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THUAT GIAI SO CHO MOT BAI TOAN BIEN PHI TUYEN

Nguyén Phi Vinh
Trudng Cao Ping Cong Nghiép 4 TP. HCM
(Bai nhdn ngay 17 thdng 6 ndm 2002, hoan chinh stta chita ngay 02 thdng 8 ndm 2002)

TOM TAT: Trong bai ndy, mot thudt gidi s6' d€ gidi bai todn bién phi tuyén dugc thanh Idp.
Phuong phdp ndy dua vao phuong phdp phdn ti hitu han két hgp vdi lugc do Newton-
Raphson. Vi dy bdng s& dugc cung cdp d€ thdy hi¢u qud ciia thudt gidi.

1. M¢ dau ‘
Géan day[7, 8], chiing toi dd dé cdp dén phudng phdp phan tit hitu han d€ gidi bai todn
bién phi tuyén sau:

—Exq-[M(x,u/(x)) + N(x,u(x))]+ g(x)sinu(x) = f(x), 0<x <L, (1)
u(0) =0, (2)
M(L,u’ (L)) + N(L,u(L)) + by sinu(L) = b,, 3)

trong d6L>0,b,b, 12 cdc hing s6 cho truéc, cdc ham s6 M,N:[0,L]xR—> R,
f,g:(0,L)—> R la cho trudc thda cdc diéu kién thich hgp. Bai todn (1)-(3) 1a dang tdng
quét md ta sy udn clia mot thanh dan hdi phi tuy€n c6 chiéu dai L véi khdi lugng riéng 7,
bi gilt chat mot ddu va dudc nhing chim theo phuong thing ditng trong mot chat 16ng c6
khoi lugng riéng y; ma Tucsnak [6] dd thi€t ldp tuong Ung v6i trudng hdp
gx)==A+ o -y DFx)+G'(L), by =y,G(L),b =0, f(x)=0, N(x,u)=0, trong dé A 1a
mot hiing s6 duong, g(x), G(x) la cdc ham cho trudc ¢ ¥ nghia cd hoc nao do. Do sy khac
nhau vé cdc khoi lugng riéng cia thanh va chit 18ng, luc ddy Archimede va cdc ngoai Iyc
khdc tic dung trén thanh lam cho thanh bi udn cong theo mot géc u(x) gifta ti€p tuyén vdi -
thanh & trang thai bi udn tai di€m cia thanh c6 hoanh d6 cong x va truc thing ditng Oy. T
khi bai todn ndy xudt hién dd c6 nhidu tic gid khdc quan tdm nghién citu ching han nhu:
N.T.Long va T.V.Ling [2], T.V.Ling[1], N.H. Nghia va N.T.Long (5], Long, Diing, Thuyét
[3], Long, Diing, Nghia, Thuyé&t [4], Lang, Vinh [7], Long, Lang, Vinh [8]. Bai todn (1) -(3)
14 phi tuy&n xuit hién trong phudng trinh vi phén (1) va ca trong diéu kién bién (3).

Trong [7, 8] nghiém bai todn (1)-(3) dudc xdp xi bdi mot day hdi tu {u,,} xdc dinh bdi
cong thic -
. m
U =D Cm¥Wj » 4)
j=
trong d6 w;,1< j<m la cic ham cd s3 trong phudng phdp phan tif hitu han nhu sau:

(x—x;4)/h, néu xj| Sx=xj,

w;(x) = (xj“—x)/h,né'u x; EXE X5y, (1<j<m-1), (5a)
0, né’u xﬁ[xj_,,xj“]
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-x, 1)/ h, néu <x <l
m(x)={(x m I) € xml X (Sb)

0, néu 0<x<x, ;.
véi x;=jh,h=LIm,1<j<m.

Trong (4) cdc hé S8 C,,1,Cp25es Coue 12 Nghiém clia mot hé m- phuong trinh dai s6 phi
tuyén c6 dang:

Fi(Cou1sCmasesCopm ) =0, 0Zi<m. (6)

Trong (7, 8], ching t6i da chifng minh sy ton tai va duy nhét nghiém cta hé (6). Vdi
u,, xac dinh bdi (4)-(6), chiing t6i cling thu dugc cdc két qud vé su hoi tu, vé ddnh gid sai s&
gilta .nghiém xap xi u,, va nghiém chinh x4c ( theo mot chudn thich hgp, & diy chiing t6i da
sit dung chudn trong khong gian Sobolev cdp 1) nhu sau:

C
"um i ullHt(O,L) < ; ’ (7)
trong d6 hiing s6 C ddc ldp v6i m va phu thudc vao L,b, ,bz,g,f,M,N,“ull lle

Trong bai ndy, ching tdi st dung phudng phdp xap xi phdn ti hitu han dé€ gidi s& bai
todn bién phi tuyé&n cu thé sau ( tuong tng véi L=1):

%[(2 +sin x)(u" (x)+ u' : (x)) + %cos(xu(x))] - %sin u(x)= f{x),0<x<l, (B
u(0)=0, : 9)
@asnEl Qe iy ¢ LU A0ED 5.

