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GIAIMQT LOP BAI TOAN BIEN PHI TUYEN
BANG PHUONG PHAP PHAN TU HUU HAN

Trin Vin Ling — Phin Vién Cong Nghé Thong Tin tai TP.HCM
Nguy&n Phi Vinh — Trudng Cao Péng Cong Nghiép 4 TP.HCM
(Bai nhdn ngay 09 thdng 1 ndm 2002, hoan chinh stia chita ngay 18 thdng 2 ndm 2002)

TOM TAT: Xét bai todn bién phi tuyén sau:
4
E[M(x,u’(x)) + N(x,u(x))]+ g(x)sinu(x) = f(x), 0<x<lL,

qu(0) =0, (%)
M(L,u'(L))+ N(L,u(L))+b, sinu(L) = b,

Trong d6L >0 b,,b, 12 cic hing s3 cho trude, cdc ham s§ M,N:[0,L]xIR — IR,
f.g:(0,L) > IR 1a céc ham cho trudc. Trong bai ndy, bing phuong phdp phan tif hitu han
chiing t6i ching minh dinh 1y tOn tai va duy nhat nghiém y&u cla bai todn (*). Pong thdi
chiing t6i ciing thu dugc cdc két qui vé sy hoi tu va ddnh gid sai so.

1. M¢ dau:

Xét mdt thanh dan hoi phi tuyén cé chiéu dai L véi
khoi lugng riéng v, bi gilt chit mot dau, thanh dude
nhiing chim theo phudng thing ding trong mot chat
16ng c6 khoi lugng riéng v,. Do sy khdc nhau vé cdc
khdi lugng riéng clia thanh va chat 16ng, nén luc day
Archimede va cdc ngoai luc khdc tic dung trén
thanh 1am cho thanh bi udn cong. Goi u(x)la goc
giita ti€p tuy&n vdi thanh & trang thdi bi u6n tai di€ém
ctia thanh c6 hoanh dd cong x va truc thlng ding
Oy. Tucsnak trong [10] da thiét 14p bai todn bién phi
tuyén cho u(x) nhu sau:

%M(x,u’(x))+[—l+(yo —yl)F(x)+G’(L)]sinu(x):0, <xe i, (D
u(0)=0, (2)
M(L,u'(L))+y,G(L)sinu(L)=0 3)

Trong dé A 1a mot hiing s6 duong, g(x),G(x)1a cdc ham cho trude. Tir khi bai todn nay xuat
hién di c6 nhigu téc gid khdc quan tim nghién ctu ching han nhu: N.T.Long, T.V.Ling [4],
N.H. Nghia, N.T.Long [8], Long, Diing, Thuyét [5], Long, Diing, Nghia, Thuyét [6]. Bai todn
(1), (2), (3) 1a phi tuyén xudt hién trong phuong trinh vi phan (1) va ca trong diéu kién bién
(3). :
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1

Trong trudng hgp téng quét, phuong trinh vi phan phi tuy&€n mo ta bai todn udn thanh dan hdi
phi tuy&n nhiing trong moi trudng chit 16ng c6 dang:

%[M(x,u’ (x)) + N(x,u(x))]+ g(x)sinu(x) = f(x), 0<x< L, _ 4)

va diéu kién bién tai hai dau thanh:

u(0) =0, (5)
M(L,u' (L)) + N(L,u(L)) +b, sinu(L) = b,. (6)

Trong d6L >0, b,b, 12 cdc hing s6 cho trudc, cdc ham s6 M,N:[0,L]x IR — IR,
f,8:(0,L) > IR 1la cho trudc thda cdc diéu kién ma ta sé dit sau. Nhu vdy bai todn (4) -(6)
1a md hinh bai todn udn mot thanh dan hbi phi tuyén nhiing trong mot chat 16ng tdng quat hon
so vdi Tucsnak [10] da thi€t 14p tudng dng vdi trudng hdp:

g(x¥)=-A+(yo —v)F(x)+G'(L), b =v,G(L),b, =0, f(x)=0, N(x,u)=0.

Trong bai nay, ching t6i st dung phudng phdp xp xi phin tif hitu han dé gidi bai todn bién
phi tuyé€n (4) -(6). Trong ching minh c6 st dung b3 dé Brouwer k&t hop vdi mot s& bit ding
thitc ddnh gid ni suy da thifc. Chiing t6i cling thu dudc cdc két qud vé danh gid sai sG giita
nghiém x4p xi va nghiém chinh xdc. Diéu nay rat hitu hidu vé mit tinh todn biing s6. Két qua
thu dugc tong qudt hod hon céc két qué trong [4], [51, [6], [8], [10].

