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XAP Xi ON PINH LOI GIAI CUA BAI TOAN CAUCHY CHO
PHUGNG TRINH POISSON TRONG NUA KHONG GIAN TREN

Nguy&n Céng TAm
Khoa Todn - Tin hoc, Pai hoc Khoa hoc Ty Nhién — PHQG-HCM
(Bai nhdn ngay 11 thdng 9 nam 2002)

TOM TAT: Bai todn tim 10i gidi ciia phuong trinh Poisson trong nita khdng gian trén vdi di
kién Cauchy cho trudc trén dia don vi dugc dwa vé mét phuong trinh tich phdn loai mét.
Phuong trinh ndy dugc chinh quy héa bdi phuong phdp Tikhonov vdi ddnh gid sai sé ciing
dugc cho.

1. Mé ddu
Chiing t61 xét phuong trinh Poisson trong nita khdng gian trén sau day:
(1.1) Au=f, (x,y,z)elei={(x,y,z)eR3, z>o},

vdi dit kién Cauchy dude cho trudce trén dia don vi
u(x, y,0)=uy(x, y),
(1.2) { (x, ¥,0) =ug(x,y)
U, (xa)’:o) = 31’1 (xly)
trong d6 f va uy,u; cho trude 1an lugt trong R} va trong Q. Ham chua biét u = u(x, y, z)

Vix,y)e Q={(x,y):x* +y? <1},

rang budc thém cic diéu kién:
(1.3) ue C*(R)NC(R]), u, e C(RY), v6i R: ={(x,y,z)e R’ , 220},
(1.4) u chinh qui & v6 cing, nghia la:
(1) Iim [sup{ln(x,y,z)[ - x? +y2 +z2=R? z> 0}]=0,
R—+0

(i) ton tai mot hiing s6 4 > 0 sao cho
ou

a(&y,l)

Péy la bai todn thudng gip trong vat Iy dia cAu [6] ma nhu ta da bi€t d6 13 bai toan
khdng chinh theo nghia Hadamard [3, 4, 6]. Ta bi€t ring bai todn Neumann cho phudng trinh
Poisson 1a bai todn dit diing theo nghia ¢d dién [5-7], do dé vdi di kién Cauchy (1.2) cho
trude trén dia don vi n€u chiing ta x4c dinh dugce
(1.5)  v(x,y)=u,(x,»0), (x,))eQ=R*\Q=((x,p):x>+y? 21
thi ta sé giai dugc phudng trinh Poisson (1.1) vdi dit kién Neumann.

08 sl :{ u(x,y), (6y)eQ,
vx,y), (xy)eQ.

Ta cling chii y ring tinh duy nhat cla 13i gidi bai todn (1.1), (1.2) dudc suy t [5]. Do tinh

khéng chinh cda bai todn ndy, cho nén vé& mit tinh todn 13i gidi u théng qua céc do dac gin

s—/i—z véi x? + y? + 22 dd 1dn.

¥ 2
x“+y“+z

-

%(x,y, z)

cu
__(x: .,V=Z)
oy

ding cla cdc dit kién wugy,u; trén Q va f trong R}, cin phai chinh lai bai toan d€ c6 dudc

I3i gidi 6n dinh déng thdi vn tiém can dén cla I3 gidi ding khi di kién do dac bj sai léch
it dan.
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Trong bai ndy, trudc tién chiing téi dua bai todn (1.1)-(1.4) vé mét phudng trinh tich phén
Fredholm loai 1 ma &n ham 1a v(x,y)=u,(x,»,0), (x,y)€ Q. K€ d6 ching t6i si dung
phuong phép chinh héa Tikhonov [5],[9] k€t hgp vdi dinh 1y Lax- Milgram [8]. Ching t6i
ciing thu dudc mot ddnh gia sai s6 giita 13i gidi chinh héa va gidi chinh x4c. Céc két qué thu
dugc 8 day da téng quat héa tudng ddi cc két qua trong [1], [2].

