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TOM TAT: Theo cdc cong trinh da cong b [1, 3, 4, 7], néu truc tiép dp dung phuong phdp
phdn tit bién (PPPTB) vao bai todn déng luc dan hdi (& dang dao dgng diéu hoa vdi tdn s6 w) thi
ta 5& dugc hé phuong trinh tich phdn c6 nhdn la t6 hgp ciia cdc ham mi (cho truong hgp 3 chiéu —
3D) hodc cdc ham Bessel (cho trudmg hgp 2 chiéu — 2D) d6i vdi tdn s6’ @. Do do khong thé thu
dugc hé phuong trinh tuong minh cida bai todn trj riéng & dang kinh dién. Con Brebbia [5] sit dung
mot thii thudt ddc bigt dé biéu dién tich phdn mién 2 chiéu bdng tich phdn dudng, nén chi dp dung
dugc cho truong hgp 2D.

Trong cong trinh ndy ta dwa ra cdch tiép cdn khdc: iing dung thudt todn gidi bai todn dan
héi tinh theo PPPTB dé tinh ma trdn A6 mém, tit d6 thiét 1dp hé phuong trinh tudng minh xdc dinh
tdn s6 dao déng riéng. Thudt todn nay cd thé dp dung cd cho truong hgp 2D va 3D. Dudi ddy ta
khdo sdt ky hon thudt todn gidi bai todn dan hdi tinh theo PPPTB, ddc bi¢t la dua ra cdc cong
thite tinh cdc tich phén ky di cho truong hgp 2D.

1. Thuét todn cia PPPTB d€ gidi bai todn dan hdi tinh
Bai todn dan hdi tinh dudc md td bing phuong trinh Lamé 13 phudng trinh elliptic da biét [7]:

[uA +(A+ u)graddiv]u(x)= -F(x) (1)
cling v6i diéu kién bién:
u(x) = g(x) trén phin biénx € Suc S
7(x) = h(x) trén phan biénx € St < S } (2
Trong dé:
x 12 diém bAt ki: v@i trudng hgp 2D: x = (X), X2)
vdi trudng hdp 3D: x = (X, X2, X3)
S=S,+S, 12 bién cia mién danhdi V (2D hoic 3D)
o 12 mat do ciia vat liéu dan hdi
A, 112 cdc hing s6 Lamé ciia vét th€ dan héi
u(x) l1a vectg chuyén vi, T(x) 12 vectd \ing lyc trén bién S
g(x) 1a vectd chuy&n vi cho trudc trén phdn bién S, ¢ S
h(x) 12 vectd ttng lyc cho trudc trén phin bién St S
F(x) 12 vectd mét do lyc khdi (tinh trén mdt don vi thé tich) cho truéc tai diém x € V.
A 14 todn tif Laplace.
Céc thanh phdn clia tensd Wng suit o; cling v6i cdc thinh phin cla vectd chuyén vj u; va vectd ing luc
1; lién hé véi nhau bdi nhitng hé thic da biét [7] (Pinh ludt Hooke va quan hé giita vectd ng suit va
tenxd ¥ng sudt):

H=oyn

Cij = A gk 85 + (U 5+ uj,5) |
(3)

Véi i =1, 2 cho trudng hgp 2D
i=1, 2. 3 cho trudng hgp 3D
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3 day §; 1a ky hiéu Kronecker, vi c6 sit dung c4c k¢ hidu ciia phép tinh tenxd [7] (14 t6ng theo
chi s6 lap, ...).
Nghiém cd bdn cla hé phuong trinh (1) chinh 12 “tenxd cdc chuyén vi don vi 4nh hudng Uj(x, £)”
(do cdc Iwc don vi Fi(x) = 1 dattai diémx e V giy nén tai diém & € V) c6 dang sau [2, 6]:
- . D&i véi trudng hop 2D:

