Science & Technology Development, Vol. 4, <o. 8,8-2001

CHINH HOA NGHIfM MOT BAI TOAN NGU(IC
LIEN QUAN DEN VAN DE THAM HOA CHAT

Nguy&n Céng Tam - Khoa Todn- Tin hoc, Trudng Pai hoc Khoa hoc Ty Nhién
Nguyén Hgi Nghia - Ban Do Tao Sau Dai hee, PH Quéc Gia Thanh phd Hé Chi Minh
(Bai nhdn ngay 05 thdng 11 ndm 2001, hoan chinh sita chita ngay 04 thdng 1 ndm 2002)

TOM TAT: Bai todn tim ndng d6 héa chit tai mang thd&m theo ndng d6 dudc do tai diém
cdch xa mang tham dugc dan v€ viéc gidi mot phudng trinh tich phan Abel suy réng. Phuong
trinh ndy dugc chinh quy héa bdi phudng phédp Tikhonov vdi ddnh gid sai s§ ciing dude cho.

1. Pt van dé

Chiing t61 xét mdt mang thadm dit tai vi tri x =0 cla truc hoanh dd6 Ox chia thanh hai
ngin: mdt ngidn x <0 ma héa chit dude dua vao vd mdt ngiin con lai x>0 13 ngin khong
thé ti€p cin duge ( c6 héa chat dim dic rat nguy hiém). Nong d6 hda chat tai diém x § thoi
diém ¢ 12 mdt ham s§ u(x,f) duge gid s khuyéch tan gidng nhu qué tinh truyén nhiét,
nghia 12 u(x,f)thda man phuong trinh truyén nhiét sau diy ma ta gid sit hé s& truyén nhiét
bing mjt:

ou 08%u

1.1 —=—, x<0,¢t>0.
(L.1) P

Gi st tai thi diém ban diu, ngin x <0 khong cé héa chat, nghia 1a:
(1.2) s =02zl

trong khi d6 & ngéin x >0 thi c6 ndng d§ 12 u, (1) 13 mdt ham chua bi&t theo thdi gian ¢ (
ddc lap vdix).

Ta cling gid st ring sy thay dSi ndng do khi héa chat xuyén qua mot mang thim thda
dinh luat Newton vé qué trinh 1am ngudi, tifc 1A gradient cia ndng d6 i 18 véi hiéu s§ cia
ndng d§ xuyén qua mang:

ou
(1.3) 7, 00 = k(0,0 -u, (1)
trong d6 k >0 14 hiing s6 thim[3].
Bai todn 1a xdc dinh ndng d§ héa chét u, (f) trong ngin khong ti€p cdn duge x > 0 tif ndng
do héa chdt u(xy,?) do dugc tai diém cdch xa mang thimx, <0.

Do d6, chiing tdi chia thanh 2 bai todn nhu sau:

Bai todn I: Xic dinh u, (1) tir u(0,1).
Bai todn 2: Xic dinh u(0,1) U u(xg,t).
Bai todn 1 di dudgc xét trong {7].
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Trong bai ndy ching tdi xét bai todn 2: Trudc hét chiing t6i thi€t 1dp mot phudng trinh
tich phin Abel suy rong lién hé dén u(0,r) va u(xgy,t), trong d6 u(0,7) la 4n ham va
u(xg,t) 1a ham bié&t trude do do dac. Bai todn xdc dinh u(0,f) tif u(x(,f) 1a bai todn khdng

chinh. D& gidi bai todn nhu vay ching tdi dung phép chinh Tikhonov théng qua dinh Iy Lax-
Milgram. Pénh gid sai s0 thu dugc 1a bic Y2 so vdi sai sd do dac dit kién u(xg,t) theo

chuin L2(0,1). Sau dé mdt thudt todn xap xi lién ti€p theo nguyén 1y dnh xa co nhu sau cling
duge nghién cttu. K&t qué thu duge & day da tdng qudt hda cdc két qua trong [2.4, 5, 6,7].

2. Thiét 1ap phuong trinh tich phan
Xét bi€n ddi Laplace ctia ham u(x,f) theo thdi gian ¢ :
@2.1) 42, p) = Q}é_p’u(x,t)dt .
0
Tit phuong trinh (1.1) ¥a diéu kién dau (1.2), ta thu dudc:
@2) i(x, p) =0, p)e™'

St dung dinh 1 vé tich chdp ta thu dugc bi€n ddi Laplace ngudc ciia (2.2) la

2
=X
—x ‘re A’-f) u(0,7)
u(x,t) = 72 dr.
Wr 0 (t-1)
Trong (2.3), cho x — x ta thu dugc
2
—A0
‘e A’“ﬂ u©,7) . _ -z

5 = (%q,1) -
0 (t-1)¥? X0 S

(2.3)

(2.4)

Phuong trinh (2.5) dugc viét lai nhu sau:

K, )u(0,7) "

2.5) Oj e 1)

trong dé
e UA:‘—r)
(2.6) K i)y=———,
t—-7
—20Vm
@7 F(O) = == u(xg.0).
Chi thich 1.

i) (2.5) 1a phuong trinh tich phan Abel suy rong(loai 1) vdi a = yz (xem [1-2]).