2. Xap xi biing phuong phap phin tii hitu han |

Mot s6 ky hiéu va dinh nghia.

2.1. Cac khong gian ham

Ky hiéu Q=(0,L), va ta bé qua céc dinh nghia ciia cdc khong gian ham théng dung: C"(ﬁ),
L"(Q), W*"(Q). Pé cho gon ta ky hiéu lai nhu sau:

wht =whr(Q), LF =W (Q), H* =W*?, 1< p<w,k=0,1,2,...

Ky hiéu |.| 12 chudn trong L’ va dé phan biét né véi mot chusn khic, ta ding ky hiéu I-I.,
dé chi chudn trong khong gian dinh chudn X (cd chi ré khong gian dinh chudn tuong iing).

V6i p c6dinh, 1< p <o, ta dit:
V={ueW" [u(0)=0}.

Khi d6 ta c6 cdc két qua sau day( xem [1],[2]):

B6 dé 1:
(i) V' la khong gian Banach phdn xa, tdch dugc d6i voi chudn |u], = Hu’

.35
(ii) Phép nhiing V c, C 0(ﬁ) la compact va
"””c"(ﬁ) <Coll, vuev,
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trong dé C, = L'"™/7.

Mit khdc, V < I’ véi phép nhiing lién tuc va ndm trd mét. Ky hiéu V' 1a khéng gian déi
ngiu cia ¥, ta dong nhat L’ vdi doi ngiu cla né, do d6 ta dong nhat L’ nhu 12 mot khong
gian con ctia V" . Khi d6 ta c6 V <, I’ <, V' véi cdc phép nhiing lién tuc va ndm trll mét. Ta
cling ky hiéu (f,u) 1a tich vd hudng trong L’ hay cip tich d6i ngduclia feV vaueV.
2.2. Ho cdc khong gian hitu han chiéu sinh béi phan t& hitu han.

" Ta chia doan Q= [0,L] thanh m doan con Q; =[x, ,x,], 15 j<m, bdi cdc di€ém niit ndi suy
X; =jh,1<j<m véi h=L/m.

Goi A (ﬁj) 1a tdp cdc nhi thifc béc nhit xdc dinh trén S_L-. biat

V, ={u, €CQNV/ u,|5 €PR(Q),Y) =12,...,m}. (7)

Khi d6 ¥, 12 mot khong gian con hitu han chigu cla V sinh bdi m ham cd s w,,1< j<m

nhu sau:
(x=x;)/h, néux;Sx<x;,
e Véilsjsm-1: w;(x)=4(xj,y—x)/hnéux; <x<xj,,
0, n€u X & [x;y,% 4]
x—x. )/h, n€ux,  Sx<I,
e VG j=m: W, (x)= ( m-1) - s
0, néu 0<x<x, ;.

Hon nita cdc ham w, cdn théa tinh chat w,(x,)=38

yr IS fSm OSISin (8, la ky hiéu

Kronecker).
Ta xdc dinh todn tf r, :¥ — ¥, ma han ch€ ciia né trén tip con trd mat VACHQ) cla V
cho bdi ( xem [3],[9]):

(r,u)(x)= Zu(xj)wj(x) , ueVn Cz(ﬁ) .

J=1

Ky hiéu nita chuén trong W*” 1
1
iy, =( [l @) 15 p <. 1, =, ®

Khi d6 ta ¢6 bd dé sau:
B8 d@é 2. Cho k la mét s6 nguyén théa 0 <k <2. Khi dé ton tai mot hang sé C =C(k, p,L)
sao cho

C(k, p,

|u-—rmulk 5 < 2-kL) |u|2p . YueVnW?*P . (xem [3]1,[9])
g - :

2.3 Su hdi tu va danh gia sai s6 cia nghiém xap xi
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Ta thanh l4p cdc gia thiét sau:
(H)) M,N:[0,L]x IR = IR 1a céc ham thda diéu kién Caratheodory, tdc 1a:

(i) M(.,y),N(.,y) do dudc trén [0,L] vdi moi y € IR,
(ii) M(x,.),N(x,.) lién tuc trén IR véihau hét x[0,L].

Hp) (M(x,3,)-M(x,y,) (V,=¥,)>0, Yy, ¥, €IR,y, # ;.

