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TOM TAT: Bai bdo khdo sdt su ton tai wdc lugng Bayes trong mé hinh thong ké vé han chiéu
vdi khéng gian tham compdc béng ky thudt gidi tich ham.

1 M¢ddu

Khdo sat phan ph6i x4c sudt trong cdc khéng gian tuyén v6 han chiéu 12 mét bai todn 16n cia
x4c sudt va gidi tich ham. Tl bai todn nay, hoan toan ty nhién nay sinh van dé wng dung cdc
phén phdi xdc suat v6 han chiéu vao viéc nghién cifu cdc udc lugng t6i wu trong cdc mé hinh
th6ng ké. Bai bdo nay xét d€n su tdn tai udc lugng t6i uwu Bayes cho I8p céc wdc lugng bi
chin va 16p cdc udc lugng bi chin c6t yéu trong cdc mé hinh théng ké v6 han chiéu. Trudng
hgp m6 hinh hitu han chiéu da dugce khdo sét trong céc bai bdo khéc (xem [1], [2], [3]).

2 MB® hinh théng ké vé han chiéu

Trong bai nay,ta thudng ding cic ky hiéu sau:

E, F 1a cdc kh6ng gian Banach kha ly.

6 la tip compic trong F.

B (E), B (F), B (0) 1a cic o - dai s Borel trong cdc khéng gian E, F va ©

Pinh nghia 1. Cho khéng gian xdc sudt (€3, A, P) va khéng gian do dugc (E, B(E)).

Anh xa X : (Q, A) — (E,B(E)) goi la phdn ti ngAu nhién Borel néu X' (B(E)) c A (xem
[4], trang 80).

Pinh nghia 2. Ky hi¢u E* la khéng gian lién hiép ciia khéng gian Banach E. Pt C (¢,
02, Pu) = (Y €E : (@i(y), @2¥), ... @u(y)) € B}, B € B(R"),,vdi B(R")la o- dai s6 Borel
trén IR" va @i, @a, ... € E*. Ho cdc tdp hgp C nay la mét dai s6' va o - dai s6 sinh bdi dai
56 dy duoc goi la o - dai 56 tru, ky hicu C (E) (Xem [4] trang 14).

Anh xa X : (2 A) - (E, C (E)) goi la phdn 6 ngdu nhién néu X' (C (E)) c A. DE thdy
C(E) c B(E). Do d6, néu X la phdn it ngdu nhién Borel thi X la phdn 1 ngdu nhién, song
ngugc lai chita chdc ding. Tuy nhién, khi E khd ly, thi B(E) = C (E), do dé phdn tit ngdu
nhién chinh la phdn tut ngdu nhién Borel (xem [4] trang 25).

Bié€t ring vdi phén & ngiu nhién X va 8 € O, tdn tai phan phdi x4c suit ¢6 diéu kién,
chinh quy, thudng ky hiéu Qg, 6 € ® (xem [5])

B ba (E, X, { Qo, 6 € O}) dugc goi 1a m6 hinh théng ké v6 han chiéu vdi khéng gian
tham compéc. Néu E = IR", F=IR"thi ta dudc mé hinh héi quy phi tuyén da khio st trong
(11, (21, [3].

Gia st trén (E, B(E)) ta xdc dinh mét d6 do o - hitu han p sao cho
Qo << W, V6. Khi d6, t6n tai mot haim mat do xac suét c6 diéu kién, chinh quy
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_ Qo(dx)
W (dx)
Dinh nghia 3. Goi F* la khdng gian lién hiép ciia khéng gian Banach F. Ddt Dét C (¢,
2 w0 Pn) = (2 € F 1 (01(2), ¢z(z). « ¢u(z)) € B), B € B(IR'), p1, ¢s, ., € F*. Ngudi ta goi
o - dai 56 sinh bdi cdc tdp hop C nhu trén la o - dai s6 tru va ky hidu o (F).
Anhxah: (E, B(E)) — (F, C((F)) goi la do duoc yeu néu b’ (((CF)) CB(E)
Anh xa do dugc yéu h goi la wdc luong ciia tham dn 0 € @ c F. Bié1 rdng néu h la Borel
do duge, tiec la néu k' (B(F)) < B (E), thi h do dugc yéu. Nhu vdy 16p cde ham do duge yéu
rong hon ldp cdc ham Borel do dugc. Tuy nhién trong bai nay, ta gid sit F khd ly, do dé B (F)

= C(F), nén hai Iép ham dy trung nhau. Ciing chit ¥ rdng h do dugc yéu khi va chi khi ham
hop @ o h la ham s6"do dwgc vdi moi ¢ € F*
Anh xa do dugc yéu h goi la bi chan néu sup || h(x) ||, < +oc.

