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TOM TAT: Mét 16p phutong trinh tich chdp xudt phdt tr nhiéu bai todn ngugc quan trong cho
phitong trinh nhiét dugc khdo sdt. Tinh khéng chinh ciia bai todn ditgc chitng minh va nghiém
chinh héa duwgc xdy dung bdng phitong phdp chdt cut tich phdn vdi cdc ddnh gid sai s6 khdc
nhau ty thudc vao thdng tin thém trén tinh tron cia nghiém chinh xdc.

1. Gigi thiéu bai toan:

Nhiéu bai todn ngudc quan trong cho phudng trinh nhiét nhu bai todn nhiét ngude thdi
gian, bai todn xéc dinh phan bd nhiét hay théng lugng nhiét bé mit 16 khoan thim do tir do
dac bén trong dudgc quy vé viéc gidi phudng trinh tich chdp (xem [5,6])

a*v=F, (1)
véi

(a*v)(x):\/—lz_n_za(x—t)v(t)dt,

trong d6 ve L2(R) 1a 4n ham cin tim, F v o 14 cdc ham da bi€t véi F e 12(R).

Trong khi F dudc thanh l4p tir di kién clia cc bai todn cu thé, chit y&€u nhan duge do
do dac thuc t€, thi o dugc hinh thanh xuét phét t nghiém t6ng quét clia phuong trinh nhiét
vdi bién ddi Fourier ¢ modun dang :

- A .
E10] _Wexp(-3| tf) @)
trong d6 A, B,B,y 12 céc hiing s6 duong, 0<B <1, va

a(t)= ﬁia (x)e™dx

Ngoai ra, cdc bai todn Stefan ngugc mét chiéu khao st trong [1-4] dugc quy vé viéc
khdo s4t cdc phuong trinh tich phan Volterra loai 1. Phudng trinh tich phén nhan dudc la
khéng chinh va dudc chinh héa biing cdch chuyén phuong trinh tich phan nay vé dang (1)
vdi tinh chat (2).

Trong phén con lai, ching t6i di vao khdo st chi ti€t phuong trinh (1) v4i tinh chat’
(2). Cu thé, trong muc 2, chiing t6i khéo st tinh khéng chinh ciia bai todn (1-2) va ¢ muc 3,
nghiém chinh héa clia bai todn nay duge thi€t 14p vdi nhiéu dénh gid sai s6 khac nhau,

Chu ¥ ring, bing phuong phdp chinh héa Tikhonov trén todn tif

A:L*(R)->L'(R)
v Baty,
ta c6 thé x4y dung nghiém chinh héa cho phudng trinh Av = F dang
v,=(I+A*A)'F
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v8i A* 13 todn tf lién hdp clia todn t¥ A. Sai s& gilta nghiém chinh xéc va nghiém chinh héa
nay c6 béac s% khi sai s§ clia dif kién do khéng qué € va vdithéng tin thém 1a nghi€ém chinh
x4c phéi thudc vé khéng gian A"’(L2 (R)) Tit nhan xét ring diu kién nghiém chinh x4c vo
clia bai todn thudc vé khéng gian A *(If (R)) twong dudng véi sy ton tai nghiém w e L*(R)
cia phuong trinh

A* w= Vo
va 1a diéu kién khé ki€m chiing, trong [1-6], céc téc gid da chinh-héa phudng trinh (1) bing

céch k&t hop phép chinh hdéa Tikhonov véi bi€n d8i tich phan Fourier. Cu th€, nghiém chinh
héa v, dudc x4c dinh bdi dﬁng thifc :

2 &(s)E(s e“’
s/__m s+l a(s)|
trong d6 & dé chilién hdp ciia & va & 1a sai s6 giita di¥ kién chinh x4c va dit kién do.
Khi d6, sai s6 giita nghiém chinh xdc va nghiém chinh héa c¢6 béc thay d6i t

