phdp chon diém vin con cdc do 1éch ddng k& tai mot vai vi td. Nhung véi N =50 su
hoi tu thé hién trén khip cdc mién.

Trudng hgp dac biét khi chi c6 ing sui't & ban kinh trong tic dung 1én thanh &ng P,
ing sudt § ban kinh ngoai @ = 0 (vi du dudng 6ng din ddu dat trén mat dat). Khi d6 ta c6
k&t qué clia iing sudt bién trong cia dng tru nhu sau:

5 T T

g T T T T
45+ : -]
s s+ DPhudng phdp tya dan hdi
abk —— Phudng phdp tosc tidp 1
xx x Phvong phdp chon didm N=20
36 . .
+++ Phudng phdp chon didm N=50
g o
g
025
2+
Nghiém didng hwdng (nghiém ldu dai) i
1.6}
% X
Vi tri chon cde 1i
1— .K XX X X X M X X X X X X X % X X X x -3
+ 4+ 4 R +
06 1 1 1 [ 1 i 1

-10 5 0 5 15 20 25 a0

10
Iog t/ty

Hinh 5. Ung sudt & bién trong ciia 6ng tru dugc tinh bing 3 phuong phdp

5. Kétluan

Phuong phdp chon diém 1a phuong phdp gin diing khi N < o0 nhung ta c¢6 thé 1am cho
sai 88 bé hon € > 0 cho trude bé thy ¥ khi ting N di 16n va cdc gid tri A; dG gin nhau. Piéu
nay dugc suy ra tif tinh chat ddy dd ciia cdc ham binh phwong kha tich dang chudi Dirichlet.

Ciéc phuong phép truc ti€p va tya dan hdi 1a nhitng phuong phdp gin ding, nhung ta
khong thé ting d6 chinh x4c 1&n dugc.

Né&u cho Q = 0 két qud thu dugc & diy (Hinh 5) tuong tu nhu két qui cla R.A.
Schapery trong [2].

Bai bdo nay dugc thuc hién dudi sy tai trg ciia dé tai trong diém PHQG — Tp H6 Chi Minh:
Nghién citu quy ludt itng xit “ing sudt-bién dang” ciia cdc vt ligu composite (2001-2003)

APPLICATION OF APPROXIMATE LAPLACE TRANSFORM
INVERSION FOR PROBLEMS OF PLANE STRAIN IN VISCOELASTIC
ORTHOTROPIC COMPOSITE MATERIALS

By: Ngo Thanh Phong, Nguyen Thoi Trung, Nguyen Dinh Hien
Faculty of Mathematics & Informatics, University of Natural Sciences — VNU-HCM
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ABSTRACT: The paper presents approximate methods for the calculation of the stress
distribution in a bollow cylinder of orthotropic viscoelastic composite materials under internal
and external pressure. From the elastic solution the correspondence principe is appied to find
the solution of associate elastic problem. Then three approximate methods : the collocation
method, the direct method and the quasi-elastic method, are used to calculate the viscoelastic
solution.
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