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TOMTAT: Trong bai bdo ndy chiing téi trinh bay céng thitc tinh dign tich da gidc ba
chidu don gidn, tix d6 dua ra m@t cong thikc tinh thé tich ciia mgt khdi da dign bdt ky ba chiéu.
Tiép theo chiing t6i cai ddt thudt gidi tim cdc cbng thitc trén bdng ngon ngit C++.

1. Mé ddu

Céc bai todn lién quan d&€n cdc qué trinh thiy luc va lan truyén chit trong thyc t€ da s6 1a
nhifng bai todn khéng c6 13i gidi gidi tich. P& gidi cdc bai todn nay thong thudng phdi st dung cic
phudng phép s6 nhu sai phan hitu han hodc phén ti hitu han. Mt s6 van dé ndy sinh Lrong khi gidi cdc
bai todn bing phuong phdp phdn t& hitu han 1a chia ludi sao cho hdp ly, don gidn vé& mit tinh todn
nhung vin bdo dim tinh chdt vat 1y ciia qué trinh. Mot vin dé c4n quan tAm khi chia 1u6i 12 bdo ddm
su tudng xdng v& mat dién tich ddi véi titng 8 1u6i. Piéu ndy khd don gidn khi mién xét 1a nhitng 6 ¢6
hinh don gin. Trong trudng hgp mién khdo s4t c¢6 hinh dang phiic tap va gbém hang trim 6 khong lién
théng vdn d& tinh todn 12 khong don gidn. Vi du khi chia Iu6i cho bai todn tran 1d & dong bing séng
Citu Long, do thuc t& dia hinh gdm hang trim 6 cdch nhau bdi nhitng song rach, viéc chia lu6i bit
budc phdi dya vao luéi co ban 12 cdc k&énh song nhung khi phin nhd cdc 6 rudng dé€ tinh tran viéc chia
dién tich cc 6 sao cho phd hdp vdi diéu kién dia hinh thyc t&€ va c6 thé tinh d& dang. Ngoai ra cic
cong thitc dudc trinh bay & bai bdo nay rét hitu ich cho viéc tinh todn cdc dic trung hinh hoc cda mét
mat cit bat ky cia vét thé cé hinh ddng phic tap.

Nhim muc dich tao ra mdt cong cu tién dung trong viéc lap trinh tinh todn, trong bai nay
chiing t6i dd dua trén c4c kién thic cd ban ciia Gidi tich va Hinh hoc d€ dua ra mgt cong thifc tinh
dién tich da gidc don gidn, tir d6 dua ra mot cong thifc tinh thé tich cia mot khdi da dién bat ky.

P& tinh dién tich da gidc (18i ho#c 16m) trong mat phing, trong [1] J.Rokne da dua ra cong
thitc:

M T 1 [5xx;..x,x%,

2 V1 YaY3eYalr
Trong dé: (X1,¥1), (X2,¥2)s «+-»(Xn,¥n) 12 toa d6 cdc dinh cla da gidc, quay theo chiéu ducng
(ngudc chidu kim ddng hd).
Ngoai ra cdc cong thitc momen tinh va mémen quén tinh cud da gidc phing c6 n dinh d6i véi truc x
dudgc tinh nhu sau:

= (X Y2 + X2¥3 + .+ XoY) - (YiXa + YaXa +. . + YuX))

-

=n

S, =
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J, = 12 Z(x Vi = ;+|)’:)[(yi +)’i+|)2 _(Yiym)]
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Trong d6 (Xp41,¥n+1)= (X1,¥1), cdc cdng thifc ndy di dudc ching minh trong [3].

Céng thifc dién tich ciing nhu cong thifc tinh momen tinh, momen quén tinh di&n td rit don
gidn trong lap trinh. T g¢i ¥ cla cdng thitc dién tich ndy chiing tdi d4 di d&€n mot cong thifc tdng quét
han dé€ tinh dién tich mot da gidc phdng P,P,...P, bt ky (13i hoic 16m) trong khong gian:
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2
(2) S= __1_ \/Vxl x2x3 “'xnxl
2 \Wyays-e Yl

tl’Oﬂg dé Pi(x;,y,-,zi), i=l.n
Ciing tir cong thitc tinh dién tich da gidc phing trong khong gian nay chiing t6i da phat hién ra
mdt cdng thiic tinh thé tich cho mdt hinh khéi da dién S,S,. . .S, ba't ky(1i hoic 16m):
X Xig Xy Xiy