-1
[ln [lﬂ dén s% tiy thudc vao théng tin thém vé d6 tron cia nghiém chinh x4c.
€

Cu6i ciing, v4i nhan xét riing trong tinh todn thyc t& trén mdy tinh, gié tri v€ trdi cla

(3) s& dudc x4p xi bﬁng mdt tich phan chit cut dang
FE()F(s)e”
_ Jan 2, a+|a(s)|
va trong bai bdo ndy, chiing t6i ti€p néi c4c cong trinh [3-4] bing c4ch xay dung nghiém
chinh héa dudi dang tich phﬁn chat cut
iD= _[ F(s) e’“
J_ a(s)

trong d6 tham s& a s& dugc chon tuy thudc vao sai s6 clia dif kién ciing nhu céc gid thuyét
trén tinh tron cda nghiém chinh xéc.
2. Khdo st tinh kh6ng chinh :

Tinh khéng chinh clia bai todn (1-2) dude khéng dinh bﬁng két qua sau :

Ménh dé 1 : Bai todn (I -2) la khéng chinh :

i) Vi Fel?(R) cho trudc, bai todn (1-2) khong luén ludn ton tai nghiém

v (R),
ii) Nghiém cila (1-2), néu cd, thi duy nhdt.
iti) Nghiém v e LA(R) cila (1-2), néu tén tai duy nhdt, khéng phu thudc lién tuc theo
dit kign F e LI2(R).
Chitng minh :
i) Biing céch 14y bi€n ddi Fourier hai v€ cia (1), ta dugc
a.v= F (3

Do d6, véi dit kién F(t) =2a(t) e L2(R), ding thitc (3) cho ¥=2¢*(R) va do d6 (1-

2) khéng tdn tai nghiém v e LA(R).
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ii) Do (1) 12 mét phuong trinh tuyén tinh theo 4n ham v, ta chi cAn chitng té phuong
trinh thuin nhAt , vdi v& phai F = 0 chi ¢6 nghiém tdm thudng, v = 0. That vy, khi F =0,
(3) cho a.v =0 va vi

- A
l a(t) | =Wexp(—B| t Iy) #0 h.h.
t
Ta suy ra v=0 h.h. va do dé v = 0 trong L*(R). VAay bai todn (1-2) ¢6 nhiéu nh&t mot
nghiém.
iii) LAy v, € L*(R) sao cho

0 khi t<n
v (t)y= i
() T;I khi t=n

thi 9.(0el'®)AIR) va do d6 9.(s)eds eL(R)nI*(R). Dat

F, =a*v,, ta dudc

n . "
— 400 khi n — 400 va

vﬂ

=¥l =

2
3

l < A 1

2 (2B+%)I,’2 nﬂ+3/4

Viy nghiém cilia bai todn (1-2), néu tén tai duy nhit, khéng phu thudce lién tuc theo dit
kién.

P F.

ni2

=|v.a

— 0 khi n — 400

n

-,
2

2

]
3. Nghiém chinh héa bai todn (1-2) bing phudng phédp chit cut tich phéan.
Trd lai vdi bai to4n (1-2). Do ding thic (3), nghiém v cia bai todn, néu ton tai, thda

ding thic :
3(1)=F() (@) 4)
Khi d6, IE(t).((SL(t))_i e L’(R), va nghiém v dudc xéc dinh bdi cong thic

v(t)= ﬁ:[a\?(s)e'“ds = \[—;_;LF(S)(&(S)) "ot ds
Biing cédch chit cut tich phan v€& phdi mdt cach thich hdp, ta nhan duge nghiém chinh
héa cia (1-2). Sai s6 giita nghiém chinh héa va nghiém chinh x4c dugc ddnh gid tdy thude
vao théng tin thém trén nghiém chinh xdc. Ta c6
Pinhly 2:
Gid sit nghiém chinh xdc vo ctia (1-2) twong itng vdi Fo & vdi phdi ndm trong L%(R) va
théa :