xcE
Dé thdy rdng, tap hop tdt cd cdc anh xa do dugc yéu va bi chdn tao thanh mét khéng
gian Banach véi chudhn :

| Allaery = sup [lAG)]F
xeB(E,F)

Va dugc ki hi¢u la B(E,F). Hién nhién B(E,F) la mét I6p wde lugng ciia tham dn Qe @cF.
DPinh nghia 4. Cho ula d¢ do o hitu han trén (E, B (E)). Anh xa do dwoc yéu h : (E, B

(E)) =2 (F,a'(F)) goi la bi chdn c6t yéu néu tén tai tdp B € B (E), u (B) = 0, sao cho :

sup || A(x) ||z < +e0.
xeE-B

Ho tdt cd cdc dnh xa bi chdn c6t yéu nhu trén la mét [6p wdc lugng ciia tham dn 6 € O c
F va tao htanh mét khéng gian Banach vdi chudn
2|l = inf up 1 ACO) |

B.u(B)=0 .

thuong duge ky htgu L (4B F)
A et S
Pinh nghia 5. Cho hai ham do duwgc L : (Fx &, C(F)xB(®)) »>(R+, B(R+))va H: (E

X 6, B(E)x B(6)) —»(F x 6, é'(F)xB(@)), H(x,60) = (h(x),6).
Ta goi ham hop L(k(.),.) = LoH : (E x @, B(E) x B(©)) —>(R+, B(R +)) la ham t6n that.
P¢ do xdc sudt t trén khéng gian tham compdc (6B (@)} goi la phédn phéi xdc sudt tién
nghiém ciia tham dn 6 € @ c F.

Pinh nghia 6. Anh xa ¥: B (E,F) - R+ duwoc xdc dinh bdi
Y(h) =[] L(hx)6) Qo(dx) (d6)
®F

= [[ L(h(x),0) fo(dx) i (dx) 7(dB)
QF

goi la ham mao hiém Bayes vdi phdn phéi xdc sudt tién nghiém 7.

Udc lugng h € B (E,F) dugc goi la wdc lugng Bayes vdi phdn phéi tién nghiém tnéu:

Y(h)= inf ¥(h

( ) heB(E.F) ( )

Dinh nghia tuong tu cho wéc lugng Bayes ciia ldp wdc luong L” (i E, F)
3. Haidinh Iy vé sy ton tai udc lugng Bayes trong mé hinh vé han chiéu

Pinh 1§ 1. Cho K la tdp hop cdc wdc lugng ciia tham dn 6 € @ < F thda man cdc diéu
kién :
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() WE)c®, Vhek
(ii) Y& >0, 7 phan hoach hitu han {E,}", c E va cdc di€m x; € E;ji = 1,......., m sao cho
sup || A(x) - h(x)|lp<g, VheK,Vi=1,....,m

xeE,

(iii) Tn tai C > 0 sao cho

L', &) - L") <C | y'-)"llz, vy yiel,¥0ec®

Khi dy K la tdp compdc tuong doéi trong B (E,F) va trong ldp wdc ligng K tén tai woc
lwgng Bayes.

Pinh 1y 2. Cho K la tdp hgp cdc udc lugng ciia tham dn 6 € @ c F théa mdn cdc diéu
kién :

(i) (E) c @ (mod ), YheK

(ii) ¥ €> 0,3 phdn hoach hitu han {Ei }L c E va cdc diémxi e Eiji = 1,....... , m sao cho

(@)h(x;) e® Vhek Vi=1....,m
(b) ¥h € K, FB € B(E), u(B) = 0 sao cho
sup Ha(x)—h(x) ]|l <&, Vi=l..,m

xck -B

(iii) Tén tai C > 0 sao cho

IL(y’,0) - Ly O)l < lly’ — y"'llz, Vy',y" € F, V6 € ©

Khi dy K la tdp hgp compdc tuong déi trong khéng gian L™ (1 E,F) va trong ldp wdc
luong K t6n tai udc ligng Bayes.

4, Ching minh hai djnh Il

Chitng minh dinh ly 1: Trudc hét, theo diéu kién (i), ta thdy K c B (E,F).