(3) V= l 2": y"yr!“'y:'k,yn:x ZyZiyZy, 2y 3
yil-yﬂ'“yik' y,'l

6 T\ |ZnZin2u, 2
trong d6 S,,8,5s...,.S, 12 nhiing da gidic phing bit ky (16i hoic 16m). Pa gidc
S,(i=1.n): PP, P;...P, v6icéc diém P, P, Py,.... Py , PulXiwYizi), k=1..k; n8i nhau chay theo
chiu dudng nhin tif phia ngoai mit S,.
Trong thuc t& khi chi cin tinh todn véi khéi 16i, d€ don gidn trong viéc vao s6 lidu (khdng chi
y dén chiéu quay ciia cdc da gidc),ching toi con duva ra cong thifc sau:
XigXig e Xy Xy

yl y: yi yr'
() —Z o age A
YV Vi, Vi

Zrlzil z:k zt]
Pa gidc §,(i=1.m)1a: P,(x;,¥us24) P (X123 Vizs 22)Ps (Xi35 Vizs 213)--- P, (X, 5 Vi, »24,) lic mdy
khong chii ¥ chiéu quay. (da gidc S,(i =1..n) c6 th€ 16m)
(D&u | |, trong bai nay ky hiéu 1a gid rj tuyét d6i).
Trong [2] Ronal N.Goldman di dwa ra mdt cong thic tinh dién tich cho da gidc phing:

1
A N.Zk: PP

2
= VWV VsV
ZEE 2 A

2
L|FrEEa 2k

XXXy X, X,

XX, X

ZjZipeZy, 2y

n=ya)+ z”—z,,)

XXXy Xy

(&)

Trong d6 N 14 phép véctd don vi clia mit phing chita da gidc,P, 12 cdc dinh.
Goldman ciing dua ra mot cong thifc tinh thé tich khdi da dién trong khéng gian:

(6) HZ(POJ NN {ZP x PM,} }

vdi N; la cdc phdp vec td don vi huéng ra ngoai ciia mat chia da gidc,Py; (j=1,2,...) 12 dinh tht j cia da
gidc tht k ,cic dinh nay ciing quay theo chidu dudng.3 d6 Ronald N.Goldman di dua ra céch chon
véctd N; nhu sau:

le{( POJ) (P2J POJ)}/I(PU POJ) ( 2j PDJ)l

N; nhu viy khong phdi lic ndo ciing hudng ra ngoai,diéu nay 1am cho cdng thitc khéng diing trong mot
s8 trudng hdp.
Cong thitc cda ching t6i td ra don gidn va hitu hiéu hon nhiéu trong tinh todn.

2.Chitng minh c6ng thife tinh dién tich da gidc:

2.1.Ménh dé 2.1: Xét da gidc phdng P,P,...P, (Pi(x,y:2), i=1..n) bdt k¥ trong khdng gian, dién tich da
gidc tinh bdi: -

1
2 S=—
2 2\/

X X

2 2 2
291795 2000 5V 52 252 2
+ 17273 n/'1 +|23 n*1

Y1 V2 V3V Y 212723..2,2, X Xy X3 X X,
Chifng minh: :
LAy Py(Xo,y0,Zo) ty ¥ trong mit phing P chifa da gidc,xét cdc véc to P T % P Y A
.......... BE L 0P

Xét cdc tich cé hudng sau:
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et tacerea ) M B 4 WaVol Yol 12122|  |222Z0|  |2oZi| [¥1%2 | | X2%o |, [FoX
ol x Py by = i +01;l + : -
2,2, | |22Zg| |ZoZ) | ¥iX2| [X2Xo| [¥oXa| 12| V2ol [P
e g Ya¥a| [VaYo|  [PoYa| |72Z3| | |Z3%0] | |FoZ2| [XF2%3| | [X3%o |, [¥ot2
oy x Py Py = + * > >
2,23 | 2325 | 2022 | [X2X3| [X3Xoe| [¥oXa| [Y2Xs| |V3iVo| Vo)
e e VoY VYol VoVal 12221 |Z120| |Z0Za| [Xn%1|  [X1%0| , [¥o*
PQP,,XPDP|= n I+ 1 i n; n n; n e n
z2,z, | 12120 |20Za | [%a®i] [¥i%o| [XoXn| [YValr] V1ol [Von
Céc vécto:

