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PHUONG PHAP GAN PUNG GIAI BAI TOAN BIEN
TRONG VAT LIEU COMPOSITE PAN-NHOT

Ngé Thanh Phong
B6 mdn Todn Co, Khoa Todn Tin, Trudng BH Khoa hoc Tw nhién — PHQG-HCM
(Bai nhdn ngay 17 thang 06 ndm 2003)

TOM TAT: Bai bdo trinh bay cdc phitong trink xdc dinh, nguyén Iy tuong iing
cho vt liéu composite dan-nhdt, hai phuong phdp gén diing bién ddi Laplace ngugc va
phuong phdp tita dan héi. Cd ba phuong phdp cé thé dp dung dé gidi bai todn bién
trong vdt ligu composite dan-nhdt bdt ddng hudng.

1. Quy luit Wng xi¥ vat liéu composite dan-nhdt tuyén tinh

Pé tién trinh bay, cdc dai lugng véctd, tenxd dudc md td trong hé toa dd Descartes
vudng goc (x1,X2x3) vdi cdc ky hiéu théng dung vé tenxd.

Quan hé tuyén tinh tdng qudt giita ng sudt oy va bi€n dang &; (i,j=1,2,3) clia vit liéu
véi tinh bat ddng hudng bt k¥, c6 thé dugce viét bing tri trung binh cia tich phin cdng tinh
Boltzmann [2,3,4]

o, = IC;I (t -1, xt)%i:—dr (L.1)
0

trong d6 gia thi€t ring ¥ng sudt va bién dang triét tiéu khi bi€n thai gian 1<0.
Cic ham vét lisu CY'(£,x,) thu dugc bing cdch dp dung bién dang la ham thi bic
thang don vi (thi nghiém chiing dng suit)
Q
g, =&, H(t) (1.2)
trong d6 &, 12 hiing va H(t) 1a ham Heaviside.
Thé bién dang (1.2) vao (1.1) va nhd ring dao ham ham H(t) theo thdi gian 12 ham
Dirac &(¢), ta dugc
ay =0 )8y (1.3)
Cdc ham Cf (t,x,,) 13 cdc thanh phin cla tenxd hang 4 va dudc goi 12 mddun chiing
ttng sudt. N&u cdc ham nay d4 biét cho vat liéu dang xét thi nghiém Wng sudt d6i v6i lich sit
bi€n dang bat ky c¢6 thé tinh duge biing cdch d4p dung phuong trinh (1.1). Cin nhé ring,
mddun chiing chi phu thudc vao thdi gian tinh tit thdi diém ban diu lic tic dung bi&n dang,
nhu vy § ddy khong xét hiéu dng ldo hod.
Tinh d&i xitng clia tenxd dng suit, bién dang kéo theo
Kl Kl ok
C:‘j (t3xr)=cﬂ(t’xi)—cjj (t!x;') (1.4)
Tinh chdt quan trong cia modun chiing do Biot dwa ra dya vao sy &n dinh nhiét déng
cla cdc hé khong thuan nghich [1]

Co(t,x,)=Cl(t,x,) (1.5)
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Tinh phu thudc vio thdi gian clia ching dugc thé hién bdi ham e_mi [5]
Cox,) Zc“ 9 7 +CYf (1.6)
trong d6 cdc ma trin § v& pha1 clia phuong trinh (1.6) gdm cdc hiing s6 thuc va hoan toan ddi
xing, nra xdc dinh dudng:
CHe g, 20, Clee, 20 n€n g8, >0 (1.7)

Nhung ma trin tdng trong (1.6) xdc dinh duong

{EC;‘_’M a2 C;!]gy.gk, >0, néu g6, >0 (1.8)