-1
(Hs;) Ton tai cdc hing s0 duong C,,C,,C; vdi C, >C3[L] va cdc ham ¢, el',

;\:/;

g gl
45,9, € L” , v8i —+—=1 sao cho:
P P

i) yMx,y)2C " ~la =), \-;«y e IR, v6i hau hét x €[0,L].
i) M(x )| <Coly" +|g2(x)|,Vy € IR, v6i hau hét x €[0,L].
(i) [N(x,)| <Gy +|a:(x)|, Vy € IR, v6i hau hét x € [0, L.

(Hy) feV',gel.
(Hs) Ton tai hings8 C, >0 sao cho:
(M(x,3) - M(%,3,)) 0, =¥2) 2Calyy = 3|+ 90,3, € IR, v6i hdu hét x €[0, L).

(He) 3K, > 0:|N(x,) = N(x.3,)| S K|y, = 3| ¥»,,9, € IR, v6i hau hét x € [0, L].

Nghiém yé&u ctia bai todn (4) - (6) dugc thanh lap tur bai todn bién phén sau:

Bai todn (P): Tim u € V sao cho
(M(x,u’)+ N(x,u),v') +{g(x)sinu,v) + (b sinu(L) - b, V(L) =(f,v),VveV 9)

Ta x4p xi bai todn (P) bdi ho cdc bai todn hitu han chiéu (2,,) nhu sau:

Bai todn (P,): Tim u,, €V, saocho
(M(x,u,’,,)+N(x,um),w;)+(g(x)sinum,wj)+(bt sinum(L)_—bz)wj(L):(f,wj),
Vi, 1<j<m (10)

Pinh Iy 1: Cho b;,b, € IR. Gid sit (H,) - (Hy4) diing. Khi deé:

(i) Bai todn (P,) cd nghiém u, €V,,.

(ii) Bai todn (P) ¢6 nghiém ueV .

Hom nita néu ta thay cdc gid thiét (H;) - (Hs) bdi (H,), (H3) - (Hs) va (Hy) nhu sau:
Hy) (K, +[b|+]e] )L <C,
Khi do,

(iii) Bai todn (P,)) c6 duy nhdt mgt nghigm u, eV,

(iv) Bai todn (P) cd duy nhdt mét nghi¢gm u eV .
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(V) u,, > u héi tu trong C° (5) (hoi tu déu trén doan [0,L]).

Chdng minh.

(i) Su ton tgi nghigm cita bai todn (P,):

Ta tim nghiém u,eV, -cia bai toin (P,) c6 dang 4, =) c,w,, trong dé
J=1

Cp = (Cm1sCmasesCrp ) € IR™ thba hé phuong trinh phi tuyén:
F(c,)=0, (11
v6i F:IR" — IR" cho bdi F(c,) = (Fi(c,), Fy(cp)s Fy ()

Fi(c,)= (M(x,u,’")+N(x,um),wj)+(g(x)sinum,wj) + (b, sinum(L)—bz)wj(L)—(f,wj).

Ta s€ sit dung b6 dé Brouwer sau ddy ma chitng minh c6 thé tim thdy trong [7].

B8 dé 3 (bé dé Brouwer). Cho F:IR™ — IR"™ lién tuc thda diéu kién:
3p >0 sao cho (F(c),¢) pm 20 Vee IR", |c],.. =p,

Trong do,
¢=(¢15¢55s¢y) € IR", d =(d),d,,...d,) € IR", (c,d) .. = c,d,, el
i=l

i = AE ) -
Khi dé ton tai ce IR", lle

Ta co

we <P saocho F(c)=0.

CFLo o) s = Z Fi(cy)ew
Jj=!

=<M(x.ui,)+N(x,u,,.),u,’,,)+<g(x)sinu,,,,u,,.)+(b.Sinu,..(L)—bz)um(L)—U,um)- (12)

Chd § dén BE d& 1, (ii) va bat ding thiic

VveV. (13)

'’

M, s,,—};uv’

Ta thu dugc tir (12) mét ddnh gidsau:

e’
(F(Cp)sCn ) ppm ?-};—l

1 .1 /
,f, ~or e <l (14)

& L

| i - . ;
mong 06 S 206,01 b o=l el el b,

Chi § ring hai chufn |c

Ci, >0,C,, >0 sao cho

va

u,|, trén IR™ 1a tuong duong, tic 13, ton tai hai hing s

m | g

Clm [!cm I

o Shil 5G] o Wi, s R%,
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L 141 ' T )
Chon p, =C‘/;is i/"q‘“LI +?(Ei—p,)” . Khi dé néu ”cm“mm =p, ta <6 (F(c,)Cp);pm 20.

