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TOM TAT: Bai todn Stefan nguoc xdc dinh phdn bé nhiét bé mdt khi biét hinh dang bién tu
do va phdn bé" nhiét ban dau dwge dua vé viéc khdo sdt mot phuong trinh tich chdp. Phiong
trinh nay dugc chinh héa bdng phitong phdp chdt cut tich phén vdi cde ddnh gid sai 56 gita
nghiém chinh xdc va nghiém chinh héa.

L Mé diu :
Xét bai todn Stefan ngude tim phan bd nhiét

u(0,t) = v(t), t > 0 sao cho phudng trinh :
o'u  du

y—a:0,0<x<s(t),t>0, (1)
vdi cdc diéu kién bién :

u(s(t),t):O, t>0, (2)

du ds

—{s(t),t)=—n—(t), t>0, 3

= (5().1)=n—(1), t> 3)

u(0,t)=v(t), t>0, )
va diéu kién diu :

S(O)::b, u(x,0)=un(x), O<x<b, (5)

¢6 nghi€ém u(x,t) trong dé ug va s cho trudc.

Bai todn nay c6 thé coi 12 mdt bai todn diéu khién nhdim x4c dinh phan bé nhiét tai
bién c6 dinh v(0,t) d€ bién tu do s(t) ¢c6 hinh ddng cho trude.
Bai todn Stefan ngudc néi chung la kh6ng chinh theo nghia clia J.Hadamard, nghia 14 ching
kh6ng luén lu6n t6n tai nghiém va ngay cd khi nghiém tén tai duy nhat thi né khéng phu
thude lién tuc theo dit kién. Cédc bai todn Stefan nguge duge nhi€u nha todn hoc quan tim
khdo sat [Colton[3,4]; Rubinstein[6]; D.D.Ang, A.P.N.Dinh, D.N.Thanh, Gorenflo [1,2,5]... ]
trong d6 mdt s6 bai todn Stefan nguge mét chiéu dude khao sat khé k§ trong [1,2,5]. Chid y la
cdc cong trinh nay, nghiém chinh héa dugc xay dung biing phép chinh héa Tikhonov két hgp

véi bi€n d6i Fourier.

Trong bai bdo nay, chiing t6i xdy dung nghiém chinh héa bing phuong phép chat cut
tich phdn. Céc dénh gi4 sai s6 giita nghiém chinh héa va nghiém chinh xdc dugc x4y dung
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dva trén céc thdng tin thém vé nghiém chinh x4c. Viéc xdy dung nghi€ém bing mdt tich phan
hitu han cho phép ta x4p xi n6 mot cdch d& dang béng cdc phuong phédp x4p xi tich phin
th6ng thudng. Hon nita, bing cich bi€u dién nghiém chinh héa nay biing chudi Cardinal, ta
chi cin di kién do tai cdc di€m rdi rac thay vi d kién lién tuc nhu trong [1,2,5].

IL Phuong trinh tich phdn va chinh héa :

bit
o ) )

Gia st s 1a ham dudng, ting va bi chin thude 16p C' va ug ¢6 dao ham lién tuc va bi
chin. Tich phan biéu thitc : :

trén mién 0<§<s(t),0<a<1<t—a vacho e —>0,tacé:

1
2\5]-0_1)/ ( - )Jv(r)d‘r— —u(x, t)+IG(x t;€,0)u, (£)dE

0

+uIG(X,t;S(‘E),‘E)S'(‘C)d‘E 6)

vdi moi x, t sao cho t > 0, 0 < x < s(t).
Cho x —s(t)—0trong (6), ta c6 :

j(tS(g/ ( 4;(0)} (T)dT:—_Z.G(S(t),t;r;,())uo(&)dg

+ujG(s(t),t;s('c),t)s‘(t)dt. (7)

Bdy la phudng trinh tich phdn Volterra loai 1 theo v(t)va chiing t6i ciing s& tim céch

chuyén (7) vé mét phucng trinh loai tich chép va chinh héa bing phép chit cut tich phén va
déanh gia sai s6.
bat .

g(x,t)=-u(x, t)+jG(x, t;€,0)u(&)dg +ujG(x, t;S(‘t),‘t)S'(’t)d‘C

vdit>0,0 < x <s(t) va dat :
U,(t)= lim g(x t),

was(l

U, (t)= lim (x t)s

x—3s(1)-0

(8)

va xét ham sé :

