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TOM TAT: Trong bai bdo nay chiing t6i trinh bay qui ludt wng xit Iy thuyét dan déo cia bai
todn mdt chiéu, sau dé chiing t6i khdo sdt tinh chdt nghiém ciia bai todn gid tri bién va ban
ddu nhu: tinh duy nhdt, tinh co cila nghiém, tiép dé ching tdi trinh bay thudt todn return
mapping cho bai todn tdi bén ddng hudng. Cudi cing ching t6i dé cdp dén vin dé cuc tiéu
hda phiém ham ndng ligng bé sung ching 16i ciing thu dugc két qud tuong duong vdi thudt
todn return mapping.

1. M§ ddu

Trong bai bdo nay ching t6i khio sét ludt ¥ng x{ trong vat liéu dan déo, lién quan
tdi bai todn gié tri bién va ban diu (ibvp) trong pham vi m6t chi€u. Pau tién chiing t6i tém
ludc dang manh va dang y&u (dang bi€n phan clia phudng trinh chuyén dong). Sau d6 ching
161 dé cap dé&n sy hao tén trong hé lién tuc, ddnh gid sy 6n dinh cia hé va cudi ciing 4p dung
vao bai todn dan déo, d6 12 thi du dién hinh cho lut t4i bén.

Hon thé€ nita chiing t6i ciing khdo sat tinh ch&t nghiém ctia ibvp nhu tinh duy nhat,
tinh co véi sy ddnh gid ning lugng hao tdn tién dinh ma né 12 két qia cia tinh chét c6 su
tiéu hao ning lugng § bén trong cdc hé cd hoc. Ti€p d6 chiing tdi trinh bay thuit todn return
mapping cho bai ton tai bén déng hudng. Cudi cling ching t6i dé& cap dén van dé cye ti€u
ho4 phi€m ham ning lugng bd sung. Chiing t6i cling thu dudc kél qua tudng duong vdi thult
todn return mapping.

2. Dang manh ciia I BVP mt chiéu:

Ky hiéu B=[0,L], u:Bx[0,T] = IK.
u(x,f)ham chuyén vitai x e E, thdi di€m 7 €[0,T]. Ta c6 bi€n dang, van tdc:

- / ou . ou
e(x,N=u, =—(x,1), v(x,t)=1, =—(x,1), 1
(5= =22 (0n), Wm0 =i, =2 (50) | M)
o(x,1) trudng Wng sudt, gia thi€t tit c cdc ham déu dd tron can thi€t. Chi ¥ ring:
B=]0,L[, B={0,L}, B=BUdB.

Piéu kién bién: u|, ; =u; of, ;=0 )
oB =9,BUd,B, 0,Bnd,B=¢, 0,B={0}, 0,B={L},
#(0,1) =0, o(L,7) = 0.(diéu kién triét tiéu trén bién)

U

. . u(x,0) =uy(x) (chuyénvi =
Didu kien ban ddu: “5D ol¥) {ehugen ‘)}trongs. 3)

v(x,0) = vy(x) (vintdec)

Tit céc diéu kién trén, ta phai c6 diéu kién lién tuc tudng thich:
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U I = 5( 5 1Y = au
0la,B = ¥li0’ oo = el

@

2.1. Phuong trinh chuyén djng

Vit th€ mot chidu ¢ phuong trinh chuyén dong:
O‘i +pb=pv trong Bx]0,TT, )]
Trong d6 p: B —> IR, hAm mt dd, b: Bx[0,T]— IR, b= b(x,t) lyc trong.
Ta xét hai trudng hgp cin quan tdm :
i/ Vat thé dan hdi tuyén tinh: o (x,f) = Ee(x,1). (6)
Sau khi thay vao phudng trinh chuyén d6ng, ta dugc phudng trinh séng mét chiéu, 1a dang
bai todn hyperbolic tuyén tinh.
it/ N&u coi o(x,?) 12 khéng tuyé€n tinh, mé hinh dan déo:
E—(Kﬂé, néucé didu kiénchiydéo f =0, f =0 trong Bx[0,T], ;
=4 E+(K+H) (7)
Eé¢, cictrudng hgpcon lai.