Cdc hing C}' la cdc mddun dan héi, ching gay ra Ung sudt lau dai do bién dang
(1.2) va xdc dinh sy Wng x trén phan bi€n dang rit thap. Hé s6 e_mii C,.f.f("‘) va hiing s6
tuong ¥ng p; (2oi 1a thi gian chiing) xdc dinh thoi gian va phan phu thudc théi gian clia vat
liéu dan—nhdt.
Trong dp dung, ta thudng dﬁng ludt ¥ng x& nguge cda (1.1):
t
8; = §S;'¢t -, x) Ty dr (1.9)

0
S¥(t,x,) duge goi 1a ham chéiy chim bdi vi khi tdc dung dng sudt hiing o tai thoi
diém =0 (thi nghiém chdy chdm) sinh ra bi€n dang tuong Wng:

g, =8, (t.x, )0y (1.10)

Luat @ng x{ @ng sudt — bi€n dang tuyén tinh cda vat liéu dugc xdc dinh hodn toan
béi tenxd chdy cham S¥ (¢, x,) hodc mddun ching C;' (¢,x,). S, (r,x,) 12 tenxd hoan toan déi

xing va phu thudc thdi gian [5]
I(s As ki
S (e.x, )= ZS“ ( )+S§‘+S0t (1.11)
Thasi gian & 74 va tat cd cdc ma tradn 6 v&€ phdi clia (1.11) gdm cdc hing s6 thuc,
hon nita 75 > 0.
2. Phudng phép bi&n ddi Laplace

Ap phép bién ddi Laplace (hodc Fourier) vao tdt cd cdc phuong trinh ng xt trén day,
ta dugc cdc biéu thic gidng nhu cdc bi€u thifc trong méi trudng dan hdi.

Xét trudng hop ddng nhiét (AT = 0). Bi€n ddi Laplace clia ham f{t,x;) c6 dang:

?:?(p,xi)z Ie"""f(t,x,.)dt : (2.1)
0
Bi&n d8i phuong trinh (1.1) va (1.9) ta dugc:
G, =Cjé 2.2)
7, =8, (2.3)
trong do
Cy =pC)' . 8 =pS] @2.4)
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Céc dai lugng 5;’ va §,J'." dugc goi twong Wng 12 md dun chiing tinh todn va ham chdy
chim tinh todn. Ching c6 quan hé:
Tk |
5 ]=lex] (2.5)
Cdc ham tinh todn (2.4) c¢6 tinh xdc dinh duong khi tham s6 bién déi p 12 thuc va

duong. Piéu nay c¢6 thé thdy bing cdch xét dang hién cia chung
k(s)

p
CH N0 __ ™ 9.
;=2 e, T (2.62)
St ~Z 5 +Sf'+“‘*'f (2.6b)
pr,+1 ' p

va luu ¥ ring tat cd cdc ten XO trong (2.6) ¢6 gid tri duong dugc an dinh trong cdc phudng
trinh (1.7) va (1.8).

3. Phat biu bai todn bién dan-nhdt tuyé&n tinh

Phuong trinh ¢d bdn cin thi€t d€ gidi bai todn Wng suit bi€n dang twa tinh tuyé&n tinh
cho vit thé ba't ding hudng 12 ba phudng trinh cin biing

8%
+F =0 _ (3.1)
ox J. :
trong d6 F; 14 cdc thinh phan clia vectd Iuc khéi, sdu quan hé chuyén vi — bién dang
5 = l au au (3 2)
¢ ax '

ciing véi sdu quan hé dng sudt bi€n dang (1.1) hoic (1.9).
Cédc phuong trinh nay 14p thanh hé cdc phuong trinh kin d6i véi 15 bién doc lap
O ;,€; VA U
Piéu kién bién dan-nhdt
u;=U, , x; €8, (333

on =T, x €8, (3.4)

TR i
trong d6 »; 14 cosin chi hudng clia vectd phdp don vi hudng ra ngoai clia mat bién S.
4. Nguyén ly tueng Wng

Nhi€u bai todn k§ thuit quan trong d6i vdi vét liéu composite ¢6 thé st dung phép
bién ddi Laplace theo thdi gian thyc, cdc phudng trinh cd bdn duge din vé céc phudng trinh
tvong ty vé mat todn hoc clia 1y thuy&t dan hdi. Su twong tu nay dudc goi 1a “Nguyén 1y
twong Wng “. T nguyén 1y ndy suy ra ring, phudng phép tinh todn bai todn dan héi c6 thé 4p
dung dé gidi cdc bai todn din-nhdt dd bién dbi Laplace.