1
Uix L) = W[(S —4v)8,In(1/r)+r, 1, ]

4
va B - cho cong thitc (6)
D&i v6i trudng hop 31
1
U,(x,)=———|@B-4)J, +r, 1,
”( $) 1671';.1(1—1/)7'[( ) 4 " j]-
va a =2 cho cdng thic (6) ()
Trong d6: v 1a hé s6 Poisson, r 12 khodng cdch giita 2 diémx, & € V
Tenxo ing luc Tj; (x, §) tudng ng véi (4) va (5) c6 dang:
1 or
T.(x,)=————<|1-2v)3;: + (1+)r,; 1,; |—+(1-2V)(x,;n; —1,;, n; (6)
e priree {[( By i1l (1-29)(em; ~ )
Ap dung dinh 1y cOng twdng h Betti, ta thu dugc hé thic tich phan Somigliana:
U; (g) = I'C i (X) Uji(x’ E:.) dSy- Iu i (X ) Tji(xs F:) dsS,+ IJ Fl (x ) Uji(x; E.l)dvx @)
S S v

véifeV

N&u cho diém trong & e V ti&n tdi diém bién y € S, sau nhitng bi&n ddi cin thiét, ta dudgc hé
phudng trinh tich phdn bién:

1
Pl M+ XS [w)T(x,y)dS, = [ri(x) U,—i(x,y)dsx}wj(y) ®)
i |S; S

trong dé v€ phdi :

Wi =2 [hi () Usxyase [ g;(X)Tji(x,y)dSy + HFi(X)Uﬁ(x,y)dvl} ©)
1 | S¢ Sy v

Ta xét trudng hgp mit d§ e khdi biing khong (Fi(x) =0)

D& gii hé phuong trinh tich phén (8), ta xap xi bién S béng tip hop N phin ti¥ bién A, k = 1,..., N, ma
N=N,+N, (trong d6 Nu phan t& x4p xi phin bién S,, N, phan t& xdp xi phan bién S,). Trong pham vi
mbi phin ti Ay ta coi vectd u;(x) va T(x) 12 khong ddi, nghia 13 ui(k) = ui(x), Ti(k) = Ti(x) khi x € A, do
dé6 ta thu dugc hé phudng trinh dai tuy&n d€ x4c dinh céc gid tri chuyén vi va @ng luc chua biét trén
bién S:

1 Nt Ny

Euj(f) + 3.3 20 (AT (k, €) - Y7 (K)A U (x, ) }= Wi (6) (10)
i k=1 k=1

véi £=12,...,N; ij=1,2 (cho trudng hop 2D); i, j=1, 2, 3 (cho trud¥ng hgp 3D); va v& phii:

N Ny
W;(0) = Xi:{kéhi KA Uk, - Elgi (KAT;; (k, 2) } (11)
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trong (10) va (11) da st dung ky hiéu:

AU;(k, ) = j Ujj (x, Xo)dSy

Ak
AT;(k,0) = [T(x,%,)dS, (12)
Ak
vdi x, € A,
N&u K # £ thi céc tich phan (12) 1a c4c tich phan hitu han va c6 thé tinh dugc bing céc phudng

phép tich phan s& (ching han phuong phdp tich phan s6 Gauss,...). Khi k= £ tic 1a di€m x,nim trong
phdn tlf dang xét x, € A, =Acla mién tich phin, lic d6 cdc tich phan (12) trd thanh cdc tich phan ky

di. Duéi day ta s& din ra cdc cong thifc tinh céc tich phan ky di nay theo dinh nghia “gid tri chinh cla
Cauchy” (Cauchy principal value).