PP aPP o BPxBl. , BByl . BBy % BBy « £, % P,P, déu vubdng gbéc v4i mit
phing P chita da gidc. Khi d6 vécta:
n=PP xBP,+ PP s PP+ B x Bl «..4+RF

x PP, + PP, x PP, né€u khic khong sé&

vudng géc véi phing P.
Cong tit ci cdc thanh phin 1,23 & v€ phdi véi chi §: g M L S
Z7Zy | |2022
VYol [PoYsl_g, . PPl PVl _0 va P Yol L YoM 0 tuong te cho céc thanh phin the 2,3
232y | |20Z3 Z,Z2y| |20Z, Z1Zyg | 204
ta co:
= )2 = VaJs, 4 ViV T YuaVa A Y : 2,2, . Zy2Z3| |Z23Z4 * Zp12n % Z,2) :
Z)Zy| 12223 2324 ZaZ,| |ZaZi| 01 %2] [X2%3| [*3%4 XpaXn| [Xa¥a| -
Xk XX Xk s A 0
1%2 2%3 | O ol ] S 1
W2 | YVaVsl V3V Vici¥nl - Yadi
WV Vie VWi 121222502, 2 | [ X1 X3 X500 X, %y
= s s =("IJn2-n3)
2,2,25..2,2) | XX X3 X, %1 | (V1Y 2 Y30 Vn
l ]. 1 . 2 . A . ¢
Ta cé:—2—||n,| ,—2—"}12“. 5"'13“ chinh 12 dién tich cia hinh chi€u da gidc xudng cic mait

- y0z,20x,x0y (theo céng thitc ciia Jon Rokne) nén it ra mdt gid tri khdc khong.
Viy n =(nj,nzn3) # 0va vudng géc véi phing P chita da gidc nén 12 véctd phip cla P.
Phudng trinh ciia phing P13:  nj(x-Xo) + na(y-yo) + na(z-zo) = 0. Gid sif ns#0 (twong ty cho
n,20,n,#0). Ta co:
g m (x=xg) + (¥ = Y,) %
]
Theo céng thifc tich phin mit loai I dién tich cla da gidc la:

2 2 ¥
S= yds = b”\j b (%i‘) +(%} dxdy (D, 12 hinh chi€u cia da gidc xuéng mit x0Oy)

2 2 4
=HJI+(1I] +[n_2) dedy=rafnt £t SDy)
D, H, n l|n3“

3

Zy

( S(Dyy) 12 dién tich clia Dy, )
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D, 1a da gidc P;'(x,,y,) le(xz,yz) ...Pn'(x,,,yn) hién nhién 1a khong ti cft va quay theo

mét chiéu nao d6. Theo cong thifc ciia Jon Rokne S(D,, =-;—||n3 [ tir 46 c6 diéu cin ching minh.

3.Chiing minh cong thic tinh thé tich khdi da dig¢n: (Cong thirc tdng quét cho moi khéi)

Trudc khi chitng minh cdng thitc xét ménh dé sau:
3.1.Ménh dé 3.1: Trong mdt phdng P cho da gidc P;P;..P,cd toa dj cdc diém Pi(x1,y121), Pa(x2,¥222),
P3(x3,y3.23),. - ., Pu(XnYw2n) i P la mdt hai phia,xét phia ma trén dé di doc theo cdc con dudng PP,
P,Ps,.. ,P,,P, P,P; mién da gidc ndm bén tay trdi nguoi di. Khi dé: n

5 ( N2 V3V

2,2,2,...2, 2,
chéan lén ddu nguoi di).
Chitng minh:

2 25Ty ik B | DR X

NV ViV

’ bl

la vécto dinh huong cho mdt P (tic la n hudng tix
X Xy R

n vubng géc vdi P di bi&t & phan II.

(i) Truong hgp mdt P hudng 1én titc nhin tit trén 0z xudng thdy P.(trudng hgp P song song 07 xét
sau)

Pa gidc Pi(x,y1,2)Pa(X2,y2,22)P3(X3,y3,23). . . Pu(Xn¥nz,) chi€u xudng mit xOy 1a da gidc
Pl'(xl,yl) Pl‘(xz,yz) P"'(x,,,y,,) tao nén mot hinh kh&i c6é cdc canh bén vudng géc véi x0y. Pi
doc theo céc con duding (ddu hudng 1én) P\P,, PPs,... ,P, P, P,P; mién da gidc nim bén tay tréi, thi
trén P]'Pz', PZ'P;,..., P,,_IIP”' ,P,,'P,' ddu huéng 1&n 0z (phia duong) ciing thd'y mién da giic P]PzP,,

4 sl e = an
ndm bén tay trdi (nim bén trong hinh khdi). Khi d6 da bi€t: S(P, P, ...P, ) =—

2 1YV Y3V

X1 Xy Xa:eX, X
| b ol Bt Bt |
>0.