Ap phép bién dbi Laplace (2.1) vao phuong trinh (3.1) va (3.2) ta dugc:

85, —
—44+F =0 (4.1)
ij

ou 3
Ef.~l f+%] \ 4.2)
V2% ox, ox,

Bié&n ddi c4c diéu kién biéh (3.3), (3.4) ta dugc:

Trang 114



TAP CHi PHAT TRIEN KHCN, TAP 6, S0 9810/2003

u, =U, trén S, (4.3a)
g,n, =T, trén St (4.3b)

yotj
trong d6 gid thiét ring cdc mat bién S, Sy khong phu thudc thdi gian (chuyén vi bé). Phuong
trinh (4.1), (4.2) va (4.3) cung vGi quan hé frng sudt — bién dang (2.2) hodc (2.3) 1a sy tuong
du’dng hinh thifc v6i bai todn dan hdi véi mién hinh hoc gidng nhau chiu tdc dung chuyén vi
U =U ( j,p) lyc mat 7, = T( J,p) va lyc khéi F, = F(x ,p) goi 1a bai todn dan hoi két
hgp.
Khi bi€n khong gian va bi&n thdi gian c¢6 thé biéu dién bing ham phan ly bién:
U, =0 (x, U, 00T, =1, (6, )7, ()i F, = F', ()P, () (khong 1Y 16ng theo i) (4.4)

thi sy phan b khong gian ciia chuyén vi va luc tdc dung trong bai todn dan hdi k&t hgp
ging nhu trong bai todn dan-nhdt goc.

5. Phuong phép bign ddi Laplace ngudc

Nguyén ly twong 1tng cho phép tinh todn nghiém dan-nhét tr nghiém dan hoi k&t hgp.
Budc chinh trong quéd trinh nay la bién ddi Laplace ngude va trong thyc t& c¢6 thé gip bién
d8i ngugc gidi tich chinh xdc thu duge qua viéc tra bdng. Trong rat nhiu bai toan nghiém
dan hdi chi thu dugc dudi dang s6 hodc dang gidi tich phic tap khong thé tra bang.

Védn dé cd ban dugc dit ra trong myc ndy 12 tim nghiém chinh xdc hodc gin ding
f(t,x;) thdéa phuong trinh tich phén:

f= mje“f" fle,x,)ar (5.1)
0

trong d6 7 da biét it nha't dudi dang s ddi vi tat cd cdc tham s6 bién ddi thue p>0.

Ta s& thay phuong phap bi€n ddi ngugc 14 chinh x4c va d& 4p dung khi ham f{t,x;) 1a
nghiém trong trudng hdp lyc dat va chuyén vi mit bién cé dang ham béc thang (nghia la
hiing theo thdi gian sau thdti di€m tdc dung ¢ = 0). Diéu nay khong han ch€ tinh téng quét do
nguyén ly cdng tinh. Thi du, néu f{1,x;) 12 nghi€ém ctia ham bic thang don vi H(t), thi nghiém
S(t,x;) 6i vdi diu vao tong qudt I(z) 1a:

: dl
%)= [Fle-7,%)-dr (5.2)

5 dr

5.1 Phuong phép diém
N&u nghiém dan-nhét hitu han khi 7 =0, ta ¢6 thé viét né dudi dang:
fltx)=af(t,x)+ £, (5.3)
trong dé, theo dinh nghia

Af(©)=0 , f,=f() (5.4)