(10)
trong dé _
——(1 +43)+ % ‘/— éz;z](2+sinl), (11)
f(x)= —sm(2a sinax) - 2a*[1+ 4a* cos (ax)] cos(ax)cosx
+2a°[1+12a* cos? (ax)]sin(ax)(2 + sin x)
+ -;—a[sin(ax) + ax.cos(ax)]sin2ax.sinax), a=r/6. (12)

Nghiém chinh x4c clia bai todn (8)-(12) 1a U,,(x) = %sin(%).

Trudc hét, ching t6i xdp xi bai todn (8)-(12) bdi ddy {u,,}, ma diéu nay dua dén viéc
gidi hé (6) tuong ng. Sau d6, & hé ndy ching t6i gidi gin ding hé (6) bing thuit gidi
Newton- Raphson. Céc k&t qua tinh todn trén bai todn cu thé (8)-(12) 1dn lugt véim = 5, 10,
15, 20, 30, 50 phi hgp vdi ddnh gid sai 6 (7).

2. Thi€t lap thuat gidi cho bai todn (1)-(3)

Gié st ring cdc hing s6 L>0,b,b, va cdc hAam s6 M,N, f,g thda cdc diéu kién
clia cdc dinh Iy ton tai, duy nhdt nghiém va yéu ciu vé ddnh gid sai s8 nhu trong [7, 8).
Trudc hét, ta thi€t 1p hé phudng trinh (6) cho bai todn (1)-(3).
C6 dinh m , bd qua cic chi s6 dudi m trong cdc cich viét va ta viét
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m
€ =(C1,CpresCm) VA Up(x) =D c;w;(x) ldn Iugt thay cho ¢, = (Cp1sCmaseersCoum) VA
j=1

m
Uy (X) =D €W ().
j=l
D& cho tién ta ky hiéu dao ham 12 ddu chdm thay vi ddu phdy, ching han:

U, (x)= ﬁ:cjwj(x), i, (x)= icjwj(x)
j=1 J=1
Theo nhit [7, 8], ta im ¢ = (¢;,C3,....¢,,) € IR™ thda hé phudng trinh phi tuyén (6), tic 1a
F(c)=0, 2.1)
v6i F:IR™ — IR™ cho bdi F(c) = (F;(c), F5(€)ss Fipy (€)),
Fy(€) = (M(%, i) + N (%, )y W) + (g R)SiN U, ;)
+ (by sinu,, (L) = by)w;(L)=(f,w;), 1si<m, ' (2.2)

L

trong d6 ta ky hiéu (-,-) chi tich vd hudng nhu (u,v) = Iu(x)v(x)dx .
' 0

Ta sit dung thuit gidi Newton- Raphson cho hé (2.1)-(2.2) nhu sau:

Thudgt giai Newton- Raphson
Cho trude ¢ = (c(¥,e{?,....cV) € IR™ (b gén nghiém) (2.3)

s by

Gi4 st bi€t ¢k = (cl(k"),cgk"),...,cf,f"n) e IR™.
Ta tim ¢ = (cfk),cgk),...,c,(,f‘)) e IR™ theo cdc budc nhu sau:

m
(i) Tinh uﬁ,f‘"’(x):Z;cg."“”wj(x). 24)
Jj=
(i) Tim e®) € IR™ ( vectd c6t) 1a nghiém cia hé tuy&n tinh
AB B _ gy, 2.5)
%) k-1y _ | OFi (k1) k) 13 2
AV =Jg(c )= a—(c ) |=(a;’) 1a ma trdn Jacobi cia F,
C ;
J
B® = _F(c*Vy=(B®,BW,.., BT € IR",
i O sty oM =1y oN (k=1) ;
a;’ =—(c =(—(x,u,, " IW; +—(x,u W, W,
i acj( )(ay( )JaJ)(m)J.>

+(g(x)(cosul D yw;,w;) + by cosl ™ (L)) w; (Lyw; (L)

L
N I%Af(x,aﬁf"’(x)) W ; (x)W; (x)dx
0 :

L L
+ j% ull D ew; (o), (x)dx + [g(x)cos(uly™ (x))w; (x)w; (x)dx
0 Y :

+by cos V(LY w,(Lyw, (L), 1<i,j<m. ; (2.6)
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B =—F,(c* ) = <M (x,ualf™) + Nx,uE), ;) — (g (x)(sinull ), w,)
— (b, sin(uEV (L)) = by)w, (L) + (fF, w;)

I
= — 1M (%, () + NCx,ul™ (e (x)dx
0

L
~ [eCsin@ul~D (e, (20 — (by sin(ult ™ (L)~ by )wi (L) + (£ wi).
I<ism. (2.7

(iii) ¢®) =D 4R (2.8)

3. Thuit giai Newton- Raphson cho bai todn (8)-(12)

Ap dung vdi bai todn cu thé (8)—(12); thudt gidi Newton- Raphson (2.3)-(2.8) vdi cdc
cong thiic (2.6), (2.7) c6 cﬁng thitc cu thé tuong @ng vdi:

