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NGHIEM CHINH HOA CUA MOT PHUONG TRINH TIiCH PHAN
TRONG TRONG LUC HOC

- Pinh Ngoc Thanh — Chu Viin Tho
bai hoc Khoa hgc Ty nhién, PHQG-HCM - Pai hoc Y Dude TP.HCM
(Baz nhan ngay 07 thdng 5 nam 2002 hoan chinh sia chita ngay 07 thdng 6 nam 2002)

TOM TAT: Chiing 16i xét bai todn xdc dinh 1l trong tuong doi p ciia mét vdt thé bén trong
trdi ddt khi biét di thuong trong luc tao bdi vt thé do trén bé mat. Goi ti trong ciia vat thé la
P, va ti trong ciia mdi truong xung quanh la p,, ti trong twomg déi ciia vt thé la P=p-p,.

Coi trdi dat dugc biéu thi bdi nita mat phang (x PN <2 S B H o Var the Q du’ac
bzeuth:bm Q={(x2): 0<x<1;0<z<0(x)}
trong dé o : [0, 1] — IR la ham ¢6 dao ham lién tuc titng manh théa :

O<o(x)<a<H

0<o(0) <o vi0<x<l;a >0.

0<o()<a
Trong truomg hgp téng qudt, vdi p = p(&,{),(€,4) € Q, bai todn xdc dinh 1 trong tuong déi
ciia vat thé khi biét di thuong trong luc trén bé mat khong c¢é nghiém duy nhdt. Trong truong
hop p=p(§.0) = p(),(£,8) € Q, bai todn trén cd nghiém duy nhdt. Khi dé p thod mét
phuong trinh tich phdn phi tuyén loai mét. Trong truomg hop o(x)=hVxe [0.1]1.0<h< H,
phuong trinh tich phdn phi tuyén dugc dua vé phwong trinh tich chdp. Nghiém ciia phuong
trinh tich ch@p dugc chinh héa bing phuong phdp Tikhonov.

I - Gidi thiéu:

Xdc dinh ti trong twong d6i ctia mot v4t thé bén trong trdi d't 1a bai todn tng dung ciin ban
ctia vt 1§ dia cdu. Cdc phuong phdp ctia trong luc hoc duge ding dé gidi quy€t bai todn nay.
Céc phuong phdp nay bao gdm céc do dac vé di thudng trong luc dugc tao ra trén bé mit bdi
st khdc nhau vé ti trong. 2 5 :

Bai todn xdc dinh tif trong tuong ddi khi bi€t vat thé va dj thugng trong Iuc trén b mit ciing
dudc xem xét trong [6]. V€ vdn dé chinh hod nghiém, trong [6] cdc téc gid da x4 xi phuong
trinh tich phan phi tuy&n vdi phuong trinh moment tuyén tinh va sau d6 chinh hod nghiém
clia phuong trinh moment tuyén tinh. Cdc bai todn lién quan dé&n van dé ciia bai bao nay
dugc dé cap trong [11,121,131,141,151.171,18]. '

Trong bai bdo nay, ching tdi xét bai todn 2 chiéu va ding gradient trong lyc trén bé mit z =
H, H>0.

Coi trdi dd't dudc biéu thi bdi nira mit phing (x; z) vi -0 <z < H, H> 0. Vit thé O duge
biéu thi bdi : Q={(x;z): 0<x<1;0<z< 0o(x) }.

trong d6 o : [0, 1] — IR 1a ham cé dao ham lién tuc titng manh thda :
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O<o(x)<a<H

0<o(0)=a vii0<x<1l; a >0.

0<o(l) <o
Phin chitng minh bai todn khong ¢6 nghiém duy nh4t trong trudng hdp tdng quat dudc trinh
bay & phan II. Trudng hgp p = p(&,4) = p(£).(£,£) € Q, viéc thanh 13p phudng trinh phi
tuy€n, ching minh nghiém duy nhit dugc trinh bay & phdn III va IV. TruSng hop
o(x) = h,Vx €[0,1].0 < h < H , phudng trinh tich phén phi tuyén dugc dua vé phudng trinh
tich chdp va nghiém cla phuong trinh tich chdp dudc chinh hda bang phuong phdp Tikhonov
dudgc trinh bay trong phin V, biing hai dinh 1§ 2 va 3.