Trang 73



Science & Technology Development, Vol. 4, No. 8,9-2001

iy O day nhan K(f,7) trong phudng trinh (2.5) khéng thda didu kién di néu trong [2], tifc
la K(t,t) =1. Nhu vay phuong phdp gidi trong [2] khong si dung dudc vdi K(t,7) cu thé nhu
(2.6).

3. Khao sdt va chinh qui héa phuong trinh tich phan (2.5)

bit
" K(t,7)v(r) .
3.1 A = | —F===+d jinhdn K(t,7) nh 2.6).
(3.1 (Av)(1) 6[ T 7 vdinhdn K(f,7) nhu trong (2.6)

Ta c6 b8 dé sau.

B6'dé 1.4 cho bdi (3.1) xdc dink mdt todn tit tuyén tink lién tuc tir 2 (0,1) vao I2(0,1). Hom
nita ta ciing co

(3.2) 4] < 8e'x, 2.

Chitng minh. Chd ¥ ring

i/ )

(3.3) . s—= V>0
t exO
Viy
a2
e x%f“f) 4
(3.4) 0<K(t,7)= S~ Vt,r, 0<r<t.
-1 exo
Do d6
2 |TK (t,7)v(7) ’ e il |V(f)|
(3.5) (Av)(t)|” =|| —==—=dr] < dr
| | 6[ Vi—71 ex02 6“ I~

Nhg bat déng thitc Cauchy-Schwartz

| (@)

t—7

<2f[v '@ 4.

3.6
(3.6) —

—dr

Sau khi thay déi thit ty bi€n 14y tich phén ta thu dugc

V@)

(3.7) ||Ag||L2(OU J](Av)(r)| dt <2( J jdj Nl

T
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4 V21 1
=2l —| [V@dr| dr
exy 0 = WE =

\? i
=4 . J«JI—? vz(t)dr
0

8 2] 3 8 i 2
<| —=| M@dr=|—=]||v
[exO2J (!‘ onz} " "LZ(O’U

vay |4 <8e7'xy .
B6 dé 1 dugc chiing minh.

Chif thich 2. Panh gi (3.2) cho thdy néu x, cdch xa mang thdm (x> 16n) thi 4] bé.
Ta thanh 1ap gid thi€t sau:

-20/r
X0
Ta gid st ring vy() =u(0,) e 1* (0,1) 1a nghi€m chinh xdc cia phudng trinh

! K(t,7)vy(r) — 24w
3.8 A = [ = 1.
(3.8)  (Avp)(®) J — = fo(?) %o u(xg,1)

u(xq,.) € I2(0,))

HD  fi(O)=

thda thém mot s& diéu kién nio d6 ma ta s& dat sau.
Nhu chiing ta da bi€t, bai todn khong chinh (1.1)-(1.3) dua dé&n viéc gidi phudng trinh
tich phdn Abel suy rdng loai mot (3.8) ma cfing 12 bai todn khéng
-2r
X0
( theo mdt chudn thich hdp) s& kéo theo su thay ddi 16n ciia nghiém tudng ¥ng cia phudng
trinh tich phan Abel (3.8). V1 viy phuong trinh (3.8) cin phai chinh héa.

chinh [1,2,3,7]. Vi vdy, su sai 1éch nhd cla dit kién do f;(.) = u(xy,.)

.9 ET - X i . z 5 . . o . e ~ . W
Gia sur rang EJ—Efg(t) 1a gid tri do clia u(xy,r) tai mdi thdi di€m >0 vdi mot sai s
4

W

¢ (theo chuén trong I2(0,1), £ > 0), tdc 1a

~2Vr

Xp

(39) ”fs = f() "LZ(()J) = fe‘ () -

<E&.
2
L7(0,1)

u(xos')

Trong phan sau day ta s& xdp xi bai todn (3.8) bdi ho cdc bai todn bi€n phin sau:
Bai todn bién phdn (P,), € >0: Tim v, € 1%(0,1) sao cho

1 1 1
(3.10) & v, (yw(e)dt + [Av, () dw(t)dt = [f:@aw@ydt, ywe ().
0 0 0
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Khi d6 do dinh 1y Lax- Milgram ta ca:

Pinh 1y 1. Véi mbie > 0 bai todn bién phdn (3.10) cd duy nhdt mt 1i gidi v, e L*(0,1). Hon
nita, loi gidi ndy 6n dinh d6i vdi f,.