Bai todn nay 1a phi tuyén véi hai 1y do sau:

i/ Dodi hdi diéu kién dat tai, dd tai d€ quyét dihh module (7) ndo dugc si dung.
i/ Ung suét va c4c bi€n dang trong ¢4 lién quan dén céc rang bude duge xdc dinh bdi
cac diéu kién chdy déo.

2.2. Dang y€u ctia IBVP mjt chiéu:

Ta dinh nghia trudng chuyén vi déng hoc kha di:
S, = {u(,f): B> IR, u(,1), , =u(,0)}, tac S, < H'(B) véi mdi 1 cd dinh,

vdi H'(B) 1a khéng gian Sobolev cdp 1 trén B.

Ta dinh nghia

v ={neC'(B):n(0)=0}

12 khéng gian cdc ham c6 dao ham trén B va triét tiéu taix = 0.(kh6ng gian cdc ham thd,
hay bi€n phan ddng hoc kha di). Khi d6 |

V ={ne H'(B):n(0) = 0} = bao déng clia V' trong HY(B). (8)
Véi cdc dinh nghia trén, ta phét bi€u dang yé&u ciia IBVP nhu sau:

Tim ham u(.,f) € §; sao cho:

[pyndc+Glo,m=0, VneV, vie(0,T], : ©)
B

trong d6 G(o,n) = Io'r;/dx- Ipqux—gfﬂa g V2 n' = 9—11
B B ’ ax
Chd ¥ riing #(x,f)12a ham 4n trong £ =u, va v=u,.
Mét chitng minh cho dang y&€u 1 don gidn, bing céch diing c6ng thitc Green t6ng quét.
Cond day ta chi tp trung ching minh tinh duy nhit nghiém vi tinh co ma théi.
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3. Sy duy nh4t ciia nghi¢m IBVP- Tinh co
3.1. Syf duy nhét ctia nghiém

Coi trang théi tdi bén ding hudng va gid st {u,v,e”,a} va {#,V,£7,a}lahai nghiém
clia IBVP. Vdi gi4 tri ban diu cho {ug,v,} va cdc diéu kién bién {b,u,a}, ta s€ chitng minh

hai nghiém nay tring nhau. Thit vy d4u tién do 2 bi€u théc dong ning va th€ ning déu
dudng nén cd:

T(v—9) + Vi (65 —8%) 20,
chi§ K, E>0 va T(v—ﬁ):%fp(v—ﬁ)zdx

Vit (6° =89) = [[SE(e" - %) + =K (- 8) Wx,
5 2 2
ta cé

%[T(v—ﬁ)wam(s" 5% = g[p@_a)%(v..a)]dx

+£[E(se —éﬂ)g?(ge —E%))dx + £ [K(a—&)%(a —&)dx. (%)

Chy § c4c ding thic hi€n nhién sau:

o=FE(e-e?),6=E(E-¢£F), e=¢*+e?,e=¢6°+¢£7F, ?Ezé:vizgzuﬁ.
: Ot Ox
Bay gid ta khai tri€n biéu thic (*)
o(v-v % i =
0= Jtp L o-9)+0 LD pb -ty - -9,
B
oy -v . Fo |
+J'[pa(v V)+& (]:3x ) _ b(v—v)]dx—cr(v-fv)]agg
B
+ [0 -6)2? —(a-@)Kaldx

B L ]
2 +[I6 -0)E? —(@-a)Kdldx.