1I - Chiing minh bai todn xdc dinh t} trong tudng ddi khi bi€t di thudng trong luc trén bé
mit khong cé nghiém duy nhét trong trugng hdp tdng quét:

Coi trai dat dudc bi€u thi bdi nita mit phing (x; z) vdi -0 <z < H, H> 0.Goi vit thé D 1a
mot mién bat ky (x,2) vdi z < H. Goi p(&,¢)1a ti trong tuong ddi cia D.

Ky hiéu U = U(x, z) 1a th€ trong luc dudc tao ra bdi D. Ta ¢6 :
1
Ux, 2)=— = [ p(&.0)enl(x = &) +(z=¢) v
27 P
Di thudng trong luc duge tao ra bdi D 1a:

Rt 0. 2

~&)° 2 4)

Gradient trong luc dudgc tao ra bdi D la:

oxlemreo)
-8 + (=0

Suy ra gradient trong luc dudc tao ra bdi D trén mét z = H la:

aU z-¢
£ d
‘[’ aih [( -&)? +(’—C)) -

Goi fo(x) 12 gradient trong luc dudc tao ra bdi Q trén bé mitz = H.
Ta c6 phuong trinh :

aU

i
=t S d = f() .
)= [ pEC) [ e } v =£,(%)

Ta chiing minh phuong trinh trén khong cé nghiém duy nhit.
Ta chi cin chifng minh ton tai mot p(&,{) # 0 trén D sao cho :

R
5
Xét Q' = {(x,z) ra<x<a,b<z <b‘} vdia<a’,b<b’saocho Q' c D.
{0,@5,;) eD\Q
bat f(é.0)= -
eé-axs-exa-ax-¢) ,(§,6) € Q
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Tac6  feC*(D), Af =0 trén D\Q’, Af #0 trén Q’ .
bit  G(x,2,6,0)=In((x~¢)* +(z-¢)*) v6i (£,{) e D,(x,2) ¢ D,
va p&.8) = A(&,8) v6i(£,{)eD. |
Ta c6 pP&,¢)=0twénD\Q’ va p(&,) #0trén Q.
Ap dung dinh 1y Green thit 2 trén Q’ ta co’:
J PED)IN((x—E) +(z-¢))dv = IA[(4=C)G(x, 7,¢,4)dv = jf(é,g“)AG(x, 2,£,4)dv+

¥ I C66)G(0.2:6,0)~ F(&, :) (xzs $)ds Vi (x,z) ¢ D.

Do  AG(x,2,£,0)=0,V(x,2) ¢ D; /(£,4)=0; f(tf 6)=0,%(¢,0) e XX
néntacé:  [p(£,0)n((x-&)? +(z-¢)?)dv="0 vdimoi (x,z)2D.
Mit khdc do p(&,¢) =0 trén D\Q’ nén :

[p&.OI(x -8 +(z-) )dv=0 véimoi (x,z)e D.
D

2
Suy ra ton tai mét p(£,{)#0 trén Dsaocho: - aa [zj
Z

(x,z)=0 véimoi z >H.

Di€u nay chifng td bai todn x4c dinh t{ iong tudng ddi ciia mot vat thé D bat k¥ khi bit dj
thudng trong lyc trén bé mit khdng c6 nghiém duy nhit trong trudng hop tdng quat.

III - Thanh 14p phuong trinh tich phén phi tuy€n trong truting hop :
p = P(f,;) = p(f)}(?ag) € Q'

Ky hiéu U = U(x, z) 1a th& trong luc dugc tao ra bdi Q. Ta cé:
1
U, 2) == —— [ p(E)nl(x—&)*+(z - )" Jdv
2r
Di thudng trong luc dugc tao ra bdi Qla:

e e

x—£) #(z-¢)

dv (2)

Gradient trong luc dudc taora bdi  la: .

