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5
TOM TAT: Chiing 16i xét bai todn tim 10i gidi ciia phuong trinh Poisson trong nita khéng
gian trén vdi dit kién Cauchy cho trudc trong mét dia tron don vi md. Bai todn dugc ddn vé mét

phuong trinh tich phdn, sau dé chinh qui hda phuong trinh nho phuong phdp Tikhonov. Bdnh
gid sai s cling dugc cho.

1. M§ dd :
Chiing ta xét phudng trinh Poisson sau ddy :
(1.1 Au= f trong nita khong gian trén {(x,y,2)e R’ :z>0}=P

lién két v8i dit kién Cauchy

u(x,y,O) = U, (x,»)

12) P iy ey Y(xy)eQ={xy): x> +y <1}

Trong d4 f cho trwde trong P uy, u cho trude trong Q. HAim u = u(x,y,z) chua biét s& dugc
rang budc thém cdc digu kién :

(1.3) ueC* (PYNC(P), v, eC(P), véi P={xy.2)e R’ :z20}
(1.4) u chinh qui § v6 ciing, nghia la :
(i) é‘_',‘l[h}“f‘j‘ u(x, y, z)I]

(ify ~ Tontaihaihdngsd A>0vad >1 saocho

|lgrad u(x, y, z)| < véi x*+y*+z* dildn

A
3

(x +y'+z )/

Pay 12 bai todn thudng gip trong vét 1y dia cAu [7] mi nhu ta dd hi€t d6 1 bai todn
khong chinh theo nghia Hadamard [6] [7]. V4An d& lién quan d&n bai todn nay rit nhiéu tdc
gid quan tAm trong thdi gian gin day, xem [1], [4], [5], [6], [7] . Ta biét ring bai todn
Neumann cho phuong trinh Poisson 12 bai todn dit ding theo nghia c¢6 dién [8]. Vi th€ véi dit
kién Cauchy (1.2) cho trirdc néu chiing ta xdc dinh dudc

(1.5) vy =10, (ny)eQ=R\Q={xy) iy 21}
thi ta sé giai dugc phuong trinh Poisson (1.1) vdi dif kién Neumann
k] £ : ] Q
16 i) = {ul(x y), (xy)e
v(xy), (x,y)e@

Ta ciing chi ¥ riing tinh duy nhit cta 101 gidi bai todn (1.1) - (1.2) dudc suy ti [8].
Do tinh khong chinh ciia bai todn ndy cho nén v& mit tinh todn 16i gidiu théng qua cdc gid
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tri do dac w, (x, y), uy(x, y) trén Q va f(x,y,z) trong P can phdi dugc chinh lai bai todn dé thu

dugc 15i gidi dn dinh ma vin tiém cin dén 18i gidi ding khi dit kién do dac bi sai 1&ch it dan.
Trong bai ndy. ching t6i din bai todn (1.1)-(1.4) v& mot phudng trinh tich phan

Fredholm loai | theo 4n ham 1a v (x,y), (x,y) € Q. Sau d6 ching t6i sit dung phudng phdp

chinh héa ctia Tikhonov [6] va cdch lam tuong ty nhu [2], [3], [4] va [5] dé thu dugc thuit

todn c6 gid tri v& mit gidi tich s8 cling nhu d& dang ddnh gid sai s0.

2. Thiét lap phuong trinh tich phén :

Trong nita khéng gian trén ta xét ham Green ciia bai todn Neumann cho phudng trinh
Laplace nhu sau :

@D Gaynznand) = ﬁ[mx, NE )+ Ny 5 =)
vdi

Q2 NanznEnd) = I

JE=&P + (- +(z-¢)?