Ta xét trudng hgp 2D

Chon hé toa dd cuc bd (1;,12) v6i gdc toa dd tai di€m k di x,, hé véc td cd s (ej,e,) va truc 1,
trang v6i phuong ciia phin ti A, = A= AB (Hinh 1). Cho diém ky di X, 12 tim ciia doan thing AB,
c6 nghia la:

R=AX,=X,B=AB/2

x| Con r 12 khodng céch giffa 2 di€m x va x, tinh theo:
r=[(x1— 1)’ + (2= %2)’]" (13)
Trong trudng hgp ndy (hinh 1) e; L e;=n, do d6 ta c6:
o Or
—=—= (14)
on o,
K¢ hiéu Sign(n,) 12 ddu cia n, ta dugc:
0 or : A
r=[n| ; ——=Sign(n;) ; dn; =(Signn;)dr (15)
Hinh 1 _ 31]1
tir (14) suy ra:
o _ ooy
S e
ox; ony Ox;
hay la r;=(Signny) € . (16)

6] day €li= % = cos(M;,X;) 12 cosin chi hudng clia phin ti A, d&i véi truc x;
i

Tix (15) ta xét tich phin ky di thit nh4't cia (12) va ky higu:

-€ R R
AUS (k)= [Ujj(x,xo)dSx = lim J fluigeexodan |t = tim {2 fuiiart an
—— e—>0 = g e—0 :

AB
Thay (4) vao (17) va ké d&n quan hé (16) ta dudgc:
R
AUS(k, k)= ————|(3—4v)3;(1-InR) +e;e; 18
lj( ) 4113}1(1—\/)[( ) 1_|( ) li 1_1] (18)

Vi (14) nén s8 hang thi nhit trong biéu thic (6) bing khong, ta tinh phin tich phin ky di cia s6
hang con lai trong (6) va ky hiéu nhu duéi ddy, ta dudc :

AT (kK= [T, (6 5)dS, = [T,(ex)dn
AB AB
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-¢ R
_=(1-2v) : 1
——=lenj—rini|lim{+ |+ |(~d
el ring r’lnj]af-lilo _.1[ J(r ni)
_=(1-2v) £1
* = V)I:eljn, ehnj]hm{ I+J(;dr)}
hay AT (k,k)=0 (19)

Céng thifc (18), (19) cho ta cdch tinh céc tich phin k¥ di d&i véi trtrdng hdp 2D.
Viy la cic cdng thitc (12), (18), (19) va (11) cho ta cdch tinh cic hé s& va v€ phdi cia HPTDSTT

(10) d€ x4c dinh cdc gié tri chuy&n vi bién uy(k) chua bi&t (k=1,..., N)) va cdc gid tri ng luc bién 1;(k)
chua biét (k=1,..., N,) va i=1, 2 d6i véi 2D, i=1, 2, 3 d&i vdi 3D.

Hé dai tuyé’n (10) 6 thé viét dudi dang ma trin:

[A] {x} = {b} (20)

Trong d6 :[A] 12 ma trin (bdc 2N x 2N cho trudng hgp 2D, 3Nx3N cho t.h. 3D) c6 phin ti 1 cic
hé s6 tich phén tinh theo (12) hodc (18), (19).

{b} 1a vectd v€& phéi (v6i 2N thanh phin cho trudng hgp 2D, 3N cho t.h.3D) dudc xdc dinh theo
(11).

{x} 1a vectd (v8i 2N thanh pkin cho trudng hdp 2D, 3N cho t.h.3D) gdm cdc chuy&n vi bién va
tng lyc bién cdn tim (tai cdc phin t bién).

Sau khi gidi hé (20) ta xdc dinh dugc 2N thanh phin (cho trudng hop 2D, 3N cho t.h.3D) hédn hop
ciia chuyén vi bién u; (k) va ting luc bién (k) (tren cdc phdn tf bién A, k=1, ., N), ta s&€ xdc dinh

dugc chuyén vi tai diém trong bit kj z € V cla mién dan hdi theo cong thitc x4p xi hé thic tich phin
Somigliana (7):

N N
u;(z)= Z{l;—lti(k) AU; (k, z) -Eui(k)ATji (k, ) } (21)

3 day ta ding ky hiéu:
AUk D= | Ustx, 2) ds,
Ak
AT;(k, 2)= I Tji(x, z) dS (22)
Ak
v@ize V.