Ti€p theo, xét ham ®: B (E,F) — F™ dudc x4c dinh bdi

@ (h) = (h(x1), h(x2),.....h(Xm))

Ta thdy ® (K) c O". That vay, 14y bat ky ye®(K). Khi dé, ton tai heK sao choy =
®(h) = (h(x)), h(x2),...h(Xm)). Vi vdy, theo diéu kién (i) ta thdy ®(h) c @™, Nghia 1a ®(K)
(O

BAy gid, véi e > 0 cho trude, v8i bat ky t « @™, goi B (t,€) 12 qua cAu md tAm t, ban kinh
g. Liic d6 ho cdc qud cdu md c6 dang {B(t,g): te®™} s& tao thinh mdt phit md cla tap hop
@™. Piéu ndy cé nghia:

O'c UB(t,a)

t=0"
Nhung @™ 1a tAp compic clia khong gian Banach F", nén ton tai mét phii con hitu han
clia tip @™, nghia [a ' ;

o"c|JB(,.5),1,€ 0"
i=1

Do dé ®(K) c UB(!II,E) , 1, €0, Viviy Vhe K, Jj sao cho P(h) € B(t;e). biéu
J=l

nay c6 nghia: lO(h) — t)lIE" < e.
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Tuc 1a: Ih(x;) — tp)lle <€, Vi=1,..,m.

Mat khéc, vdi moi qua cdu B(t;ge), ta chon duge mot ham hj € K sao cho @ (h)) € B(t;¢),
vi néu ®(K) va qua cdu B(t;,e) c6 giao réng thi ta loai qua clu 4y di.

Do do: "CD(h}) - tj"Fm <Eg

Tur day, ta dudc: "hj(Xj) = [jj)“F g Vi=1...mi

Suy ra: llh(x;) — hij(x)llp < 2e, Vi=1,..,m.

Ngoai ra:

h(x) — hj(x)lIF < lth(x) = h(x)lle + h(x;) — hj(x)llF + Ihj(x;) — hj(x)llg

Vih, hj € K, nén theo diéu kién (ii), ta cé:

sup|h(x) —h(x)|l-<¢& , Vi=l..m

xek,

Vi=1 m

2 yrecey

sup |, () —h,(x,) | <&

xek,

Do d6: supxegillh(x)-hj(x)llf < 4e , Vi=1,.,m
Theo gié thiét £ =| JE,
J=l

Vi vay: ‘
sup |A(x) Rl = supllh(x) - BH)|IF
xek, er E,
i=1

_ max sup || A(x)-h, () || F < 4e
lgism wek

Diéu nay cé nghia K c UB(hj,4.s‘) va K 1a hoan toan bi ching trong B(E,F). Do dé K
=1

compic tuong déi trong B(E,F).
Tié€p theo, ta chitng t3 ring h(E) c ©, Vh e K.
That vy, 18y bdtky h € K. Khi &y tdn tai day (h,) c K sao cho:
"h,, = h"B(E,F) —> O, khin 5>«
Tu day: llhy(x) = h(x)llg — 0, khin — o
Theo gia thi€t, hy(x) ®, Vx € ©, Vn € IN,
Do dé6 h(x) € ©, Vx € E vi O la tdp hdp déng trong F. Vay h(E) < ©.
Cudi ciing, xét phi€m ham ¥ : B(E,F) — R+ dudc x4c dinh bdi
¥ =[] L6 Qx) tde)
®E

LAy bat ki h € B(E,F) va cho day (h,) c B(E,F) hoitu déuvé h:

| A, =k llser—> 0, khin — oo

Lic dé

¥ (h) - ()< [[ IL(ha(x),6) - L(h(), )] Qo (dx) T (d6)
OF

< [[ ClmE)-hE)l Qo (dx) T (d0)

8F

< [[ Cllh—hlogrn Qo @x) T (d0)

®F
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Vay ¥ lién tuc trén B(E,F) va do d6 lién tuc trén tap compic K e B(E,F)
Suy ra ton tai h € K saocho:

¥ (h)= inf W(h)

Ta thdy ;1 12 udc lugng Bayes can tim. Dinh Iy chitng minh xong.

Chitng minh dinh Iy 2. LAy bitky h e K. Vi@ la tap compic, nén theo di€u kién (i), ta
th4y h bi chin cdt yéu, ttc 12 h € L* (,E,F)

Viay K< L” (1EF)

Ti€p theo, xét dnh xa © : L™ (W,E,F) — F" dudc xéc dinh bdi

o (h) = (h(X1), h(x2): v ey h(xm))
LAy batkiy € ®(K). Lic dd, ton tai h € K sao cho
y = ® (h) = (h(x1), h(x2), . . . ., h(xm))

Theo diéu kién (a) cia (ii), ta dugc ® (h) € O™, Nhu vay @ (K) < O™

Lap luan tuong ty nhu trong chitng minh dinh 1y 1, ta thdy, véi moi qua cau B(tj, €), ton
tai ham h; € K sao cho

®(h) e B, €), Vi=1,...

