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TOM TAT: Bai bdo trinh bay gidi thudt cdc phuong phdp gdn diing bién ddi Laplace ngugc
dé gidi bai todn ting sudt nhigt cho vat ligu luu bién nhiét gidn don. Bién ddi Laplace theo bién
thoi gian suy ddn. Ba phuong phdp gdn ding di dugc dp dung. Nghi¢m thu dugc tit ba phwong
phdp nay chita thoi gian suy ddn. Dé thu dugc nghiém nhiét-dan—nhdt phdi thay thoi gian suy
ddn bdng thoi gian thic.

1. Gidi thigu

Thuc nghiém chitng t3 riing, cdc dic tinh cliing Gng sudt (relaxation) va chdy chdm (creep) cla
bi€n dang trong vét liéu phu thudc vao nhiét dd, vi vdy cdc phuong trinh cla 1y thuyé&t dan hdi di
truyén c6 chifa sy phu thudc nhiét do. Nhiéu tdc gid dva ra gid thuy&t ring, sy Gng xif luu bi€n ciia vat
ligu khi nhiét d6 thay d&i c6 thé mé td bdi phuong trinh c6 cdu tric gidng nhy trudng hgp ddng nhigt
nhung vdi thang thdi gian suy din. VAt liéu c6 tinh chit nhu vay dudc goi 12 vat liéu “luyu bi€n nhiét
gian don”.

Thai gian suy ddn duge dua vao bdi quan hé:

t

dt'

i Pion) o
ham a[T] 12 ham vat liéu phu thudc nhiét d§ dudc chon sao cho a(Tg) = 1, T; dudc goi 12 nhiét d6 tham
chiéu.

Nguyén Iy dua trén viéc st dung thdi gian suy din dugc goi 12 nguyén 1y tuong tu nhiét d — thoi
gian. Nguyén 1y nay ddu tién khong phdi dugc sit dung dé gidi bai todn dan-nhdt (dan hoi di truyén)
ma dé& riit ngdn sy kéo dai cla thdi gian thi nghiém xdc dinh cdc dic trung ching Ung sudt va chdy
chim cla bi&n dang. Nguyén Iy twong tu nhiét d6-thdi gian dugc sit dung dé thay thé cdc thi nghiém
rit 1au dai & nhiét do thip bdi thue nghiém rdt ngdn & nhiét d6 cao.

P& tinh todn @ng suit nhiét trong vit liéu Ivu bi€n nhiét gidn don, ta 4p dung phép bién dbi
Laplace ddi vdi thdi gian suy din. Gidi thuit cdc phudng phép gin ding: phucng phép chon diém,
phudng phép truc ti€p, phudng phap tya dan héi [4] dugc st dung & day d6i v6i thdi gian suy din. D&
thu dugc nghiém cilia bai todn din-nhdt ta phai thay thdi gian suy din biing thdi gian thuc.

2. Phuong trinh (¥ng x& tvong vat liéu luu bi€n nhiét gidn don

Cic tinh chit cd hoc ciia vét liéu dan-nhdt phu thudc vao nhiét dd chl y&u thdng qua hé sd gidn
nd nhiét va su thay d8i clia thdi gian chiing p, va thdi gian tré 7, C4c thong s8 thdi gian niy rat nhay
cdm ddi vdi nhiét dd. Rat nhidu vat lidu thda gid thi€t vé “dng xi¥ lvu bi€n nhiét gidn don” [1,2]. Theo
gid thi€t nay, tit cd cdc hé sO thdi gian p, vd 7, chiu 4nh hudng cla nhiét do gidng nhau. Theo
R.A.Schapery [3], quy ludit ing xi ctia vat liu luwu bién nhiét gidn don dudc vi€t dudi dang:

! oe : OAT
o, = ICJ’(f—f')a—:dr—Iﬂy(f—f')wég—dr (2.1a)
0 0
hoic tuong dudng
y 08y 1y, | . OAT
o, = [Cl¢-ergpde-[p, -0t (2.1b)
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trong d6 AT 12 gia s6 tz"mg nhiét db so véi nhi&t d tham chi€u nio d6 va & 1a thdi gian suy din.

oo et
&= Sl o rony| (2.2)
A man)
M6 dun ching C“ (&) va ham chtmg ing suit S, (&) c6 dang chudi e-mi
C)l (&)= ZC"“*’ 7o +C; (2.3)
£
B, (&)= Zﬂ“’ Yo B, 2.3

cdc him ,B(’) va B, xdc dinh ing sudt nhiét trong vat liéu chua bi€n dang va 12 nhitng dai lugng nia
xdc dinh dudng.