K&t hop gidi hé (20) va cong thirc (21) ta dudc “thudt todn (20) va (21)” clia PPPTB d& gii bai
todn dan hdi tinh.

Dudi ddy ta dua ra vi du ki€ém chitng thuit todn néi trén
: Xét hinh vudng véi canh c6 dd dai 12 don vi (a=1), va

x21 cdc dinh O(0,0), A(0,1), B(1,1), C (1,0) (hinh 2). Cho ham
A(0,1) B(1,1) vectd chuyé&n vi u (uy, up) thda man phudng trinh cin bing
ey s ;
—p—y (1), 6 dang biéu thic sau:
Ng
1 I‘fl 1\‘75 1‘33 & 'Tl' u=l- (1 -v)v/E] (x, - 0,5) (23)
: & uz=[- (1 -v)/E] x,
5 N, .
= R
i s C(1,0) X
Hinh 2
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véi cdc hing s6 E = 1, v = 0.3. Trén cdc canh bién OA, AB, BC, CO cla hinh vudng ta cho cic
gid tri ciia chuyén vi theo biéu thic (23). S¥ dung thuét todn (20) va (21) néu trén (vi 16 phan tf
bién) ta tim cdc chuyén vi tai cdc di€ém trong N1, N2, N3, N4, N5. K&t qud tinh todn dua ra trong bing
1: So sédnh cdc gid tri u,, u, tim dudc theo thudt todn (20) va (21) cia PPPTB va cic gid tri chinh xdc
tinh theo (23).

BANG 1
Toa do Chuyén vi Chuyén vi
Piém theo PPPTB chinh xdc theo (23)
X1 X2 uj U) U 15
NI 0,25 0,5 0,108 0,463 0,0098 0,455
N2 0 0,75 0,002 0,693 0,0 0,683
N3 0,75 0,5 -0,096 0,464 -0,008 0,455
N4 0,5 0,25 0,002 0,237 0,0 0,228
N5 0,5 0,5 0,002 0,465 0,0 0,455

2. Phuong phdp xdc dinh tdn s6 dao dfng riéng bling cdch ng dung thuit toin PPPTB cia bai
todn dan hdi tinh

Cho vit thé dan hdi tuyén tinh v6i n bic ty do, sit dung ma trin dd cing [K].x, v ma trin phin
b8 khdi lugng [M],, clia n6, ta c6 thé thi€t 1ap hé phuong trinh d€ xdc dinh cdc tin s§ dao dong riéng
o ciia vat thé dudi dang

(IK]- 0* M) {v}=0 (24)
Trong dé { V } 1a vectd dang dao dong ri€ng.
Ta xét ma trin d mém [R] 12 nghich ddo clia ma trin dd cing, nghia la:

KL <Rl (25)

Nhin (24) v6i (25) tir bén tréi, ta dugc phudng trinh tudng dudng dé€ xic dinh tin s§ dao ddong
riéng .

1
(;);[E]-[C]]{v}=0 26)
& diy [E] 12 ma trdn don vi, va _
[C]=[R] M] (262)

véi [R] - ma trin d6 mé&m 1a ma trin dGi x¥ng, [M] - ma trdn phin b& kh&i lugng 1a ma trin
dudng chéo.

Ta biét ring, ma trin 46 mé&m [R] chinh 12 “ma trdn cdc chuyén vj don vi dnh hudng”, nghia 1a
cdc phin ti ciia ma trin dd mém [R] = [ry]ua 12 cdc chuyén vi theo phuong j (ndm trong s& n béc tu
do: j=1,..... n) do luc don vi P; = 1 tdc dung theo phudng i gdy nén (i=1,..., n). Do d6 cdc chuyén vi
ndy c6 thé xdc dinh dugc bing cach 4p dung thudt todn (20) va (21) cia PPPTB dé gidi bai todn dan
hai tinh n 14n dusi tac dung 1in lugt cia Ivc don vi P; = 1 theo phudng i (i=1,..., ), titc 12 gidi hé (20)
n 14n vdi n vectd v& phéi {b}. Khi d6 ma trin A ciia hé (20) chi cin thi&t 1p mét 14n theo (10), cdn n
vectd vé& phdi {b} cia (20) dudc tinh theo (4) cho trudng hdp 2D hodc theo (5) cho trudng hgp 3D.