_dU_ 1 ¢ 3
g (‘f)ac(( & + (o 4>J i

e A (&) 10
B jf @[ r:)+< 4)}”

. 4 2=0ff) g
n[!"@ s PO

«

Trang 45°



Science & Technology Development, Vol. §, No. 9-2002

Suy ra gradient trong lyc dudc tao ra bdi Q trén mitz = H la:

_ Lo e s x i Eo(E) H
”[ij(«:)(x_aw_a@) dé - Ofp@) o i ag]

Goi f,(x) 1a gradient trong luc dugc tao ra bdi Q trén bé matz=H. .
Ta c6 phudng trinh :

H - (&) I :
ZEf wH- (&))Zéoj@ SRt e ©

trong do6 f(x) = — nfy(x).

j PO

1V - Chiing minh phudng trinh (*) ¢é nghiém duy nhat :
Dinh 1§ 1 :
Phudng trinh (*) nhén nhiéu 1dm 12 mét nghiém p = p(x) véi0<x< 1.

Chiing minh :
Goi p1, p21a 2 nghiém cia (¥).

I(H a(E)(pi (&) Pz('f)) qE - jH(pl(ﬂf) ,02(5))
(x=&*+ (H-0(&)’ (x-&)* +

Pat F(x,2)= [(p,)-pa(ENinl(x~&) +(z~¢)” ]dv Y

e Chitng minh F(x, z) = const trén IR?:
oF _ 0 ‘ .
Tacs:  —(x2)==[(nE)- pz(s‘))'a—c[fn((x—é)z +(z=¢))dv

Suyra:

dé = 0.

1 1
=— [(P®-PEMN((x - +(z=0@))E + [(p(E)—pENEN((x~8)" +27)dg
0 0 i g

1 S g
= [(n®-p @) —Er L g
0 \

(x -8’ +(z-o(¥)

W PG TN 2Az=0(f) . .
Dods: 5 (x2)=={(A@-PEOV T T R

+ I(pl(é) p:(&))Tdf' o

2
Mit khdc do py, p21a 2 nghiém cia (*) nén ta c6 : P F

* Ching minh : aEI:-(x,z) =0 véiz>H:

2 2

R*\0Q, %—f(x,z) -0 khi z—>
. ,

. ;
Qi(x H)=0,VYx. Suy ra ?—-l;(x,z) =0,vVz2> H,Vx va a—F(x,z) =) Yoz H. N,
o’ e 0z §
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Do @?—(x, z) diéu hoa trén IR*\ 6Q nén iz - (x,2) = M"(x) = 0,Vz > H, Vx.
oz ox“\ oz

Suy ra A(x)tuyén tinh theo x. Do lim A(x) = lim %—F(x, z) =0 nén A(x)=0.
X—>o X=>m z

Viy —aF (x,2)=0.Vz 2 H.Vx.
oz
* Chitng minh F(x, z) = const Vz > H,Vx :
F N
Do %—“(x,z) =0,Vz= H,Vx nén F(x,z) = y(x) Vz2=H. Do F(x, z) diéu hda nén
'z g

o’F

(x,z) = y"(x)=0 Vz>H. Suyra y(x) tuyén tinh theo x.

axZ
Mitknie 28 _FGx2)
In(x*+2z°) In(x"+2z%)

¢ gidi han hitu han khi x — o0 nén y(x) 1a hing.
* Ching minh aa—F(x,z) =0 trén 0Q :
4
Ta c6 ﬁ(x, z) 1a ham diéu hoa trén IR?\ 8Q nén khi g(x, z) =0 thi ﬁ(Jc:,z) trén thanh
0z 0z 0z
phin lién thong khdng bi chin K ciia IR*\ Q. Do Z—F(x, z) lién tuc trén IR? nén
z
—ai(x,z) =0trén OK. Suyra g(x,z)=() trén 0QQ c oK.
0z 0z
* Chitng minh Z—F(x,z) =0 trén IR
Z
. g b B g o s o s R oF = 24
Goi o la thanh phan lién thdng bi chdn cia IR“\ Q. Do -é-—(x, z)=0trén 0 nén
. : »
oF 5 —_—— S A R T SRR ¥
a—(x,z) =0 trén 0 ®. Do nguyén 1y cuc dai ciia ham diéu hoa nén -a——(x,z) =0 trén ©.
4 7z .
Suy ra: Z—F(x, z) =0 trén IR~ Suyra & (x)trén IR*. Suy ra 7(x) = &(x) =hiing V x.
Z '