L1, by =114, bz=—(1 M L1 B f .3 ~](2+sin1)
(36)

M(x,y) = (2 +sinx)(y + y°), N(x,y) = —cos(xy) , g(x) = g =1/4 (hling s3),

f(x)= -—sm(2a sinax) — 2a*[1 + 4a* cos? (ax)]cos(ax) cos x

+2a°[1+12a* cos? (ax)]sin(ax)(2 + sin x)
+ %a[sin(ax) + ax. cos(ax)]sip(2ax.sin ax), a=ml/6.
'Hé (2.5) - (2.7) vi€t lai vdi ma trin va vector cu thé nhu sau:
o = 2L ) - (2 + sim L+ 362D ()1, o e
: % 0 :
“a xsin(x.ugc I)(x)) w ;i (x)w; (x)dx

0
I

3 % 6[ cos(uf ™D (x)w; (x)w, (x)dx

" %cos(uf,f“l) M) w; Ow,(1), 1<i,j<m. (2.6")
B(k) -F, (C(’C“‘))

-~ i@+ sin 0@l + G )+ Zcos(aft ()i ()
P e ‘

1
—% sin(uD (x) w; (x)dx -(isin(u,‘,f"’(l))—bz)wf(l)
J ,

1 _
+ If(x)1:{i(x)iix, 1<i<m. (2.7)
0 .
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4. Ap dung bling s’

~ Tinh todn bing thuit gidi Newton- Raphson (2.3) -(2.5), (2.6"), (2.7"), (2.8) véi cho dé&n
budc lap & sao cho
e -pol g
0 o0

I<i<m

e}")' <107'6,

khi d6 c® =c*D 40 = c,(,f) ( phu thudc vao m ma ta di bd qua trong cich viét dé€ cho
don gidn). Céc tich phin xudt hién trong cdc cdng thic (2.6’), (2.7°) dudc tinh bing cong
thic tich phin sd Simpson hodc Gauss. S dung cdc tinh todn trén chuong trinh chay trén
Maple 6.

Ching t6i thu dugc cdc k&t qud tinh todn va so sdnh v&i nghiém chinh xdc

Uy (x)= %sin(%) tuong ng vdi: m = 10 (xem bang Al), m = 20 (xem bdng A2, Hinh 1),

m = 30 (xem Hinh 2).
Tinh todn l4n lugt véi m = 5,10,15,20,30,50, ta cling thu dudc bang B sau ddy cho thiy
(k) _

Uex(x,-)l gidm din khi cho m ting din.

saiso EX) = ucg‘) ~U,, | =max|c,,;
©  I<i<m
Bing Al: m=10: .
X; = ilm C,(:l-) Uex (xi) c’(nki) = Uex (x!.)

0.1 0.0468 0.0548 0.0081
0.2 0.0924 0.1095 0.0171
0.3 0.1370 0.1638 0.0268
0.4 0.1808 0.2177 0.0369
0.5 0.2239 0.2710 0.0471
0.6 0.2663 0.3236 0.0573
0.7 0.3081 0.3753 0.0672
0.8 0.3486 0.4259 0.0773
0.9 0.3860 0.4754 0.0849
1.0 0.4158 0.5236 0.1078

K&t qué vé sai s6 voim = 10: E{f) = max|c(l) ~ U, (x,)| =0.1078 .

1<i<10

Béng A2: m = 20:
xX; = ilm Cg‘i) Uex (x:') cfn’i.) e Uex (x‘. )l
0.05. 0.0249 0.0274 0.0025
0.10 0.0495 0.0548 0.0053
0.15 0.0739 0.0822 - 0.0083
0.20 0.0979 0.1095 0.0115
0.25 0.1217 0.1367 0.0150
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0.30 0.1453 0.1638 0.0185
0.35 0.1686 0.1908 0.0222
0.40 0.1918 0.2177 0.0259
0.45 0.2147 0.2445 0.0297
0.50 0.2375 0.2710 0.0335
0.55 0.2601 0.2974 0.0373
0.60 0.2826 0.3236 0.0410
0.65 0.3049 0.3496 0.0447
0.70 0.3270 0.3753 0.0483
0.75 0.3487 0.4007 0.0521
0.80 0.3698 0.4259 0.0561
0.85 0.3902 0.4508 0.0606
0.90 0.4092 0.4754 0.0662
0.95 0.4263 0.4997 0.0734
1.00 0.4402 0.5236 0.0834 j

K&t qué vé sai sd v4i m = 20: E(k) = e 1Cg(c)3

Bdng B:

~ U, (xp)| = 0.0834.

B
3 0.1567
10 0.1078
15 0.0916
20 0.0834
30 0.0753
50 0.0688
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A NUMERICAL METHOD FOR SOLVING NONLINEAR
BOUNDARY VALUE PROBLEM

Nguyen Phu Vinh

ABSTRACT: In this paper, a numerical algorithm for solving nonlinear boundary value
problem is formulated. This method is basically a finite element method associated with the

Newton- Raphson scheme. Numerical example is provided to show the effectiveness of the
algorithm.
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