Phuong phép diém gidi quyét véi bién ddi nguge Af . ‘
Hing f, 12 nghiém cén bing hoidc nghiém lau dai khi gia thi€t né hitu han. N6 ¢6 thé
dugc tinh todn tryc ti€p tif nghiém dan hdi k€t hgp 1. Ta cé:

of = pje " f rx)dr_j "f(— X, Jdu (5.5)
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Tir day ta thu dugc k€t qud d bi€t:
o]0 = 1) = 1. (5.6)

N&u f{t,x;) 1a chuyén vi hodc bi€n dang, né cé thé chira s& hang ti 1& vdi ¢ (chdy 6n
dinh). Hé s8 £ ¢6 thé tinh todn dudc bing cdch ding quan hé twong ty:

P27 =[ﬂ =f (5.7)
Vi bai todn da néu 13 tinh todn:
Af=f-f't-1,

Dé tim bi€n ddi nguoc ciia Af, ta gid thi€t ring nghiém c6 thé xdp xi bing chudi
Dirichlet hitu han:

N
A= 8e™ (5.8)
i=1
trong d6 A, va S;1a cdc hiing s0 thuc.

Mic du phuong phdp nay 1a phuong phdp gan ding ddi vdi N <o, nhung ta ¢6 thé
lam cho sai s& bé tiy ¥. Piéu ndy dugc suy ra tif nhan xét ring ham binh phudng khd tich bat
ky, nghia la: :

[y <o (5.9)
0
¢6 thé xap xi bdi chudi Dirichlet néu
N
A N
;l/(1+lf)holu‘l khi N = o [5]
Bi&€n ddi nguge chinh xdc cho cdc bai todn tya tinh ciing thudng ¢ dang e-mil nhu
Af,,. Biy gid ta tinh todn cdc hé s6 S; bing cdch cuc ti€u héa binh phuong sai s6 gitta Af va
Afp

B = [(&F - &, ) dr (5.10a)

0
Cuec tiu héa thu dugc tir diéu kién
1 OE?

_LOET o _iar - af, e ,
X 0 6[(f f,, e dt (5.10b)

N quan hé giita cdc bi&€n ddi Laplace c6 thé thu dugc biing céch tinh todn tai s8 thuc

AJ?D(’?'I):AJ?(AJ‘) (5.11)
Pé thuin tién khi 4p dung, ta nhin cd hai v€ véi p va thu dugc dang hién hé N
phuong trinh tuy&n tinh di dé tinh todn N hing S;

N i A -
;(1 + % ) s, =[paf), ., (5.12)
Nhu vdy, binh phudng sai s6 theo thdi gian dudc cyc tiéu héa bing cich bi€n ddi
Laplace chudi Dirichlet va nghiém dan héi k&t hgp tai N diém p = 4,.
V6i mot nghiém dan hdi thu duge dudi dang 6 hoidc db thi d6i véi p >0, cdc gid tri
thich hop clia 4, ¢ thé xem xét k§ dé lua chon.
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5.2 Phuong phép truc tiép

Phuong phép truc ti€p 12 mot k§ thuét bién d6i nguge gin ding. Phuong phép nay d&
p dung hon phuong phap di€ém nhung ngudc lai né khéng cho sai s6 gidm. M6t nét dic trung
quan trong 12 né cho ta moi quan hé truc ti€p gita nghiém phu thudc thsi gian va nghiém
bi€n d6i Laplace.

R.A.Schapery [5] dd chi ring néu dd thi ciia nghiém f{z,x;) ¢6 d6 cong bé khi v&
logt(= logot), thi:

of =[f(e.x)].e (5.13)

trong dé f=g* = % (C 1a hiing s& Euler)

Phuong trinh nay trd thanh chinh xdc néu f ti 1& vé6i logt. Mot sy thay ddi cho nhén td
B thu dugc khi logf c6 dd cong bé ddi véi logt, né€u log-log c6 dd nghiéng L ¢6 gid tri trong

khodng —0.3<L <0, thi =

1
X
Phuong phép bién d6i Laplace ngude thu dugc bing cdch vi€t phuong trinh (5.13)
dudi dang tuong duong:
£ex)=[pf .y (5.14)

Phuong trinh (5.14) nhan dugc tir viéc sif dung gid thi€t vé bign ddi Laplace ngudc
chinh xdc f{t,x;), ding hon 1a pf. B&i vi trong thc t&€ ham chinh xdc f{#,x;) chua biét, nén cé
thé gia thiét riing phuong trinh (5.14) cé nghia néu pf thda diéu kién do cong bé.