Khi ddng nhiét theo thdi gian, m6 dun chiing &ng suit c6 dang:
-t
Cy ( % I ¥ CJle o cy 24)

Nhu viy hiéu @ing cia nhiét dd hing 1&n sy ¥ng xi¥ chiing (hoic cﬁéy chdm) 12 sy chdy don gidn
trén thang thdi gian, do d6 ar thudng dudc goi 1a nhan ti nhiét lwu. M6 dun dan hdi C;’ cda vt ligu

ding hudng ti 1& v6i nhiét dd tuyét doi, nhung ta bd qua sy phu thudc nay bdi vi né c6 hi€u qud tuwdng
d6i nhd so v6i nghiém chiing ng suit.

Ti phin chiing ng suit ting khi nhiét d6 ting, do d6 arla ham nghich bi€n ciia nhigt do. N&u
md dun chiing ¢ng sudt dudc do tai cdc nhigt do khdc nhau va vé dd thi theo logt thi khodng cich
ngang gifa dudng cong tai nhiét do tham chi€u ng véi ar = I va dudng cong khéc tai nhiét d6 T, bing
logar. Sy phat hién nay cung cip bién phép wéc lugng him ar va gitp kiém tra gid thuy&t ing xi luu
bi€n nhiét gidn don.

Phuong trinh ttng xd ngudc (2.1b) 15

o Ou 0AT
£;(x,,6) = js | = d§+j ¢ ~¢) Gt @.5)

trong d6 e, ($) 12 bi€n dang khi khdng c6 @ng suit va dugc tinh theo cong thifc:

a; (&)= Za(" [1 e“% } +a, (2.6)

Phuong trinh ng xi& d6i vdi vat liéu ding hudng dugc suy truc ti€p tiY phudng trinh (2.1) bing
cdch doi hdi C“ (&) va B,(£) bit bién ddi véi cdc phép quay toa do. Dang cdc ky higu tudng ty
trong 1y thuy&t dan héi, ta c6:

o —2JG§ £)2 Sede s }{z(r: ) e~ :)ﬂ]da @

trong d6 £ 12 bat bién ba.c mdt cia tenxd bi€n dang, 6,.1. 1a ky hiéu Kronecker va G(f),ﬁ(f) 1a cdc
m6 dun chiing twdng ng vdi céc hing s6 Lamé.
Ba him chilng trong (2.7) gidi han bdi céc diéu kién nhiét dong, c6 dang e-mii:

W
Gl¢)= ZG“)e ) (2.8)
A¢)= ZA“ . A (2.8b)

Trang 6



TAP CHi PHAT TRIEN KH-CN, TAP 7, 80 11/2004

-9 |
BE)=3 p% oo s (2.8¢)
trong dé p, >0 - (209)
GY>0,G,20,Y6Y+G,>0 (2.10a)

2

KW =¥ +%G(‘) 20, K, =2,+3G, 20, S KD+ K, >0 (2.10b)

K, va K 13 cdc md dun chiing thé tich

2 £
k()= 20)+26e)= T ke vk 2100
5

Ham ﬂ.(;’) khong cin ddi hdi dudng bdi vi ching khong phdi 1a cdc phan ti trén dudng chéo
chinh ciia tenxd dd ciing.

Phuong trinh tng x& v6i hiéu @ng nhiét vita néu trén chi 4p dung cho vat ligu vdi gid thiét c6
tinh Iutu bi€n nhiét gidn don. Mac di rdt nhiéu vt ligu ¢ quy luat ing xit nay, nhung cling cé mot s6
composite khong thda quy ludt ndy. Thi du, composite c6 hai pha dan-nhdt khdc nhau. NEu mdi pha 1a
luu bi&n nhiét gidn don, nkung hé s& nhiét Iutu ar khong biing nhau, composite khong phdi vét li¢u luu
bi&n nhiét gidn don khi mot pha dan hdi trong khi pha khdc dan-nhét, thi du nhya-thiy tinh. Trong
trudng hop nay, ta gap phdi rdt nhiéu khé khin v& mit todn hoc vi nguyén Iy tuong ing khong con
hiéu luc.