Pé la ta d@a cOng va trd cho dai ludgng hdn nita

(v=9), #-v) eV . Do d6 2 56 hang du thoa man dang y&€u IBVP (9), nén triét tiéu. Sau d6
ta 4p dung diéu kién chay déo va luat t4i bén vao 2 s6 hang cudi cling nhut san:

Fl =fsign(6')=}7—(?-f- va —K&=;’f‘—ai.
oo oa

9
-

Tuong tu

' EP =y sign(cr)=;/g- va —Ka=y
oo

Cudi ciing tacd

%tf(v-ﬁ)mm (6° -2 = i 7l —&)%(&,éma-&)%(&,&)w
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+ jy[(a 0')—f—(cr )+ (G- a)—f~(0' a)ldx. (10)

Muc dich cudi cing clia(10) 1a 4p dung diéu kién chay déo cho ham f(o,a) 12 ham 15i 2
bi€n:
(f@)-fON2Vf(Wu-v).

Nén cudi cing ta cé
%[T(V_ﬁ)'*"Vint (e°-&9]< Jf[f(o,a)—f(a“,d)]dx +J‘J’[f(&,5f) - f(o,a)ldx.
" B B

Do diéu kién Kuhn- Tucker ( y f(o,a)=0 va ¥ f(6,a)=0)
Honnita (¥ 20, f(o,2)<0)va (20, f(6,a)<0). Do dé tacé

%{T(v—ﬁ)ﬂfim (e -£°)) < j 7 f(o,@)de+ [y f(6,8)dc <0.
B

Vay Tv-v)+V, (e°-6°)<0, (1)
so sanh véi biéu thitc ddu c6 v€ trdi =0, nén ta két luan

Tv-v)+V, (&°-¢°)=0.
Cudi ciing vi day l1a dang toan phuong x4c dinh duong nén v=17, &° =£° va tudng ty cho
qué trinh ching minh chitc nang &° = £° gi6ng nhu &° = £° trong bi€u thitc V;; nén ta ciing
kétludn ¢ =@, honnifa 0 =6 vi E >0, va do médun dan déo

E® = EEKK >0, nén chiing ta ciing k&t luéin 7 =£P. Vaytacé u =1 kéotheo v=7 122
+

nghiém tring nhau.lJ

3.2. Tinh co

3 trén ta dd c6
d " _
E[T("'V)Hfim(g -£°)]<0,

nén ta suy ra
T(v—7)+Vin (6° = €°)] < T(vg — o) +Vine(6§ —&7)-

" Vay ta ndiriing bai toan dan déo thi ¢6 chufn ning lugng co theo thdi gian hay 6n dinh
theo thdi gian.]
4. Thuét todn Return mapping cho bai todn tdi bén ding hudng

4.1, Dang dan héi thi
Chiing ta gid s budc thudn dan héi thit duge dinh nghia nhu sau:
ot = E(ep —85) = 0, + EAe,,
ara =ef,
Gfﬁqal =Gy (2
il <ol |- loy + Kay).
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Ta thdy ring trang théi thit nay dugc x4c dinh qua c4c diéu kién trude {g,, g,’f , o} va do
bi€n dang Ag, v trang thdi ndy khong twong ing vdi bat ky trang théi thit nao trit khi qué
trinh gia ting tdi 1a dan hdi . Trang théi thit dugc minh hoa cu thé trong thuat cla diéu kién
dat tai dudi day:

4.2. Thuét todn cla di€u kién dat tai
Chi y & (12) f,,“ffd <0, din dén trang thai thit duge chap nhin theo nghia sau

P _ P
T
QXpy1 = Ay,

_ trial
OTpsl = Optl -

phdi thod mén luft

* Ung xi bién dang -Ung suét

* LuAt chdy va luat tdi bén véi Ay =0

* Pidu kién Kuhn-Tucker f,,; = /7 <0 va Ay =0.
- Coi hinh dudi minh hoa trang thdi nay

0}
Gn
Ov
trial
On+1
=Cnat
Entl = -
i -~ B
& | o
D = <) As<
81141
c
trial
O+l * /\
Ohn+l
Oy
On