K&t qua sau diy cho mdt ddnh gid sai s6 clia 15 gidi v, va v, theo sai s6 & ma ching
minh ctia né tuong tu nhu [4,6,7].

Dinh Iy 2. Gid sit rdng 10i gidi chinh xdc vy € L*(0,]) cia phuong trinh
(3.11) Avy = fy trong L*(0,)),
théa diéu kién
1 ’ 1
(3.12) 3ge I*(0]): jv(, (Ow()dt = j g Aw(t)dt, Ywe L*(0,]).
0 0
Gid st f, e L*(0,1) théa (3.9). Khi dé 1i gidi v, € [*(0,]) ciia bai todn bién phan
(3.10) théa mot ddanh gid sai sé-

(3.13) s =vol 20y <€V
trong do

1 2 ))é
(3.14) = —3(1 +lelizo ) -
Chif thich 3.

i) Vigc tim 10 gidi v, € i (0,1) bai todn bi€n phan (3.10) tuong duong vdi viéc gidi phudng
trinh todn

(3.15) EV,+A*Av, = A* [,
hoic c6 bi€u dién tudng minh bing cdng thiic
(B.16) v, =(sI+A* A A*f,,

trong d6 1 14 todn tit ddng nha't va A*: P 0,) > IF (0,1) 12 todn t& lién hgp cda 4, tic la

: e~ OA’_” h(t)
B17) (AR = 7

T

di, Vhe I*0}]).
(t-7)

ii) Chi ring eI+ A* A khd ddo Ve > 0, nhung ching ta rdt khé khin trong viéc tinh todn
todn ti (eI +A* A)”', do d6 dé tinh v, theo cOng thifc tudng minh (3.16) khong dé dang.
Pé khic phuc diéu ndy ta c6 thé viét phuong trinh (3.15) dudi mdt dang khéc nhu sau:
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(3.18) v, =v,—B(ev, +A*Av, —A* f)=Tv,,v8imoiso thuc f#0.

Khi d6 ta ¢6 T : L* (0,1) —» Lz(O,l) 13 todn ti co vdi viéc chon s8 thye f # 0 mot thich
hdp. Cu thé ta cé:

Pinh 1y 3. Chon

-2
(3.19) ﬁ=£(£+ St} :

exo

Khidé T : 1*(0,1) - L*(0,1) la todn ti co vdi hé s6 co

2.4 \?
(3200  k=,|1- “;e;‘” <1,
ge“xy +64

nghia la

l]Tu _Tv"LZ(O,I) < k“u - v"lﬁ(ﬂ,l) ,Vu,ve I 0,n.

Chii thich 4. Vi viéc chon £ nhu trong dinh 1y 3 ta s& tinh v, theo mdt thuét todn xap xi

lién ti€p theo nguyén Iy dnh xa co nhu sau:

(m) {m-1) Eezxg 2 (m-1)

o .

(3.21) vg' =Tv = 11— TZ__ v, m
ge xO +64

(" - 1), mz

L6
2
Budc lip ban dau dugce chon

(322) y, P =0,
Khi d6

vg(m) —v,

(3.23)

2o S C,k™ véimoi m=1,

trong do

324) C,= l—ﬂ—kllA* 7l véi B va k cho bdi (3.19), (3.20).

2(0,1)°

Pinh Iy 4. Sai s giita vg(m) va vy dugc ddnh gid nhu sau:
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(3.25) v, (™ _y, <Ck™ +CVe

*(0,1)
vdi C cho bdi (3.14).

Dinh 1§ 5. Véi & >0 dii nhd, fi, k va C, Idn lugt cho bdi (3.17),(3.18), (3.22).

Je
1
Ink

<(U+CWe ,véi C chobdi(3.14).

Chon s6 tu nhién m, , khi dé ta co

s(m) — Vo

{3.26) v

120,

Chui thich 5. Trong [5] dd dung mdt thudt todn s& tudng ty dé tinh trén cdc vi du cu thé.
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ON THE REGULARIZATION OF AN INVERSE PROBLEM
CONCERNED TO PROBLEM OF CHEMICAL PENETRATION

Nguyen Cong Tam - Department of Mathematics & Informatics
University of Natural Sciences - VNU-HCM
Nguyen Hoi Nghia — Vietnam National University Ho Chi Minh City
(Received 05 November 2001, Revised 04 January 2002)

ABSTRACT: The problem finding the concentration of the chemical in the inaccessible
region in term of the concentration of the chemical at the penetration membrane is deduced
the solving an Abel integral equation of the first kind. This equation is regujarized by
Tikhonov method with error estimates given.
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