Quy luat ¥ng x& ddng nhiét c6 thé 4p dung cho vit liéu c6 hay khong c6 tinh luu bi€n nhiét glan
ddn n&u nhiét do khong thay ddi theo thdi gian. Theo Schapery [3], ta ¢6 th& xem nhiét do nhit tham sd
trong md dun chiing va cdng thém s6 hang — 3,(T, H)AT .Néu AT =0 khit < 0 va 4T = const khi t >

0, ta co:
o, = [CP(T.i- r)—aagT“dr - B,(T,0)AT @.11)
: ,

trong d6 cdc ham chiing ¢6 dang:
-
CHEA=Y € T)e o c, (T) 2.12)

5

N&u nhiét do téc :lung tai thdsi diém ¢t << 0 thi B, (T,1) = B,(T,).

3. Bi&n ddi Laplace

Trudng hdp bat ing nhiét trong mdi trudng luu bién nhiét gidn don, ta ding phép bi€n ddi
Laplace vdi thdi gian'suy dan:

f=7(p)= [e flx,,¢)dé 3.1)
0
Bié&n ddi Lapla'.e phudng trinh (2.1b) c6 dang: ‘
=Cle, - B,AT (3.2)
CcHe)
trong d6 cha,p =3 —L=— PC___ c¥ (3.3)
~p+ /
psaT
pBy)

B,(T.p)=ppB, = Z + B, - (3.4)
/ps
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Quy ludt ng x& da bi€n dbi Laplace (3.2) dong nhdt vé& hinh thifc véi cdc quy luit lmg XU cia
mdi trudng ding hudng véi cdc hiing s& dan hdi C va hé s6 gidn nd nhiét ﬁ

4. Thi€t 1ap bai todn hiéu @ng nhi¢t dan-nhét. Nguyén Iy tueng @ng.

Hé phuong trinh kin ciia bai todn bién dan-nhét v6i hiéu dng nhiét gdm sdu phudng trinh @ng xi
(2.1b), ba phuong trinh cin bing va sdu hé thic Cauchy. Trong hé phudng trinh nay, cdc dai lugng ing
sudt, bi€n dang va chuyén vi 12 ham cia bén bién doc 14p, gdm 3 bi&n khdng gian x; va bi&n thdi gian
suy dan £,

Ta c6 hé thic bi€n ddi cic bién doc lap:

dt'
=x o 4.1
X=X é: §(x ) _[ T[T x‘,,f ] )
Tir diy ta cé:
) ox', 0
¥ A oo o oo 42)

o, ox, ox, 0fdx, Ox, OFow,

NE&u nhigt d§ khong phu thudc cdc bién khéng gian thi cic phudng trinh cin biing va hé thitc
; Wl
Cauchy vin giif nguyén dang nhu trong trudng hdp ding nhiét vi Exé—:— =0.
i
Gid sit nhiét do thay ddi theo bién thdi gian nhung khong thay ddi theo bién khéng gian va vit
ligu c6 tinh luu bi€n nhiét gidn don. Trong trudng hdp nay ta vin c6 thé 4p dung nguyén ly tudng Wng.
Ap phép bi€n d6i (3.1) vao cdc phuong trinh cin bing va hé thitc Cauchy ta dudc:

8Ty ¢ .

—2+F =0 4.3)

6xj.

. 1(oa, o4

Ey=—| ++— ‘ (4.4)
2\ ox; ox

(4.3), (4.4) cing v6i quy ludt ing xi¥ (3.2) va cdc diéu kién bién
u,=U, ,xeS5, (4.5)
on; = T, ,x€ St (4.6)

tao thanh bai todn bién nhiét-dan héi k&t hgp.

Nguyén 1y tuong @ng cho phép ta sit dung nghiém ciia bai todn nhiét dan hdi k&t hop dé tim
nghiém cda bai todn dan-nhdt, bdt ding nhiét. Gidi thuat ba phuong phép gin diing: phuong phip twa
dan hdi, phudng phdp chon diém, phudng phép tryc ti€p tudng tw nhy trong trudng hop ding nhiét [4].
Sau khi tim dugic nghiém ciia bai todn nhiét dan hdi két hgp ta phai thay ddi thdi gian suy din thuc bai
thdi gian thuc.