Im™1

Vay hé (11) ¢6 nghiém. Do d6 (i) dugc chiing minh.

(ii) Su tén tai nghig¢m ciia bai todn (P).
a) Cdc ddnh gid tién nghiém.
e Nhan phuong trinh thit j ciia hé (10) bdi c,,;, sau do 14y tdng theo j=12..,m,ta

dudc
(M (x,ul)+ N(x,u, ),ul)+(g(x)sinu,, u, ) + (b sinu, (L) = by)u, (L) = (f,u,) - (15)

Panh gid tuong ty nhu & phan (i), ta co:

u.], <p/Co _ (16)
trong dé

Cit 1 1 /
=°—‘/E- #qu"g +—(—py)’
P E

C
J—th+p Wl +lasl,y +Colel +ai+pDY”

p-1
va g =:§/§[CI-C{E/‘%—] ].

Tir cdc gid thiét (Hy), (Hy) va tir bat déing thic (16) ta thu duge cdc ddnh gia
=
oSGl +laof, <€, (17

p-1
14 i
|¢SQ&gJWﬂV+M

Trong d6 C 1a mdt hiing s6 ddc ldp véim .
e Nhd (16) - (18) va B8 d& 1, ta ¢6 thé trich ra tit ddy {u,} mot day con vin ky hiéu 12

{u,,} sao cho:

MG

;% e (18)

o <

“N (x,u,,)

u, >u trong V yéu, (19)
u, —>u trong C°(Q) manh, (20)
M(x,ul )=y trong I”  yéu, (21)
N(x,u, ) = N(x,u) ttong L”  manh, (22)
sinu,, — sinu trong C°(Q) manh. (23)

b) Qua gidi han. Cho ve V nC*(Q), ta c6 tit BS d& 2 riing

V,, =7,V —>Vv trong ¥ manh. (24) -

Thay w; trong (10) bdi v, ta cé:
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(M(x,u,)+N(x,u,),v,) +(g(x)sinu,,v,) + (b sinu, (L)~ b,)v, (L) =(f.v,). (25)

* Qua gidi han trong (25), ta d& dang suy tir (19) - (24) réing u thda phudng trinh
(x+ N(x,u),v") +{g(x)sinu,v) + (b, sinu(L) - by(L)=(f,v), VveVn Cz(ﬁ). (26)

Do VﬁCz(ﬁ) tri mét trong ¥ nén (26) ding VvelV .
D& ching minh sy on tai 18i gidi cda bai todn bi€n phén (P) ta chi cin ching
minh y = M(x,u’). Ta suy ra tit (10), (20), (22), (23), (26) rling

lim(M (x,u,,),u, ) = (x,u’). (27)

Do dé6 tix (19), (21), (27) ta thu dudc
Li_{n(M(xvufn) = M(xscp)su:n —.(P) = <X"‘ M(X,(P):ui . (P>1 V‘P el’. (28)

Do tinh chit don diéu cia M , ta thu dudc

(x-M(x,0)u' —-9)20, Voe L’ (29)
Ly ludn quen thudc vé todn ti don diéu ta d€ dang ching minh dugc tir (29) ring
¥ =M(x,u"). Nhu vy su t6n tai dugc chiing minh.

(iii, iv) Tinh duy nhét nghiém ciia cdc bai todn (P,))va (P).

Ta chi cin chitng minh tinh duy nhit nghiém ctia bai todn (P).
Gid sd u,,u, €V la hai nghiém ciia bai todn (P). Khi d6 u =u, —u, thda ding thic sau
(M (x,uy ) = M (x,u;),u’y +{N(x,u,) = N(x,u,),u)
+(g(x)(sinu, —sinu,),u)+ b, (sinu, (L) —sinu, (L))u(L)=0. (30)
Str dung cdc gia thi€t (Hs), (He) ta suy tit (30) ring

C" ”"/“2 = K* \[E”uf” "u"c.‘"(ﬁ) b (”g"L' +|‘bl|)" U "f‘."(ﬁ) ; (31)
Chii § riing |u < Jf|lu’" , do d6 ta suy tir (31) riing

c'(Q)
clu| <&, +fp|+|el oz [ - (32)
Cudi ciing tit gid thiét (Hy), ta suy tif (32) ring || u’" =0 hay u, =u,. Vay tinh duy nhit nghiém

cda bai todn (P) dudc chiing minh.