2. Thiét 1ap phudng trinh tich phédn cua v .
Xét ham Green clia bai todn Neumann cho phudng trinh Laplace trong nita khéng gian
trén nhu sau:

1
(2.1) G(x,y,z;é,ﬂ,C)=E[N(x,y,z;§,n,§)+N(x,y,z;é‘,ﬂ,—C)]
vdi

1
22) N@x,y,z¢€,n,0)=

NE=E+(y—-n) +(z-¢)
St dung cong thitc Green ta bién dién 13i gidi bai todn (1.1)-(1.4) nhu sau:
2.3)  u(x,y,2)=-[[G(x,y, 2,10, n0ddy

2

R
“‘mG(x,y,z;f,n,g)f(f,n,g)dgdndg
R}

Thay (1.5), (1.6) vao (2.3), sau d6 cho z — 0, ta thu dugc phudng trinh tich phén sau:
24) (AV)xp)=F(xy), Y(x,y)eQ,
trong dé

(&,m)
2.5)  (Av)x,y)= - d£ dn
g\/(x—»:)z +(y-n)?

(&,m)

2.6) F(x,y) =~2u(x,) - ul dedn
’ g\/(x—§)2+(y~n)2
f(&,n,6)dédndg

et (- gt

_IFQ e
Ky hiéu
L, (R) =/ : [[[ #(x.y.2) 1 (x, p, 2)dxdydz < o}
R}

L (Q) = {v: [[v(&,n* (&, m)dédn < o}
Q

1a cdc khong gian Hilbert cdc ham binh phuong kha tich 1dn lugt tuong w@ng véi cdc ham
trong ludng:

2
u(x, y;z) =(1+Vx2 +y*+2° ) va v(&n)=1+4E% +n°.
Ta thanh 14p céc gia thi€t sau:
(Hy) wuye Lz(Q);
(H,) uybichantrong &,
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(H3) feLy(Ry)
Sau mét sd tinh toén phitc tap, ching téi thu dude cic b3 dé sau:

BS aé 1. Gid sit (H,)-(H3) la ding. Khi d6 F € I*(Q).
B& aé 2. a) Vdi méi ve L2(Q), (Av)(x, ) cho bdi (2.5) tén tai hdu hét (x,y) € Q.
b) A cho bdi (2.5) la mét todn ti tuyén tinh lién tuc ti L2(Q)vao I*(Q).

3. Thiét 1ap 19i gidi chinh hoa

Nhu chiing ta da bi€t, bai todn khéng chinh (1.1)-(1.4) dwa dén viéc gidi phudng trinh tich
phan Fredholm loai mdt (2.4) ma ciing 1a bai todn khéng chinh. Vi vAy, su sai léch nhd cia
céc dit kién uy,u,, f trong cong thic (2.6) ( theo mot chuén thich hgp) sé kéo theo thay déi

nhd ciia F. Do tinh khong chinh clia bai todn nén 13i gidi tudng ng cla (2.4) c6 sy sai 1€ch
I6n. Vi vy trong phin sau déy ta s& x4p xi bai todn (2.4) bdi ho céc bai todn bi€n phan sau:
Bai todn bién phdan (P,), € >0: Tim v, € L%(Q) sao cho

B0 [[E e € mw(&,mdédn + [[(4v,)x, y)(Aw)(x, y)dvdy
0 Q

= [[ F. o) Aw)(x, y)dsdy, Vw e L (Q),
Q

trong d6 F, 1a gi4 tri do dac clia @ kién so vdi gid tri chinh xdc /- (thGng qua cdc dix kién
ug,uy, f) theo chuin L12(Q) vdi sais6
(3.2) |Fs - Fol 2 ) =%
Khi d6 do dinh 1y Lax- Milgram ta c6:
B& aé 3. Vdi mdie > 0 bai todn (P,) cd duy nhdt mét 1oi gidi v, € L>(Q). Hon nita, 10i gidi
ndy én dinh doivdi F,.

Bay gid, ta gia s rang 181 gidi chinh xdc vy € [*(0Q) ctia phudng trinh
(3.3) Avy = Fy trong L?(S2),
thda di€u kién
(H,) Téntai F*e I[*(Q) sao cho
B4 [[VEnvoEmwEmdEdn = [[F*(x, ) Aw)x, y)dxdy, Yw € L, Q).