5. So dd khéi gidi bai todn Wng sudt nhiét trong vat liéu composite dan-nhdt bﬁng cdc phuong
phép gin diing bi&€n ddi Laplace ngugdc (Xem trang 9)

6. Ung sud't nhiét trong vat liéu composit din-nhét hic in - s¢i thiy tinh
Vatligu composit gom hai pha: vat liéu nén 1 hdc in c6 tinh dan-nhét, vt lidu gia cudng 12 sgi
thiy tinh v6i ti€t dién ngang hinh trdn c6 tinh dan hdi. Ta 4p dung cd ba phuong phép gin ding bi€n

ddi Laplace ngugc d€ tinh todn Wng suit huéng ban kinh trén b& mat ti€p xiic gilta sgi thiy tinh va hic
in khi nhi&t do thay ddi.
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Module dan héi theo thdi gian
suy din E, = E,(£) (i=123)

Nghiém dan hoi Phuong phdp FE(E))
f Tua dan héi
v
Nguyén 1y tudng @ng Xap xi dudi dang chudi Dirichlet
v E(&)= i Ee %
Nghiém dan hoi k&t hop =1

of = pf (E,(p)

Bi€n ddi Laplace

Phudng phép truc tiép -
E,(p)=p[e " E,(&)ds
0

Tinh nghiém tryc ti€p

x,)=[pf |-y,

® @ L= 1

V& mién bi€n thién cia é l

f&Ex,) theo 10;;,10(?ro )

Phuong phdp chon diém Nghi¢m dan nhét do
: nhiét theo phuong phép
Chon %; véi A" =log,, (7 ) chon diém (theo thdi gian
I Fo suy din)
(Mién ma f{£x;) thay d8i rd)
f.x)=81.x)+ /.,

Y

véi
Thanh 14p hé phuong trinh dai s6 tuy€n tinh => gidi im S;

N
N -1 B iz = -Ag
[Hﬂ/} s, =[pAf]p=2‘ =‘[pf],,=,1, _f Af(£,x,) ;S;e

i=

Y
= dAT
AT =AT(@) —> T =k » Tinh nghiém dan nhét do nhiét
(theo thdi gian thuc)
I
£ dAT
£= j s SOx)= [fG-¢x)—dr
0

6.a. Lui gidi bai todn nhiét dan hoi
Ung suit nhiét dan héi tai vi tri ti€p xic theo phu‘dng ban kinh clla mdt sgi don dugc tinh theo
cOng thac [3]:
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(a, & )E,EIAT
o, = ( ) 6.1)
El-v, )+ E,(1+v,)
trong 46 AT =T —T; 1a d6 chénh l&ch giita nhiét do hién thdi, T, va gi4 tri nhiét d6 ban diu, Ty, ma
tai Tovat lidu (sgi) cé ng suit tv do.

a : Hé s0 gidn nd nhiét tuyén tinh
E : M6 dun dan héi Young
v : Hé s& Poisson

va cdc chi'sd dudi r va ftudng dng chi hic in va sgi thily tinh.
6.b. L gidi nhiét dan -nhét
Nguyén ly tuong ng cho ta nghiém clia bii todn nhiét-dan hdi k&t hop:
co e, —a B BT
E{-v, )+ E,(1+7)

phu thudc vao cic md dun Young, hé s6 Poisson tinh todn E va V..

o 7

(6.2)

Hé s8 gidn nd nhiét 12 ham din-nhdt, nhung do hiu hét trong cic loai polymer cdc hé s& gidn nd
nhiét doc 14p v6i nhiét do chuyén ti€p cla thiy tinh, T, , nén & ddy ta bd qua tinh dan-nhdt ciia hé s&
gidn nd nhiét.

Mot cdch tucng tw, md dun thé tich 12 him dan-nhdt tuong d8i y&u, va thong thudng dudc thira
nhén 12 hing. Tir d6 d€ thuén tién, ta biu din hé s8 Poisson theo md dun thé tich hing, K, , bing
cdch st dung m&i lién hé dan hdi quen thudc:

A
-
2 6K,

(6.3)

Hic in dugc st dung cho viéc ché tao cdc loai composite hic in—sgi thly tinh thudng phu thudc
nhiét do rdt manh. Ta cho hic in ¢6 md dun ching hudng bdn kinh 12 mdt him mi theo nhiét dd trén
T, [3].