U(x,t)=

x| = e"p(%(ir))"“)d"

thi U thda phuong trinh :
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U o

5 ——U=0, x>0, t>0,
ox ot

va cac diéu kién sau :

U(s(t),t) =Uyt) , t>0,
%x[i s(t),t) =U,(t) , t>0, 9)

U(x,0) = 0 , x>0

Goi k 12 s6 thuc thda diéu kién k > s(t), Vt > 0.
T (7),taco :

b t
U,(t)= —IG(s(t),t;&,O)u(E_\)dE_,+uIG(s(t),t;s(t),t)s'(‘c)dr. (10)
Hon nita, 14y dao ham theo x ¢ v€ phii cla (6) rm chox T s(t), tacé :

U, (t)=-p ()+u0(O)N(S(t)t J'G s(t),4,€,0)u; (8)dE
+ufG(s(t).ts(9),0)s'(@de, (1)

: N S ex (x5) o —(x_+§_)z
N(x,t,&,t)—zm{ I{ a(t- t)} 1{ 4(t—‘c)ﬂ.

Do (10) va (11), cdc ham Ug(t) va Uy(t) xdc dinh khi t > 0 va phu thudc li€n tuc vao
uo(x), Wo(X), s(t) va s’(t) theo chudn L7,
bit :

trong do

I (x-¢)
K(x,t,&,1)=————¢6x
(x.t&17) 2, (t-1) [ 4(t- ’C)}
Véit> 0, x >s(t) va n € N khé 16n, tich phan déng thic :
Binds . UaK]—Q(UK)=O
kE\ & o) ot

- s 1 % i
trén mién —<t<t-—, s(t)<&<n vacho n—>ow,taco:
n n
t

U(x)= [ Z (. ts(2, ) U, (9 j!K x,£:5(0),7).(Uy (9)5'(1)+ U, (1)) de(12)

o
vdimoit> 0, x > s(t). -
Tinh U(x, t) tai (k,t) v8ik > s(t), Vt> 0, tor (12),tacd :

Zﬁg(t r)/ ( 4(t- I)Jv(t)dt I — (k. :5(2),1).Uy () de
= [R5, 9 (U (51 + U (D). @13

la phudng trinh dang tich chép theo v(t). Pat:
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0 s 1=,
(1 (toK
—E[!E(k t;s(1) )U (t)dt
F(t) =/ —j;K(k,t;S(‘t),‘E).(UO(‘C)S'(T)+U,(T))dTJ , t>0,

0 v bEB,

Bay gid, v8i moi teR, ta cé :
(a*v)(t):\/—;__;__La(t—t)v(t)dt=ﬁ£a(t—t)v(t)dt =F(t)
nghia I3 :

a*v=F. (14)
Tacé :

a(t)= J._ _J;a(x)e*"“dx = i(ij/ expli—k(%[d]% (1-isgn (t)):' , (15)

a(1)|= H exp[ ]

Dung bi€n d8i Fourier hai v& ciia (14), ta ¢6 :
&9 =F. (16)
Né&u nghiém v tén tai, khi dé6 :

¥(t)=F(t)(a(1))” (17)

T (17), néu nghiém tén tai, nghia 13 : néu IAT(t).(c';i(t))_1 el’, tacé:

¥(t)= _\/;_—EI 3(s)eds =—J;_?Tﬁ(s).(a(s))" ¢ds.

Bay gid, ta s& x4y dung mét nghiém chinh héa ciia (14) bang phudng phép chit cut
tich phan sau khi itng dung phép bi€n d8i Fourier.
Pinhly 1:
Gié st nghiém chinh xéc vy ciia (14) tudng Wng véi Fo & vdi phai nim trong LY(R) va
thda :
[[e () ls|ds <E?, (18)
va
|F- Fn|2 (19)

Khi d6 t6n tai nghiém chinh héa v, clia (14) sao cho
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J2 E(, E2
vV, ~Vol, SkE4l 20
[ve = val, {[“s = (20)
Chifng minh :
1 "/5 ' -2
Glasu’k>\/_ dat E'= ve>0,saocho e<E'e
k'
El/
Pit a —;m[ /8,,}
k nE
/€
bat
1 §a =
v (t)=—= | F(s)(a(s)) e“ds. %l

Tacé :

~

2 ~
vs _Volg = vs

Suy ra |v, - v,|, <kE

_VO =

i

I";a1 (Sl |Slds< A a k’n
k’nE"?
a

'/

(] )”

Viy dinh 1y d3a dugc chitng minh.