Xap xi (5.14) 12 hoan toan chinh x4c trong nhi€u bai todn. Khi mé dun chiing thyc t&
dudc st dung va tat ¢4 diéu kién cho trude (luc dit va chuyén vi trén mit) 1a cdc ham béc
thang theo thdi gian dat tai thdi di€m ¢ = 0. Sy chinh xdc nay c6 thé gidi thich bdi sy diing
ddn cla nguyén Iy tuong dng.

Gid st f 12 nghiém cda bai todn khi cho trude I(t)=C;H(t) va C, la hiing theo thdi
gian. Khi d6 f c6 thé viét:

PRI .
| ] (5.15)
p
tongds  C,f, =C,£.(C¥) (5.16)
- 1a 13 gidi cda vat thé dan hdi v6i mod dun C' va ddu vao C.
Nhu vy
o =c.1.[E%) (5.17)

phu thudc p chi qua md dun chiing tinh todn 6:’
6. Phudng phép twa dan hai

Phuong phép tya dan hdi phét sinh tit phuong phép bién déi Laplace ngudc truc tiép
va viéc xdc dinh mé dun chiing tinh todn C¥ . Ta c6:

¢} = pCy 6.1)
Ti phuong trinh (5.13) ta c6: :
G¥ =lcka) Y (6.2)
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Lan lugt, 4p dung phuong trinh (5.14) cho nghiém di bién ddi Laplace (5.17) va thu
dugc:

F%)=CflCk bx,) (6.3)

Biéu thitc nay 1a nghiém gidn don cho vat thé dan hdi c6 phuong trinh tng suat - bién
dang

oy =C;' (6, )y (6.4)
Ap dung xap xi (6.2) cho tenxo chdy chdm din d&€n quan hé twa dan hdi khéc:

[ x|z e (x, )] 6.5)

Theo phuong phép twa dan hdi, nghiém dan-nhdt duge x4p xi bdi nghiém dan hdi,
trong d6 tat cd cdc hing so dan hdi dudc thay bdi m6 dun chiing phu thudc thai gian.

7. So d6 khdi gidi bai todn bién composite dan-nhdt biing phuong phap bién ddi laplace
ngugc

Phuong phdp tya dan hdi

Nghiém dan hoi
JC’

Nguyén 1y tuong iing

A

f@o=s

CHix)

Nghiém dan héi két hop { Tinh £, = |p],0 (5.6)
pr

Phuong phédp tric ti€p
i

Tinh nghiém truc ti€p
£ex)=1ef |y, 519

N

© V& mién bién thién cla
fit,x;) theo log ot

Phuong phdp diém

Chon X; véi 4] =log,, ¢
(Mién ma f{t,x;) thay d8i rd)

Nghiém dan nhét theo
phuong phap di€m

Y

i . Lx )= AMtx )+ f, (5.3
Thanh 14p hé phuong trinh dai s6 tuy€n tinh => gidi tim S; f( ) f( ) 1. 63

N

-1 _ —' 6'
3 [ KO % W T A Iy

Af(t,x)) = ﬁ: S (5.8)
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APPROXIMATE METHODS FOR BOUNDARY VALUE PROBLEMS IN
VISCO-ELASTIC COMPOSITE MATERIALS

Ngo Thanh Phong
Department of Mathematics & Informatics, University of Natural Sciences — VNU-HCM

ABSTRACT: This paper presents the constitutive equations, the correspondence
principle of linear visco-elastic composite materials, two approximate methods of Laplace
transform inversion and the quasi-elastic method. All three method can be applied 1o stress
analysis of anisotropic visco-elastic composite materials.
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