+o 2
_’[OI{]O (s)l2 |s|ds SEX

va lF—Fo|2 <g, .I2 chudn trong L2(R)

Khi dé t6n tai nghiém chinh héa v ciia (1-2) sao cho

o selulE)
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Chitng minh :
Véi mdi >0, sao cho & <min {Ee"‘,Ee"Z{p*B)} . bt

E/ (ax1)

2(B+B m/E/

va
1 s . ry 3
v(t}=——\/2=£:[F(s)(a(s)) e“ds, (5)
Ta cd :
OO
V—v,|. =|v-v,|. = - ds+ | [¥,(s) ds
l 012 | Gtz H,L OL(S) I-!a| U( )l
~| Tl _Hv (s)| |s|ds
< ie”" pPRig? +-1—E— < Lowpmwea 1E < —E—z{ez("*m"’ E + l]
A aA A aA A E* a
o A S @ (1P +B)4A
A LNE E? A E?
In T; 1 / i 142
205" W () A
Vay
1 ) Hr
!v—anSC{lnEf—z[]nE]%}
£ €
TS ) "‘3;‘3)‘5 va dinh Iy da dudc ching minh, @

Néu tang thém tinh tron clia nghiém chinh x4c, sai s6 nhan dudc cé béc tuong to nhu

trudng hdp nghiém chinh héa nhian dudc khdo sit bing phép chinh héa Tikhonov lién két
v4i bi€n d8i Fourier trong [1-6]

Pinhly 3:
Gid sit nghiém v cila (1) tuwong itng véi Fo & vé phdi ndm trong L(R) va thda :
+o0 2
"(s) ds <=
A
va vdi
[F-F,|, <e.

Khi dd, ton tai nghiém chinh héa v ciia (1) sao cho :

-1
lv '—VOIZ -5 C(ln E]
€

Chiing minh, : ,
Véimdi £ >0, sao cho € <min {E.e"‘, E,e'2{B+B)}, dat
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e (/)]

v(t F(s)(&(s)) e™ds
(=75 [P @)
Chi ¥ rdng supp v C[—a,a] va do dinh 1y Plancherel’s, ta cé :
HORACL
s)—F, (s
V=] =[f %[ = [ |22
02 0j7 HJ; ot(s)

A a2

-k + m ]

" 1 E? 2 et 82 1 2 1
a

A

ds+ _[ |{ro (s)[2 ds

0(s)l (\/—) s<%a exp(ZBa) +$EX2

1
g

A A A
)[1+(B+B) ]

E? 1

ol A 1n2(E
i (5
Suy ra
-1
IV—V012 < C[ZHE—]
€

trong d6 C= %1}1 +(B+B)’ Va dinh ly da dugc ching minh. a

Trong cic két qud sau, chiing t6i dua ra nhitng théng tin thém trén nghiém chinh xéc
cho phép cdc danh gid sai s§ c6 bac 12 liy thira ciia sai s6 dit kién.

Pinhly 4 :

Gid sit nghiém chinh xdc vo ciia (1) twong itng vdi Fo & vé phdi ndm trong L%(R) va thda:

2
v, (s)l2 el ds < EI,B >0 la hdng s6

va vdi _
[F-F,|, <&.

Khi dé, ton tai nghiém chinh héa v cia (1) sao cho
5

lv-—v0|2 < C[%]2B+2ﬂ+ﬁ

Chitng minh : ‘
x . -2(p+B 2 E %
V@i moi e >0 saocho €< mm{E.e”‘,E.e : )}, dita=| ————In—| .Tacé:
2B+2B+d ¢

apsppr 2, 1 B

2 1
|v—v0|ZS—A—e a' A
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28

] g 2 (B \be2pes
g,EH.eSa" o282 2m8)e" E;+1 < ZE——(ETB 2+5
A E Ale

vay
oL A
IV Vol . C[ £ )2B+2[}45
E
trong dé C= \f; va dinh 1y da dugc chitng minh. ' u