Ta gid s ring :

(2.3) u,eL*(Q),

(2.4) u, bichéntrong €,
(2.5) fe€ Li (P)

g day

(2.6) Ju(x,y,:'-')=(l+x/xz’ry2 +Zl)z

L(P)= {f: ”L)u(x,y,z)f2 (x, y,z)ci‘cdydz<oo}

St dung cOng thitc Green va diing cdc gid thiét (2.3)-(2.6) ta bi€u dién 15i gidi bai
todn (1.1)-(1.4) nhu sau [8] :

@7 u(x,y,2) == [[,G(x,y,2:€.0,0u,(&n,00d Edn

([ Gy zEn.g) fEn.Qdeduds

Thay (1.5), (1.6) vao (2.7), sau d6 cho z — 0" ta dugc phudng trinh tich phin
Fredholm loai 1 sau :

2.8) (Av)(x, y)=F(xy) V(x,y)eQ
trong doé
(&, 7)dédn
(2.9) (4v)x y) = Bt
- ! Jx-&) +(-n)*
(2.10) F(x.y) =—2:’1’u0(x,y)-” u,(&,n)dé dn
*J(x=&) +(y-n)’

—”_[ S (&.n.¢)dS dndg
" Jx=E) (-t +¢7

Sau ciic phép tinh dai va sdp x&p lai, chiing t6i thu dudc hai b8 d& sau :
BS.de 1: Gid st us, uy, f thda (2.3)-(2.6), khi d6 Fe L (Q)
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Bode2:
2) Véi mdi ve L) = {v: [[ p&mv? (&m)dé dn <eof

trongdé p(&,77)= [l +y&% 7 ]ﬁ ,  (&meQ=R\Q,
B 12 hiing s6 saocho 0<f <2(5-1)
Khid6é (Av)(x,y) xdc dinh bdi (2.9) ton tai hdu hét (x,y)eQ .

b) Todn ti A tuyén tinht¥ L2(Q) vao L*(Q) la lién tuc
Chii thich : K&t qui clia bai ndy 12 tdng quét ddng ké két qua & [5]. N€utachon  6=2, B
= 1 thi s& dugc k&t qua & [5].

3. Thiét 1ap 161 gidi chinh héa :

Ta bi€t ring bai todn khong chinh (1.1)-(1.4) din vé viéc gidi phwong trinh tich phan
Fredholm loai 1 (2.8) ma (2.8) cling 12 bai todn khong chinh. Vi vay su sai léch nhd cdc di
kién wug, u;f theo mdt chufn thich hgp kéo theo sy sai 1&ch nhd clia F dugc x4c dinh trong
cong thidc (2.10). Do tinh khéng chinh clia bai todn nén 13i gidi twdng dng cda (2.8) s& c6 sai
1&ch 16n. Vi viy trong phin sau ddy ta tim 18i g1a1 x&p xi v, cla (2.8) cho bdi b8 dé& 3 sau
diy :

B& de3: Ton tai duy nhdt v, eL’(Q) saocho

BN e[ pEnw.EmeEndsdy + [[ (Av,)xy)(Ap)x, y)dsdy
= [[ . »)(4p)x, y)dxdy , Vo eL(0)

trong d6 F 14 gid tri do dac clia dif kién so vdi gid tri chinh xdc F theo chuin cta L’ (Q)
vdi sai s6 :

(3.2) |7, - Fy|

L’(n)

Hon nita, 18 gidi nay 6n dinh d&i véi F,.

Ching minh: Sy t6n tai va duy nhit ca 13i gidi v, cda phuong trinh bién phin (3.1) dudgc
cho bi dinh 1 Lax-Milgram.

s 9

Gid st ring, v, e ,(Q) 12 15i gidi chinh xdc clia phuong trinh:

(3.3) Av, = F,
thda diéu kién:
(3.4) Ton tai v, € L*(Q) saocho

[l,p€mme Eme&.mdsdn = [[ v(xy)N4e)xyddy Vo eL,(Q)

Khi d6 ta c6 ddnh gid sau ddy ma viéc chitng minh tudng ty nhu [3], [4], [5] s& dudgc
qua :

Dinh 1§ : Gid sit vo € L%, (Q) thda (3.3), (3.4) va F. € LX) thda (3.2). Khi d6 13i gidi én
dinh v, cia (3.1) thda man mot ddnh gi4 sai s& nhu sau :

(3.5) e =voll s o, <C Ve
vdi & dinhdva -
o celibil)!
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REGULARIZED SOLUTIONS OF A CAUCHY PROBLEM
FOR THE POISSON EQUATION
IN THE UPPER HALF-SPACE.

Nguyen Hoi Nghia

ABSTRACT : We consider the problem of finding a solution of Poisson equation in the upper
half-space with Cauchy data given on the open unit disk. The problem is reduced to solving an

integral equation, which is then regularized using the Tikhonov method. Error estimates are
given,
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