Pinhly 2:

Gia st nghiém vo clia (14) twong Wng v3i Fo & v& phai nim trong L3(R) va thda :

nE*
ds< 3 22
j (‘[_) 4k2 @2
va cho
[F-F,|, <e. (23)
Khi d4, tdn tai nghiém chinh héa v, cia (14) sao cho :
-1
[V, = Vo, <k</nE [m EJ : (24)
€
Chitng minh :
V3imdi g >0saocho e<Ee”. (25)
Pit
: B/
2
a=ln’ i/ (26)

(&)
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thda :

va

.vé

v, (t)= \/—;_;j{f?(s)(&(s))_l eds. Q27)

Chu ¥ riing supp v < [-a,a].
Theo dinh 1y Plancherel, ta c6 :

v, ~vof =[5, —%f = IIF(S) B 4 [ [ea(s)f ds

ii<a G(s) ls2a
< IE(ZI—)FI% -E, : +ﬁlﬂ‘£‘ '{;0 ©f (\/IS—I)B ds
Krgmg, LB 28)

=72 (\/;)3W§
Patt= ky/2a Lhi't=2lr{ % }

E
l“(/é)
Tacd:
2 kan’[tsz 1] KnEl 1 1
< — —_—t— | =— T .
O A= i by (29)
€
Pat

u=1n(%)25 ta c6 11258(u—lnu)3

1
Vi vay Fsln (]y)

Vay : |v, —v,|, <k’nE’

1
in* (%)
Suy ra |v, = v,|, < k\/EE(ln %)_].

Vay dinh Iy da dudc chitng minh.
Pinhly 3:
Gi4 st nghiém chinh x4c v cita (14) tuong ng véi Fo & v€ phai niim trong L*(R) va

I

—an

? Sy < g2 T 5>01ah5ng56

|F—ﬁh<a

Khi d6, tén tai nghiém chinh héa v, cia (14) sao cho
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5
h,qﬂzsaﬁ&(%yw.

Chitng minh :
2 ( ]
> In—|.
(k+8) €

kJﬂz

Vdimoi e<E,dita=

Tudng tu, ta c6 :

2 <'n:k
Ve =V, <

£

2a

b2
""k k22 a2 Ez “_lii
e6 2
28

E? g k+s
3 L2
<7k est—a =nk’E [E) .

% (s) "*ds

Vay dinh ly da dudc chitng minh.

Pinhly 4 :

Gia st nghiém chinh x4c v, clia (14) tuong ng vdi Fo & v€ phai nim trong LA(R) va
thoa :

[ ™o, (1) dt<E?,

va ‘

[F-F,l, <e.
Khi dé, ton tai nghiém chinh héa v, clia (14) sao cho
v, —v0|2 <JEk#2n+e.

Chifng minh :

E\/Ee"‘

kvm

Véimdi e> 0, sao cho &<

biat
E\2
2k mJ’z
va
_ 1 e - -1 its
va(t)-jz_;:[‘l?(s)(a(s)) e“ds.
Tacé :

E(s)- ()

2_.
vE—v0|2— I

ds + I |v0 (s)|2 ds

HSa Hza
<— ! €’ +% I |v0 (s)|2 e?Flds
la@)] &
k’n G 1 kin Ny 1 2E?
STCk 4 52 +e2—ka'E2 :—‘2—'|:8k 2 82 +;2—E-k2n:|.

Trang 22



TAP CHi PHAT TRIEN KHCH, TAP 5, S0 12/2002

Pat u=+2a21,tacé :
2 _k’n 1 2E?
v, = Vol s—z-[e’“a’ oo <Ek+27e.

ku’
e
Vay ]VE —v°12 <JEk{2n+e . -

Viy dinh 1y da dudc chitng minh.

REGULARIZATION OF A ONE DIMENSIONAL INVERSE STEFAN
PROBLEM BY THE METHOD OF TRUNCATED INTEGRATION

Nguyen Cam, Pham Hoang Quan

ABSTRACT: The inverse Stefan problem determines the distributed temperature on the
surface if we know the boundary shape and the initial distributed temperature. This problem
will be reduced to investigate a convolution equation. This equation is regularized by method
of truncated integration with error estimates between the exact solution and regularized
solution. '
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