- —

XXX 300X, X,

Tt dé n.ey = >0, suy ran huéng 1&€n.Vay n dinh huéng cho mit P.
NY2YsYuB4
A Pl \ n P2 A P

R 1 \a [

4 PP, \l y P4
Py’
SRS 2o SN RS RS D) B A

pRERE o / Py .

3 \

Py’

(ii) Trudong hgp mdt P hudng xuéng nhin tit dudi Oz 1én mdi thdy P:

Khi nhin tif dudi 1én thdy mdt ngudi di doc theo cdc con dudng (d4u hudng 1&n tic v& phia
ngudi quan sit) PP, PP;... PP, PP, mién da gidc nim bén tay trdithi trén
PP, PP ,.,P_ P PP, ddu hudng 1én Oz (theo chiéu duong) ngudi di s& thiy mién da gidc
1

n¥m bén tay phi. Khi d6: S(P P, ..P,) = - 5

X, X5 X0 X Xy

BARZD LTI % )

>0.
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- —

P J% . 6
Suyra n.e; =

PP LTI P4
Tém lai »n dinh huéng cho mat P.

<0, tr d6 n hudng xubng .

Trudng hgp P//0z ta cling lam tudng tr v6i truc 0x hodc Oy,va c6 dudc ;dinh hudng cho mat P.
3.2.Ménh dé 3.2 (cong thic tinh thé tich kh&i da dién):
Cho hinh khéi da dign S,S,. . .S, bdt ky trong d6 S,,5,55,...,S, 1a nhitng da gidc ph(fng bat ky. Pa gidc
Sli=1.n): Bl Py P,‘ vdi cdc diém F Il e o RIS ,P,,‘ s PidXiYinzit), k=1..k; ndi nhau chay theo

chiéu duong nhin tit phia ngoai mgt S,. Khi dé thé tich ciia kh6i tinh bdi cong thitc:

1 & PaYiaYaVa 1

(3) V= — Z Zy
6 T\ |zazi--2Za, Zi YV, Ya

Chifng minh:

Xét ba ham P(x,y,z) = x ; Q(x,y,2) =y ; R(x,y,2) = 2, mién V trong kh6i da dién. Theo cong
thitc Gauss-Ostrogratski ta c6:
oP 6Q 6R

“’ Pdydz + Qdzdyx + Rdxdy m[ he

j j Pdydz + Qdzdx + Rdxdy = [[xdydz + ydzdx +zdxdy 1a tich phan mat loai II 14y theo
S s

ZinZip-Zy, Zp XiXig oo Xy X;
Xyt Vi

XinXigee X, Xy

dydz = 3V

phia ngoai S (S 12 mit ngoii khéi da dién).
Ta c6: I _[xdydz + ydzdx + zdxdy = Z deydz + ydzdx + zdxdy

i=l g

S, 1a mat ngoai clia cdc da gidc phdng. Tich phin trén mit S, :
”xa‘ydz + ydzdx + zdxdy = H(x cosa, + ycos B, + zcosy, )ds
5, 5,

(Tich phan & v€& phdi 12 tich phin mit loai I).cos, ,cos fB,,cos ¥, 1a cosin cda géc tao bdi
vécto don vi dinh hudng mit S; (mit ngodi) vdi cdc truc 0x,0y,0z theo chiéu dudng. Theo ménh dé 2.1:
YunYglu| ]

2121221, 21
= (ny,n2,n;3) 14 vécto dinh huéng cia S,. Suy ra “ 12 vécto don vi dinh huéng cla
Ni"

— 21121221, 211 | Pz =% *11

YudiYu,In

1=

] >
XXy eeXyy, Xy

S, Tir d6 :cosa, = L T fi= cosy, = w:: > 4+n," +n,’ 1a chun Euclide
T B
trong R®)
n
H(xcosal + ycos B, +zcosy, )ds= Hx tods + ”y M2 ds + Hz
5, 5 W, A A “N "