* Ching minh p, =p, trén Q:
Tacé:F(x,2z)= j (p, (&) = P, (ENLL(E,Q)n[(x — &)’ +(z — &)’ ]dEdL . Do tinh chat Dirichlet ta

IR?
c6 AF(x, z) = 4 (p,(x) = p,(x)1, (X, 2). Do F(x, z) = hiing trén IR> nén AF =0 trén IR?
Suy ra (p,(x) = p,(x))14 (X, z) = 0 trén IR*. Suy ra P =Py -trén Q..
Pinh ly 1 da dugc ching minh.

V — Chinh hod nghiém cda phuong trinh (*) trong trutng hop :

o(x)=hvVxe[0l],0<h<H
Khi d6 phudng trinh (*) trd thanh phuong trinh :

! H-h H
ij(é) =

E_,)z + (H—h)2 dﬁ—;ﬂi)mdﬁ = f(x) (1)
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Pit P(x) =— oo
x2+ (H-h)?
H
Q)= x* + H?
{p(x) 0<x <)
v(x) =
0 (x< Owx>1l)

Phudng trinh (1) thanh :

ﬁ [ox-eme)ae =ﬁf(x> (1)

trong d6 G(x)=P(x)-Q0(x).
Déi phuong trinh (1°) thanh phuong trinh tich chép :

1
* = F( 6i F(x)= ——fi
(G * v)(x) =F(x) | vdi F(x) by (x)
& CGm. v=F® = (¢ IR 2)

Tacé: gt K hEu g(x) =
g() \f g(x) = Y

Suyra: G@)= ‘f oo _gom) (¢ R)

* Dinh 192 : _ :

Gia si¥ nghiém chinh xdc cta phudng trinh (2) 12 v, H! (IR) (iing vdi F, ¢ v& phdi cla
(2)) va IF — Fyl, < £(l1; 12 chudn trong L? (R) ).

Khi d6 ton tai nghiém chinh héa v, cda phueng trinh (2) sao cho:

N2
|v5 -—vo|§ < k(f;z[g)J + p(g) khi ¢ >0
g

.o hiing s6; p(¢) chi phu thuge vao F, v,

olu!(rR)?

va p(g) »> OKkhi e = 0.

Chitng minh :
Gid st nghiém chinh xdc v(J clia phuong trinh (2), Ung vdi F, §v€ phai, thude H' (IR)
Ta cé : G(). v, (= E (0 o
GoiF L?(IR)saocholF-Foh<¢
i 5 G() 2 4
Vai p >0 dat Wy (1) = ——F(®) 4)
B+G ®
L 45 2
Taco: t) =——=ifD = L (IR 5)
a co |y (®) ZJBI ()‘ v, L*(R) L
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' I
vﬂ(x)=;J—;_£yxﬂ(z)e dt

Do d6 ton tai {v, € L*(R)

Vo =¥

Do (4), (5) ta c6 v, phu thudc li€n tuc vao F va thda phuong trinh :

B.v, )+ G20 v, ()= G F(t) ©)
Tt (3) va (6) suy ra:

B(vy (®) = vy () + GO (v, - v, () =—Bv, O+ G (®) (F®) - Fot)  (7)

Nhan 2 v& clia (7) Vi vy(t) = v,(1) ta ¢6 : Blvy (1) = v, OF + G @) vy () - v, ()P

= —B v, O V)=V, (0 )+ G () (F () — Fo()(Vy() -, (1)) (8)
A 2 N A A 2
Tich phan 2 v€ clia (8) tacé : B V=¥ |+ G(v{,-— VOJ =
2 2
0 A A A - ;\ //\ A n A
=-B jvn(t)(vﬂ(t) - vo(t)J dt + J’G(l)\F(t) ‘Fo(t)J[Va(t) - vo(t)]dt 9
< [3‘{, W=V, +ﬁﬁ—ﬁo Iv,-v, (10)
2 2 2 2 2
AY A 2 A A A 2 A A A
Cho P =e,tacé: E!VE-VO + G[vs— vo) < s( v, +‘[E) V.-V, (11)
2 2 2 2 2