" E -E
E (¢)=—f—"—+E, (6.4)
[1 + 7 }
o
véi mil n = 0,3, thd¥i gian hing 7,, md dun thdi gian ngdn E, = 3555 MPa va md dun cin bing trong
thdi gian dai E, = 71,1 MPa. Vi nhiét dd dudi T,, ching ta cho E, (£)=E,.
M4 dun tinh todn dudc xdc dinh theo cdng thifc:

E.(p)=p[e"E,(£)dc (65)
0 ’
Dé tinh E,, ta ding phuong phdp diém dé bién déi ngugc chudi Dirichlet hitu han:
E, (&)= iEse_%s +E, L HE6)
Véi Eg va pg d;_ll)ié't phudng trinh (6.6) s& din dén
B BB = Es ©7)
iy Ps

Céc hé s6 ciia chudi (6.6) dugc tinh todn dua trén phuong phdp diém vdi cdc dit liéu dudc cho tir
phudng trinh (6.4). Pic biét chiing ta chon cdc diém &5 v6i mdt khodng chia nhu sau:
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log(g%) ) Y S

va chon thdi gian ching pg = 2&;. Mot hiing 8 thdi gian thém pg = 2x1072 7, dudc ding d€ dénh
dducichimd £=0.

Heé s& Poisson ciia hic in d&i véi nhiét dd thip hon T, dudc xem nhu c6 gid tri v, (O) =0.33,
dé ta ¢6 modun thé tich K, = 3484 MPa. D3i v6i sgi dan hdi, ching ta chon E;= 71100 MPa va
v, =0.22.

Bi&n d8i Laplace ngudc ciia phudng trinh (6.2) bay gid dudc vi€t theo cdc hé s vira phin tich va
nhiét db tic thi tdng quét
dAT
o, = IG -8 (68)
trong dé O'f (f) 1a cdc 13i gidi ddi véi thay ddi mdt don vi nhiét dd H(t), vi viy:
1.1x10° - 2.4E
Bii to4n dudc it gon thanh bién d8i ngugc (6.9) cong vdi tich phan phudng trinh (6.8).

Ci ba phudng phdp gin diing, phudng phdp di€m, phuong phép truc ti€p va phuong phép twa dan
hdi dugc st dung dé bién ddi nguge phudng trinh (6.9) véi két qué dugc vé trén hinh 6.1. Trong phudng
phép diém N=11 dudc si dung tai cdc diém log p7y =—-8,-7,....,.2

)

~8

po

(6.9)

g

“(a.-a,)E,

0.04

0.035} +‘r.._.-—-—--PhUx’dng phdp diém

0.03

Phuong phdp
tira dan hdi

0.025

0.02+

0.015

0.01}

Phuong phép / \

fruc tlep
0.005 *‘g__

Fag
R s
J : ; ; : 14
% -2 0 2 4 6 8 108% x10
0

Hinh 6.1: Ung sudt phuong bdn kinh tai bé mdt hdc in - sgi thiy tinh theo
budc thay doi AT=1

Nghiém ciia phuong phép truc ti€p thu dugc bing cich thay thé p = % £ vao phudng trinh

(6.9).

Nghiém cla phudng phdp tya dan hdi dudc tinh bing cich thay thé phuong trinh (6.4) (v6i cdc
hing s6 da cho) vao ting sudt dan héi (6.1) véi AT =1.0

T4t c4 3 nghiém cho sy tuong (ng tSt trén toan bd mién bi€n thién, va ta khong thé phan biét sy

chénh 1&ch giifa nghiém ciia phuong phdp diém va nghiém tyra dan hdi khi log(% J >1.0.
0
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DE tinh todn wng suit cho mot lich st nhigt do cu thé AT = AT(f), ta dem vio m&i lién hé gifta

thdi gian thuc va thdi gian suy din (2.2), va thay th& [iﬁ;}d‘f’ bing [C?—T]dr trong (6.8).
T

He s6 “nhiét Iuu” a, = a, (') dudc chon dudi dang ham mi [3]

a, -_—I:(To wT‘%uT )] PRI, (6.10)

a
trong d6 T, va m 1a cdc hing s& vat liéu, va Ty 12 nhiét do tham chi€u twong ing ar =1. Theo céc s6
ligu thyc nghi€ém, m = 15 va T, thip hdn vai dd so v4i nhiét d6 chuyén tiép cia thdy tinh T,.

ALGORITHM OF APPROXIMATE METHODS OF LAPLACE
TRANSFORM INVERSION ANALYSING THERMAL-STRESS
IN VISCO-ELASTIC COMPOSITE MATERIALS

Ngo Thanh Phong _
Faculty of Mathematics and Informatics, University of Natural Sciences — VNU-HCM

ABSTRACT: The paper presents the algorithm of approximate methods analysing thermal-stress
in the thermorheologially simple materials. The Laplace transforme is taken with respect to reduced
time. Three approximate methods are applied. The solution included the reduced time. The thermo-
viscoelastic solution is given by replacing the reduced time by the real time.
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