Phudng trinh mit phing S; 1a: ny;(x-x1)) + n52(y-y11) + ni3(z-z1;) = 0.
Gid sit n;3# 0 (tuong ty cho céc trudng hgp khdc) ,ta cé:
ny (X =x,)+n,(y—y,)

z=— +2,,
Ny,
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ey - O RO

(&) (5] o
2 2
D:':;I-[ nn(x I11)’:3n12(y Vi) zllJﬁJl+(%) +(g_yz_] dxdy =
e M () () LAY
_D'!.,'!.xn N, \j1+ Ty ) +\”13) dxdy | Du'!'y””—ﬁu\/ [ J ["]J o

2 ¢ \2
+ _”Zn = \/1‘*‘ Al B2 ”"nxn'*'”uyn'*'”lazn dxdy

LOF s " Py3 " Dy,

L

(my,%,, + 11,0y, + 1132, )S(D1ay) (D1ny 12 hinh chi€u ciia S, xuéng x0y)

1 n||
Il “(nnxu +n,Y, +n,3z”) "nuu— ("uxu 0,0 +nuzu)
M3

(N&u n,, # 0 thi chi€u xudng mit z0x, n;; # 0 chiéu xudng mit y0z ciing dudc cic két qﬁa nhu trén).
Tuong tr cho cdc mit S,, S;,..., Sy va ta dudc:

1 n
vng("uxn TH Y, T n;azn)

i=l

=)

i=1

y;1y12 ylk,yn

ZjnZjgeZy 2y

ZnZipZy,Zp X Xig oo Xy, Xy

YaYizeYie, Yir
Viy cong thdc tinh thé tich cho moi khdi da dién dugc chitng minh.

Né&u 1a khéi 16i (cdc mit c6 thé 1a da gidc 16m) thi chitng minh nhu sau:
LAy diém P,,(x;1,¥11,Z11) trong mit S; chia hinh kh&i ra n hinh chép véi ddy 1a S;,5,,8s,...,S, (n€u Py,
nim trén mit nao thi hinh d6 suy bi€n thinh mat phdng).Vi khéi 12 18i nén cic hinh chép d6 rdi nhau

Xi Vi Zy

xilxﬂ'”xik, xil

dodé V=DV, = Z%S,h,. (Si, hi 1dn Iuge 1a dién tich cda da gidc S; va khodng céch tif Py, dén §;
i=1 i=1

),mit S; cé phudng trinh phzip dangla:
R

MR

(y-yi) + f_N%'(Z-Zu) =0 ‘

i

ny (xyy — %)+ (Y —Ya) +1,5(2, — 2,)

"_, ,(cin phan biét tri tuyét d6i va chufn),va chu
Ni

do dé hi =]|

1 e o :
¥ cong thifc dién tich cho da gidc phing S; = EHN ," ,suy ra dicu phdi chitng minh,

4. K&t ludn:
Céc cong thitc c6 thé ing dung trong thyc t& khi cdn tinh dién tich hinh da gidc phing va thé tich
kh&i da dién tdy §. N&u hinh 12 khéng phing thi c6 thé chia thit min d€ dugc mét hinh da gidc c6 dién
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tich x&p xi véi hinh cn tinh. Trong trudng hyp khéi khong phdi 1a da dién ciing 1dy mot s0 di€m trén
smit chia thinh céc da gidc, d& hinh thinh mot kh&i da dién c6 thé tich x&p xi vdi khéi cdn tinh.

Nhu di n6i & phdn m8 diu cdc cong thifc trén c6 thé sit dung trong cdc bai todn ty phét sinh
1w6i hai chiu cho bai todn phin ti hitu han. Ngoai ra cong thifc tinh thé tich con dudc st dung cho
viéc tinh todn du bdo mifc do ngdp nudc cla céc & chifa ven sdng ciing nhu ndi ddng.

Cic cong thitc ddu cho nhirng thudt todn hét stc don gidn, nhung vin bio ddm sai s& nhd bdi
vi & cdc cong thitc hdu nhu chi 1am viéc véi cdc phép todn: cong, trlf, nhidn; ddy 1a nhitng phép todn
1am cho sai s it.

THE AREA FORMULA OF POLYGON FOR THREE DIMENSIONAL,
VOLUME OF POLYGON AND THE APPLICATION TO DESIGN A NET IN
FINITE ELEMENT METHOD

Nguyen Phu Vinh, Nguyen Dinh Tung
Department of Technology, College of Industry 4, HoChiMinh City

ABSTRACT: In this paper, we present the area formula of simple polygon for three
dimensional, then we get a volume of polygon. Finally a appliacation to design a net in finite element
method
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