A A

VE—— vO

A

v

[+

<

‘F
+ f—
2 2 2
2 2 (12)
G[vz—voj < a( +]F—t~l
2 2 2

Nhin 2 v& cia (7) véi t* (\;ﬂ(t) - ;"(t)J ta c6 :

Suyra: ¢

Vv

o]

L

B.Evy (0 — v, OF + GX(D). 1vy () — v, (OP-L =

= =BV, () (V) =V, ). + G (O (F (1) = Fo®)(vy(t) v, (0)).£ (13)
(5-v.)| +6(5-v.
< B ?[:Q(t)][t(v;(r)-ﬁo(t)” dt+ Tcé(t)[ﬁ(t)—f{(t)}[(v}(t)—Jo(t)).t}dt (14)

v
T (14) suy ra:

2

L4y tich phan 2 v& clia (13)tac6: B =
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2
<

2

B

+

2

t(vﬁ—vu) Gt(vﬂ—vo)
2

g t(vﬂ"_‘;")

r(é}—vl] +\/-;—1[—1—+i] (15)
: , V2elH-h H

‘F ‘ﬁ1( 1 1)}
+4]=; frf ] e
AR P y Ve H=h - H

Taté : GO = ‘g (eIl oWty e R).

A
tv,

2

<

Chop=¢tasuyra:

N

vD

Fa)

tv,

GoiA= max{

N
Do G (t) 1a him s6 chdn trén IR nén ta chi cAn xétt 2 0.

Ta c6: é(t) = \]% ™ Vet \j% e (EeM-1)

G'(t)= ‘E (-He ™ (™= 1)+ e Mhe")= ‘E e M (H - (H-h).e™)

é’(t)20<:> = >e" =0 <tsl£n( if
H-h h H-

batt« = %En[ £ ).Tacét*‘;(}

H-h
t 0 t:(, t* " tg + Q0
A + 0 r
G’'(t) I i
A i A i
G (1) i G ;
! 1
//é(t’/o) !
0 5 ; 0
L4y t, >0 sao cho to > t«
I'Jng vdi t, ta c6 duy nhat 0 < t', < t+ sa0 cho é (to) = G (')
2 - 2
A A t A A
Tacé: v (1) -V, ()] dt < C:' © v (t)—v () dt
t‘o Siﬂﬁto ['0 S‘tlsto (;—2 (to)
N A A z 2
v [0 (va(t) L vo(t)) o 52
G*t—~ G*t
A A 3 t2 A A 2 1 A A 2 AZ
Ta c6 I v (1) - v, () dt < j =V, ()= v ()] dt< 5 j't’ v () - v, (0| dt <=
ISty lti2ty Lo LR L
2
Taco: [ [v,()-v,() dt—>0 khi t,—0
HI<ty

Thuc vy, véi day (@,),v.2, > 0,a, >0 dat:
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2

£(t) =|v.)~v.(t) 20

£a() = X, a0 £ véi

f eL'(R)
£.)>0 n-ow(teR)
Tacé :
I£,0|< f(©) VYneN(eR)

Theo dinh Iy hoi tu bi chintaco:  [f,()dt >0 khin oo .

Suy ra [f@dt -0 xhin 5o .
|t]<e,
’ 2 2
Vi mdi € > 0 khé bé, xét phuong trinh : £2—=—fA =5 At =:/1_-— (t>ts)
' G} G V¢

[ = o &5 . % . =y s LA -
Do ham s§ —— 12 ham ting khi t > t« nén v6i m3i € > 0 khd bé tdn tai duy nha't tg > t« sao

G(t)
cho At‘ =% va t, > +oo khi e > 0
G(t,) V¢

Tuong tng vdite 1’ ¢ <tvsaocho G(1,)=G(t,) va ., —>0khie— 0

Khi d6 v@it,=tg,tacod :

A A 2 2 2 A A 2 2 - ~ 2
ﬂve(t) —v,(t) dt < fA + %— + I v (D) —v, (b)) dt < % + _[ v . (t)—v (1) dt
IR Gz(t ) t itl<t'e £ iti<t'g
Taco:
t i 1)