Tir ddy, védimoih € K, taco :

| A(x;)—h,(x)|lr<2¢6, Yi=1,....,m

Theo diéu kién (b) cia (ii), ta thdy :

sup || A(x)—h(x)|z<é&, - 8 SR
xeE,~-B;
sup 1A, ()=, (x) <& Vi=1l,....,m
xeE;-B,

Pit B = By U By, ta ¢é u(B) = 0.
Ta thiy K | JB(h,,4¢). That vdy, 14y bat ki h € K. Vi moii= 1, .., m va moi x € E;
j=1

- B, u(B) = 0, biing 1ap luan twong ty nhu trong dinh 1y 1, ta c6 :
sup || A(x)—h;(x) <4

xcE,-B

do dé :

sup || A(x)=h, () ll,=" sup  [[AC) =R, (x) |
xeE-B "EUM (E,~B)

=max sup ||A(x)—h,(x)||<4e

1<i<m xeE,-B

Tir day, K 12 tdp compic tudng dbi trong khong gian Banach L” (]J.,E F).

Pé chitng td h(E) < © (mod p) véimoi h e K ,ta 14y batkih € K . Liic dé tén tai day
(h,) € K sao cho || A, (x) - h(x)||,—0, khin—co

T day ta dudc :

| A, (x) = h(x) || — O(mod ), khin —

mit khéc, theo diéu kién (i), ta thdy

hy (E)c® (mod ), VneN

bat

A={xeE:llh, (x)=hXlE—>0}
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B= {er h, (x) € 0, VneIN}—ﬂ {xeE:h,(x) e®}) = ﬂ B,
nelN nelN

Chi ¥ ring E, F kha ly, nén céc thp do dugc y€u ciing chinh 12 cédc tap Borel do dudgc.
Do d6 ham do dugc yéu h, cling 12 hAm Borel do dugc. Nén tap

B.,=h," (®) ciing la tap Borel do dugc. Suy ra B ciing 12 tap Borel do dudc.
Tudng ty A ciing la tdp Borel do dugc va p(A€)= w(B ) =0
Mat khdctacé :

AnB={xeE:llhy(x)-hx)llr > 0vah,(x) € ®, Vn e IN }
Vi@ la tap déng, nén:

AnBc {xe€E:h(x) e}
T day:

u({x € E:h(x)}“) <p (A®) +n (B®)
Piéu nay c6 nghia h(E) c ® (modp),vh € K.
Cudi ciing xét phi€m ham W:L” (wE, F) - IR+, dudc x4c dinh bdi:

¥ (h) = j j L (h(x),8) fo (x,8) n(dx)t(d6))

Biing l4p luan tudng tv nhu trong ching minh dinh Iy 1, dé thdy ¥ 12 ham lién tuc trén
L*(u, E, F )va do d6 lién tyc trén tdp compic K < L° (LE, F).

Do dé tén tai wdc lugng h e K sao cho

¥ (h)=inf ¥ (h)
hEE

Vay h chinh la wdc Iugng Bayes phéi tim va dinh I dugc chitng minh.

5. Théo luidn

5.1

Trong bai nay ta gid st E, F 1a cdc khong gian Banach kh3 ly. Piéu kién kha ly cia E,
F hién nay chua thdo gd dudc vi d6 chinh 12 gid thi€t d€ tén tai phan phdi x4c suit cé diéu
kién chinh qui da phét bi€u trong dinh Iy 3 ciia [5] (xem [5] trang 53). Nhu vAy muén bd gia
thi€t kha ly thi phéi phat bi€u va ching minh lai dinh 1y &y.

5.2

Hai dinh Iy 1 va 2 cla bai nay c6 thé tng dung trong bai todn wdc lugng t6i wu cla céc
qué trinh ngéu nhién. Liic d6 cé thé coi khong gian Banach E 1a kh6ng gian ham cia céc qiii
dao cla qué trinh ngiu nhién. Con kh6ng gian Banach F 1a khong gian ham chita khéng
gian tham compac ©. C6 thé coi tham £n O 12 mot ham thudc tAp compic O ciia F. Thi dy,
c6 thé coitham 4n 0 € O 1a ky vong cla qud trinh ngiu nhién binh phu’dng kha tich.

%3

C6 thé xét mé hinh théng ké v han chiéu khi E, F 1a c4c khong gian Frechet kha ly

(khéng gian t6pd tuy€n tinh kha metric, ddy di, kha ly). Diéu nay s€ dudc xét tdi trong mot
bai khéc.
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ON THE EXISTENCE OF BAYESIAN ESTIMATORS IN THE
INFINITE - DIMENSIONAL STATISTICAL MODELS
WITH COMPACT PARAMETER SPACE

Ung Ngoc Quang
Faculty of Mathematics - Informatics, University of Natural Sciences — VNU-HCM

ABSTRACT: The main aim of this paper is to investigate the Bayesian estimators of the
location paramater in the infinite - dimensional statistical models with compact parameter
space by the funtional analysis technique.
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