En

- .i.f"' > €
€ i

4‘"—3—% | 4—pAs,

‘ Ensl ___*

< Ensl b

Hinh thtt hai 12 tredng hdp néu 7% > 0= Ay >0 (dé c6 ef,y 2 &l)
Tém lai ta ¢6 thudt todn return mapping cho t4i bén ding huéng nhu sau
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1./Dt kién (¢f,a,,8,)Ac

2./ g,y =6, +Ag,

3./ Tinh @ng suét thit dan hdi va test dit tdi déo
o = EEna —65)

trial

-f;tft:;d =10 n+ _[O'Y + Kan]
If £l <0 then (tinh cac bude dan hdi)
trial

set (8)n41= set (0),,,7 va exit
ELSE (tinh déo)

ctrial
Ay =225 ¢
E+K
=|1 A?’E trial
Ouyl =1 wiatl | n+l
O n4l

trial
n+l

el =&l + Ay sign(o

Ay =&y + A}'

END

Pé k&t thic bai nay ta sé ching minh cyc tiéu hod phi€m ham ning lugng b8 sung ta
ciing thu dugc két qud giéng nhu thuét todn return mapping vita mdi trinh bay.

5, Bai todn qui hoach 16i rii rac

Ta xét ham hai bién (o,a):
¥lo,a)= %(O'::[ —O’)E'l(oﬂf -0) +%(an -a)K(a, —a). (13)

Ham y(o,a)la nang lugng bu b8 sung khi d6 ting gita 2 trang thdi @ng suit (o,a).
Ta s& cuc tiu héa ham y(o, ) trén mién dan héi E, duge dinh nghia nhu sau
E, ={(c,a)eIRxIR, : f(o,a) < 0}. ‘ (14)
Ta gié thiét mién E_ 12 mién 18i nghia1d ham f:IRxIR — IR 1a ham 16i. Bay gid ta
phat biu bai todn cyc tri:
Tim (0,41,%,4) € E5 sao cho y(0,41,Q,4) =( Min y(o,a), (15)

a)eE,
trong d6 E£>0 va K >0. Bai todn (15) 1a tim cyc tiéu vdi(o,a) thod min rang bubc
F(o,a)<0, ta ¢ thé ding phuong phap nhén ¥ Lagrange, va hon th€ nita trong 1y thuyé&t
qui hoach t8i wu Bertseka da chitng minh dudc cé duy nh&t nghiém. Haim Lagrange:
L(o,a,Ay) = y(o,a)+ Ay f(o,a) (16)
va bai todn tim cyc tri c6 diéu kién trd vé bai todn cyc tri tw do ciia ham Lagrange.
NEU (6,41, ) € E,, thda (15) thi diéu kién cin la:
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oL
'a——(o—uﬂ s X i1 A}’) =0,
ag

(17
oL
B_(JHH ,0ps1, A7) =0,
a
vdi cdc rang budce thém la:
Ay =0, ,a) <0,
{ y20,f(0,a) .
A}f f(o—n-i-l ’a?’H-l) =)

Chiy f=f(o,a) :|0'|‘(0'Y +Ka) <0 suy rafa =sig11(d), nén ty (17) ta cé:
=1 wial .
—(o,q —o)+Aysign(o)=0,
E( i+l ) Y gn( ) (19)
~k(a, —a)+Ay f, =0.

trial

= O =0y =0py —EAY Sign(o ,41),
-K(a,—a+Ay)=0a=a,, =a,+Ay.

Piéu nay triing vdi phudng trinh Return - mapping. g

RETURN-MAPPING ALGORITHM FOR 1-D ELASTIC-PLASTIC
PROBLEM

Nguyen Phu Vinh
Department of Information Technology, College of Industry 4, HoChiMinh City

ABSTRACT: :

We present the system of local constitutive equations of the one dimension elastic-plastic
problem, after that we prove the existence and uniqueness, contractivity of the solution, next
we describes the algorithm return-mapping for plastic-isotropic hardn-ing. Finally we show

that by minimizing the complementary energy functional, we obtain equivalent result with
the algorithm return-mapping.
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