Sau khi tim dugc cdc phin td r; cia ma trin 46 mém [R] ta thi€t 1ap hé (26) d€ xéc dinh céc tin s&
riéng o’

D€ ki€m chiing thuét ton xdc dinh cdc tdn s6' dao djng riéng o, néi trén, ta xét bai todn vi dy
sau diy

Xi4c dinh tAn s8 dao ddng riéng clia ling try véi thi€t dién vudng ABCD (hinh 3) c6 d6 dai méi
canh a = 6M va lién k&t ngdm trén canh DA, vdi cdc hing s§ vit liéu: modun din hdi E=10*MPa, hé
s6 Poisson v = 0,2, mat dd khéi lugng p = 1T/M3 ;
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D€ gidi bai todn nay theo thuit todn ciia PPPTB d6i v6i bai todn tinh dan hdi, ta chia bién cia
hinh vu6ng thanh 16 phan tf, va tap trung khéi lugng tai tim cda 16 phin ti bién va 9 niit bén trong
hinh vudng (hinh 3).

4t Daiy 12 bai todn phing, I[’léi khéi lugng m; ¢6 2 béc ty do.
Canh DA ngam, nén céc khdi lugng trén canh nay khong cé
i-: R P __ bidctudo, viviy toan hé c6 42 bic ty do.
W . Pdng thdi ta gidi bai todn nay theo phwong phép phin tir
o—e hitu han (PPPTHH) biing cdch chia m&i canh hinh vuéng thanh
g ] & 10 phén, do d6 ta c6 sd d3 tinh gdm 121 niit véi 220 bic t do
b ' [ (trr 11 nidt & canh ngam khong c6 bic wr do). K&t qud tinh
P ) todn 4 tin sé'rién‘?g dau tién theo PPPTB va PPPTHH dudc din
At XL; -+ ra trong bing 2 d€ so sdnh vdi k&t qua ciia Brebbia [5].
Hinh 3
BANG 2
Céc tin s8 dao dong riéng ol w2 w3 wd
Theo PPPTB (bai todn tinh) 11,36 26,34 31,61 47,79
Theo PPPTHH 11,31 26,81 30,27 47,01
Theo PP Brebbia [5] 11,42 26,17 29,9 44,86
Két ludn

Vima trin d6 mém [R] dugc xdc dinh tif 18i gidi bai todn dan hdi tinh nguyén dang ban ddu (véi
cdc lién k&t von ¢6), nén né mo ta sdt xao tinh trang bién dang tdng thé ciia k&t cdu. Cho nén vdi s§
phin ti bién khong 16n thudt todn néi trén vin c6 thé x4c dinh khd chinh x4c cdc tin s& riéng diu
tién.

APPLICATION OF ALGORITHM OF BOUNDARY ELEMENT METHOD IN
ELASTOSTATICS FOR DETERMINATION OF EIGEN FREQUENCIES

Chu Viet Cuong

ABSTRACT: At first the algorithm of Boundary element Method (BEM) for solution of elasto -
static problems is discussed. The coefficients in the established system of algebraic equations are
boundary regular and singular integrals. The regular integrals are calculated by Gauss’ numerical
Method, but for calculation of singular ones the analytic formulae are offered. Then an example for test
of formed algorithm of BEM is given. Further, the system of equations for determination of eigen
frequencies is formed due to the flexibility matriss, the elements of the last one can be. defined by the

above presented algorithm of BEM. At last a test example is considered for comparison of BEM with
finite element Method and result of Brebbia’ Method.
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