(vi) Sw héi tu trong C°(Q).

Do tinh duy nhat nghiém nén toan bd day {u,} hdi tu theo nghia (19) -(23), thay vi ddy con
dudgc trich ra tif né. Pic biét tir (20) ta c6 u,, —> u hdi tu trong C°(Q).
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Dé€ dédnh gid sai 6 giita u,, va u ta thanh lap gid thi€t vé b sung cho M nhu sau:
(Hs) 3K, > 0:|M(x, »,) - M(x, »,)| < K,|y, = v, ¥, 3, € IR, v6i hau hét x e [0, L].
DPinh 1y 2: Cho b,,b, € IR, gid thiét (H;), (H3) - (H7) va (Hg) la ding. Khi dé néu
ueV N H?ta cé ddnh gid sai s6 giita u,, va u nhu sau:
C. i
A Lt

Trong dé hing s6 C =C'(L,CyK,.K,,b] |
LC, KKy [bl, g -

Chding minh.

gl,) phu thuéc vao cdc hing s&

Pit

e,=u,—~u, E, =u-ru,d,=u,-ru=e,+E, ,w,=ru.

m?

St dung gia thi€t (Hs) va tit (9), (10) ta dude:

Cldil" < M(x,ul) - M(x, W, ),dL)
<IN Geu,) = N[ + (gl +BiDlenlcsylnlles s,
My - Mx )| |da] - (33)
Tir gid thi€t (He), (Hg) ta thu dudc cdc ddnh gid sau:
[N (x,u,) - Nexaw)| < K VL, | oy (34)
[Mxu'y = Mxwy )| <Ko |[En- (35)
T8 hop (33), (34), (35) ta dudc
Callan| <&, +lel, +ImD L Jen]+ Ko Ex| (36)

Chi ¥ v6i e, =d,, — E,, ta suy ra tif (36) ring

s K+,
-Gy (K, +g]; +ah L

f
m

!
n

Ap dung B6 dé 2 vdi k=1,p =2, cudi cing ta thu dugc H e,’,,HS %Hu”” , trong d6 hiing s6 C’

phu thudc vao L,C,,K,,K,,|b,

b

g|,: - Pinh Iy dugc ching minh.

Chi ¥ riing diéu kién u € V n H* dugc thyc hién bdi dinh 1y sau.

Pinh 1y 3: Cho b,,b, € IR, gid thiét (H;), (H3) - (Hs) va (H;) la diing. B& sung cdc gid thiét

sau.
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Hs) f.gel’,
.. OM e
(Hs) —ay—(x,y)2C4>0, Vy e IR, v6i hau hét x € [0, L].

(Ho) %%I(x,v) e[} Yvel?,

(Hyo) %(x,w)e i —aﬂ(x,w) e, Ywel.
ox oy
Khi dé ueV A H? va sai s6 giita u,, va u cho bdi ddnh gid sau:
C.
-, S 1]

trong dé hing s6 C'=C'(L,Ci,K,\.K,.lb,
L,Cy, K\ Kyl |l -

y

gll,_.) phu thujc vao cdc hang s&

Chdng minh.
Ti cdc gia thiét(H.),(H,), (H,,), ta suy raring

"
C}\u |S

9

gﬂi(x’un’)uﬂ
Ay

%(x,u’)u” =—f+gsinu- %—(x,u’)—%(x,u)—%(x,u)u’ el

Vay u” e L* ticla ueV n H?. Binh Iy dudc ching minh nhd vao k&t luan ctia Pinh 1y 2.
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SOLVING THE CLASS OF NONLINEAR BOUNDARY VALUE
PROBLEMS BY FINITE ELEMENT METHOD

Tran Van Lang, Nguyen Phu Vinh
(Received 09 January 2002, Revised 18 February 2002)

ABSTRACT: We study the following nonlinear boundary value problem

f?—df[M(x,u’(x)) + NCxu(x)]+ g(x)sinu(x) = f(x), 0<x<lL,

qu(0) =0, *)
M(L,u' (L)) + N(L,u(L)) +b, sinu(L) = b,

where L > 0 b;,b, are given constants, M,N:[0,L]xIR — IR, f,g:(0,L) - IR are given
functions.

In this paper, by using finite element method, we prove the existence and uniqueness
theorem of the weak solution of problem (*). We also obtain the results of convergence and
error estimate.
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