Cudi ciing, ta ciing nhan dugc ddnh gid sai s6 bic Ve nhu ddi véi nghiém chinh héa
x4y dung téng quét bing phép chinh héa Tikhonov nhung vdi diéu kién trén nghiém chinh
x4c dé& ki€ém ching hon

Pinhly 5:

Gid sit nghiém chinh xdc Vo ciia (1) tuong ving vdi Fo & vé phdi ndm trong LA(R) va thda

E?

j' eZk!qﬂ t)l dt < _A_‘

va vdi
[F-F,|, <e.
Khi dé, t6n tai nghiém chinh héa v ciia (1) sao cho

|V—VU|2 SCJ;'

Chitng minh :

_2(B+p)
V38imdi >0, sa0 cho e<min{Ee™ Ee * },dit
[ 1 )/ y
a=|—In—
2k s

“(1) =ﬁj‘ff(s)(a (s)) " eds

va dat

Véilwu ¥ riing (k+1)v2a <2ak, ta c6
e F(s)- lF"(S)
M o

9 2y ¥ 2
: g2 4 : ! (S)"ez"l’l ds <—l-—a2°e”” ez+—1 L

~ 7 A2 Pkal? = % A
a(a)‘ €™ ks A € A

2 3 2 2
Mg, B | 1w, B | 11E, E
A ezkaf A czk,v A g !y

ds+ J‘ Ifrq (s)|2 ds
[s|>a

IA

Vay
2
. lv - vol = ﬁJE\/;
v& dinh 1y da dudc chitng minh. u
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Cudi cliing, Ivu ¥ ring bing cdch x4y dyng nghiém chinh héa v biing céch chat cut tich
phin néu trén, gi4 tri clia v dudc hoan toan x4c dinh biing gia tri tai mét day cdc di€m rdi
rac trong R va diéu nay c¢6 ¥ nghia quan trong trong viéc tinh todn biing mdy tinh khi ma di
kién nhan dudc 12 c4c phép do tai nhitng diém 1di rac. Khi d6, biing cch dua ra cic giai
thuat tinh todn thich hgp, ngudi ta ¢é thé tinh gid tri ciia nghiém chinh héa v tai cdc diém 13i
rac va ndi, ngoai suy gi4 tri cia v tai cdc di€m khéc :

Pinhly 6:

Vdi v nhut trong dinh 1y 1, 2, 3 thi v sé duge biéu dién bdi chudi s6 nhit sau :

o()=3 V(E]M ©)

e A\ & ta—nm
Chudi (6) hoi tu trong LA(R).
Chiing minh :

Do supp v <[-a,a] , tacé :

+o0 —inmt
W)=Y ce*
n=-c0

vdi

1 ©F. - n (nm
= [e(t)er d'=2y[2Z
Cn \/ﬁa";V( ).e av[a)

" 1 7& (nm) 2
V(t)=—==D v|—p*
(t) V2 azm [ a}
va chudi (6) hoi tu trong L%,
Tu dé suy ra

1 ¢+ 1 2 & (nn)—= 1 AL
mede [l B RS g LS (IR AL T
1 V[n_njj.e;s[a-:—“)ds _ +Z'° V[E) sin(ta—n)

D o N B ao % 8 ta—nm

—a

Vivay

Vay dinh 1y da dudc ching minh. u

REGULARIZATION OF A CLASS OF CONVOLUTIONAL EQUATIONS
BY THE METHOD OF TRUNCATED INTEGRATION

Tran Thi Le, Pham Hoang Quan, Dinh Ngoc Thanh, Pham Hoang Uyen

ABSTRACT:

A class of convolutional equations from important inverse problems for the heat
equations is considered. The problem is ill-posed and regularized solutions are constructed by
the method of truncated integration. Under the appropriate information on the smoothness of
the exact solution, some error estimates are derived.
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