0 Q

K&t qua sau ddy cho mot dénh gid sai s& cla 18 gidi v, va v, theo sai 6 & ma ching
minh clia né tuong tu nhu [2].
Pinh 1y 1. Gid si loi gidi chinh xdc vy € L (Q) théa(H,). Gid sit I, e L2(Q) thda (3.2).
Khi dé loi gidi v, L., (Q) bai todn (P.) théa mgt ddnh gid sai s6' sau:

(3.5) [¥s =voll 2 gy <CVe.
trong do

]/'
(3.6) :T(H"F *”E(Q)) g’
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Chii thich 1. Viéc tim 101 gidi v, € Li(Q) bai todn (P,)tuong dudng vdi viéc gidi phudng
trinh toén tr
(3.7) Eve+A*Av, = A*F,

hoidc c6 bi€u dién twdng minh biing céng thiic

(3.8) v, =(el+A*A) A F,

trong d6 / 12 todn tit dng nhat va A*: [*(Q) - L} (Q)1a todn tif lién hdp cila 4, titc 12
1 x, y)dxd

(.9 (A*g)Em= [[—EeXED e ().

14982 +72 9 (x-&)? + (v -n)?
* Chd riing ¢/ + A* 4 kha ddo Ve > 0, nhung d€ tinh v, theo cOng thifc (3.8) rdt khé khin
do tinh todn vditoan tit (¢ + 4 *A)_l khéng dé dang!
* P& khdc phuc diéu ndy ta viét phudng trinh (3.7) dudi mét dang khéc nhu sau:
(3.10) v, =v,-f(ev, +A*Av, - A*F,)=Bv,, v8i mois6 thyc £ #0.

Khi d6 tacéd B: Lf, Q) > Lf, (Q) 1a todn t co vdi viéc chon s& thue B # 0 mét cach thich
hgp. Cu thé ta cé:
Pinh 1y 2. Chon

] -2
(3.11)  B= 5[8 +37°%In 1—6-)

e
Khi dé B:I2(Q)— L2(0) la todn tit co védi hé s6 co

=2
2
(3.12) k:\/l—(1+3—” lnEJ é1.
£ e

nghia la

"Bu — Bv

2 < el ~ "||L3(Q,vV“,V e L;(0).

Chii thich 2. V&i viéc chon £ nhu trong dinh 1y 2 ta s€ tinh v, theo m{t thuét todn x&p xi
lién ti€p theo nguyén ly 4nh xa co nhu sau:

-2
2
(3.13) vs(m) = BVS(M_]) ) \/1"[1 +-3£ IHEJ ‘fe(m_])

& e

= e 2A"‘(Avé.(m'l)—F‘,;.), mz=1.

(a +372%In E]
e. .
Budc lip ban diu v,¥ e 12 (Q) cho trude tity ¥, d€ don gian c6 thé 14y
(3.14) v, M=o,
Khi dé |v, ™ -

Vv v

£

i — 0 khi m — o va ta c6 dénh gi4 sai s§ giita vg(m) va v, nhu sau

y, (™

(3.14) -V, <C k™ v8imoim=1,

L)
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trong d6 C; =]_ik||A*F€||L3(Q), véi B va k cho bdi (3.11), (3.12). Con sai s& giita v,

va vy dudc dénh gid nhu sau (tudng tu nhu [2]):

(3.15)

; <C.k™ +Cye véi C cho bdi (3.6).
)

STABLE APPROXIMATION OF SOLUTIONS OF A CAUCHY PROBLEM
FOR POISSON EQUATION IN THE UPPER HALF-SPACE

Nguyen Cong Tam
University of Natural Sciences — VNU-HCM

ABSTRACT: The problem of finding a solution of Poisson equation in the upper half-space
with Cauchy data given on the open unit disk is formulated as an integral equation. This
equation is regularized by the Tikhonov methode with error estimates given.
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