1 A 1
f— =-—==Int, - InG(t,) = En[—} =t +Ht, -—En( e —1)> fn(—~ (t, >4nt,)
Je Ve 2( )

Gt,) &

1+H ¢ IJE( ht. 1) 1 , E(eh‘-—l)
=t (1+H)> n[j—; 2e - J=>ts> n

H+1 Je
24? 24 (H+1)? 84%(H+1)?
2 ) 2 T 2
3 F(ehf. -l) E(e i -—-1)
Y2 e
Jg £

A A

2
Suyra: [v,-v, v (t)—v (t) dt

2 a -2
<k(£’n—) +
2 & iti<t'y
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Véik=8AXH + 1) va o= 12‘-(3'“- 1P

2

A 2 A
Tacé: f v,(t)—v, () dt = ﬂi)—F(t) v, (1) dt
itl<t's t<t's [g 4+ G2(t)
2
Gty =2 i .
Pitp(e)= ———F(t)—-v (t)) dt. Taco p(e)—> Okhi e —> 0

t<t'e | g + G*(t)

A

Suy ra : IvE —vo|§ = ;g—v

o

> -2
< k(ﬂn(%)) + p(e) khi £ — 0.

Pinh 1y 2 da dudgc chiing minh.
* Dinh 1y 3: .
Trong gid thi€t cia dinh 1§ 1, néu cé thém ﬁi@u kién :

eﬂlti ( |‘I|l| )—1 V (t) L2 (*R)
thi ton tai nghiém ciia chinh héa v¢sao cho Ivg — vl < M. Je , v6i M 1a hiing s6 chi
phu thujc v, '

Chiing minh :
Nhén 2 v& ciia (7) v6i v,(t) = V,(1), ta c6 : al\?ﬁ(t) ~v,(0)

2 2

+GA(t)v,

"“ﬂG(t)[Va(t) v (t))J' e -1y (t)+G(t)(F(t) F(t))[vn(t) v (t)‘ (16)

Tich phan 2 v& clia (16) ta c6 :
2 A A A e A A A A A A
G(VB— vo) < Jz[i\G(vp— vu) J G[vp— voj

Bv”—v0 + /o
2
Cho B=¢g tasuyra:

A

= e A A
em"(e"'"—-l) v,| +[F-

2

o

2 2 2 2

2 2 75
A A Af A A Al A A 2 A
gv.—v,| + G(vs— vo] < 91(3("5‘ vo) N— e“'“(e"'" - l)vo + 1]
2 2 2\ T 2 )
=M
lG(vs— v ) <eM
Suy ra . ,
v~V S G(vs— vo) M
2 I2
Do d6: A B
v, vt,l2 =v,-v,| € JeM
2

Dinh 1§ 3 d& dugc chitng minh.
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REGULARIZED SOLUTIONS OF AN INTEGRAL EQUATION OF
GRAVIMETRY

Dinh Ngoc Thanh, Chu Van Tho

ABSTRACT: We consider the problem of determining the relative density p of a body in
the interior of the earth from surface gravity anomalies created by this body. Let p, be the
mass density and p,be the density of the surrounding medium, the relative density of the
body is p = p, - p,.The earth is represented by a half-space (x,z), - <z < H, H > 0. The
body Q isrepresentedby Q={(x;z): 0<x<1:0<z< o(x) }
where o :[0, 1] — IR is piecewise C' function such that
~l10<o(x)<a<H

0<o(0)<a v3i0<x<1; @ >0.

0<o(l)<a
In general, with p = p(£,£),(£,{) € Q, the problem of determining the relative density p of

a body in the interior of the earth from surface gravity anomalies is no uniqueness. In the
case of p=p(£,0) = p(£),(¢£,4) € Q, the above problem admits at most one solution. Then

p satisfies a nonlinear integral equation of the first kind. In the case of
o(x)=h,Vx €[0,1],0 <k < H, the nonlinear integral equation is changed to the convolution
equation. The solution of the convolution equation is regularized by the Tikhonov method.
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