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ABSTRACT: This paper presents some properties of the dynamic stiffness matrix (DSM)
and the dynamic flexural matrix (DFM) (matrix of transfer function) of structure. These
properties may be used to identify the characteristics of structure.

1. INTRODUCTION
In this paper we consider two problems.

In the first problem we determine the natural frequencies of the structure, the
natural frequencies of the elements of the structure and the ones of the structure with
new constraints by using the DSM or DFM of the structure.

The second problem shows the possibility to determine the characteristics of the
elements of the structure (or the cracks in the elements of the structure) by using the
measured data in field of these elements.

2. Problem 1:

Consider the frame in Fig 1.1 with the following data E = 3.10'kN/m% p =
2.4um’,  k =0.03 (structure damping).
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The frame may be consider as the structure in Fig 1.1b, it comprises 5 nodes and 4
elements. Element I has three internal springs at the first end C, ,C,, , C, and element

IV has three internal springs at the secondend C, ,C, ,C,, .

The DSM K of the free frame (without constraints) are calculated from eqs
(3.7.14), (3.7.15) (see [1]), it has the order 5 x 3 = 15. Because nodes 1 and 5 are
build - in, the dynamic stiffness matrix K° of the constrained structure is obtained by
deleting the rows and columns i, 2, 3, 13, 14, 15 of matrix K. Therefore, its order
remains 15-6=09.

By including the damping k,.' = 0.03, the coefficients k;; of matrix K and the Det(K)
are complex numbers.

In Fig 1.2b, c the value of IDet(K)l = abs[Det(K)] are plotted against a(in s for
the case C, =0,C, =C, =C, =C, = C,, =, in this case the frame is shown in Fig
1.2a. :

It is seen that the minimum points of the curves are corresponding to the natural

frequencies of the frame ax (k = 1, 2, 3, .., n) and the maximum points of the curves are
corresponding to the natural frequencies of the elements of frame FMk=1,2, .. i=]

IL, 101, IV).
This is relative to the properties of DSM as shown in [1]:

- The determinant of DSM is equal to zero by all frequencies of free vibration of
complete structure:  Det [K*(@;)] = 0

- For the case without damping the determinant of DSM becomes infinity by the
frequencies of free vibration of each element of structure:

Det [K® ()] — o

In Fig 1.2b the first minimum points are corresponding to the first frequencies of
the frame:

= 21.27465"; @, = 101.11225""; w3 = 156.508s"; ws = 214.47255""
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The first maximum point @, = 125.89s™' is the first frequency of lateral vibration
of the element I (Fig 1.2d) and the second maximum point @, = 182.68s™! is the first
frequency of the element II (Fig 1.2e).

In Fig 1.2c the maximum point @ = 2221.44s' is the first frequency of
longitudinal vibration of the bar in Fig 1.2d.

Let us consider the matrix of transfer function or the dynamic flexural matrix
(DFM)H =K. The component h;; (@) of H is the complex amplitude of the response v,

to the force Fj= &',
Itis by = hv,FJ. (@); hﬁ,.,rj = ja—’hv,.r-} (@); ha‘,l-‘, e _a’zhv,.r, (@)
The matrix H is obtained by inverting the matrix K.

According to the properties of DFM as shown in [1] :

- The determinant of DFM H(w) becomes infinity by the frequencies of complete
structure and equals zero by the frequencies of each element of structure:

Det [H(ay)] = o
Det [H(@m)] = 0 (see6.2.21:[1))

- Zero points of function h; (w) = 0 are the frequencies of free vibration of
“structure with constrained coordinate q;(q;=0).
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It is seen that the peaks of the curve of absolute value hﬁlpj (a))| or imaginary value
Im (h%) (plotted against w) are corresponding to the natural frequencies of the frame
and the minimum points of ‘hﬁ} , (a))', Im (h.v.'ﬂ) or zero points of real part Re [hﬁi,,_) are

corresponding to the frequencies of the frame with the new constraint v; = 0. That may
be seen in Figs 1.3, 1.4 and 1.5.

Figs 1.3a, b, c show the curves of ‘hv(,,F(,,l, Re (hﬁu,Fu, ), Im (hvu,pm) plotted against
o for the frame in Fig 1.2a.

The maximum points in Figs 1.3a, 1.3c are corresponding to the natural
frequencies of the frame in Fig 1.2a: @y, an, @3, @;.

The minimum points of the curve in Figs 1.3a, 1.3c or the zero points of the curve
in Fig 1.3b are corresponding to the natural frequencies of the frame in Fig 1.3d. This
frame has the new constraint v{*=0.

They are: @, =95.7044s", @, = 14103835, @, =212.4768s".
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The curves Ih ) Re(hv(,,F,,, J, Imlhﬁu,}__,,,) are shown in Figs 1.4a, b, c,
ry oy ¥y y

YD
respectively.

The maximum points in Figs 1.4a, 1.4c are corresponding to the natural
frequencies of the frame in Fig 1.2a.

The minimum points of the curves 1.4a, 1.4c or the zero points of curve 1.4b are
corresponding to the natural frequencies of the frame in Fig 1.4d, it has the new
constraint v¢? = 0.

They are: @, = 21.6538s", @, = 117.3713s"!, @, = 169.7219s"'. The curves
1 2 3

'h ; Re [h%,, £ ), Im (hﬁ;n‘c;n ) are shown in Figs 1.5a, b, c, respectively.

S ()
WoFy

The minimum points of the curves 1.5a, 1.5¢c or the zero points of curve 1.5b are
corresponding to the natural frequencies of the frame in Fig 1.5d, it has the new
constraint v{? = 0. ‘
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In these frequencies there are the natural frequencies of longitudinal vibration of
the element I:

@, = 22214457, @, = k"—’n (k=2,3,4,..).
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3. Problem 2:

Consider the frame in Fig 2.1. It comprises 15 nodes, 17 elements and 1 class with
the data: .

E =3x10'kN/m%; A =0.04m?;

J=0.000133m%; k =0.03

Nodes 6, 8, 10 are hinged with bending springs. If the stiffness of these springs is
infinity, these nodes become build - in, in this case the first natural frequencies of the
frame are:

o = 164325, @y =52.2065"; @y =86.436s"; wy=102.3135".

Assume that the vertical force acts on the node 10, its value is expressed by
equation (2.5.29) (see [1]) with ¢; = 0.566x107s. i

Fig 2.2a, b show the dependence of amplitude of transfer function

2
Pucin| I8 (%J and complex amplitude Iﬁf,'”’l(ms") on frequency @ (in s),

respectively.
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Four highest peaks of these curves are corresponding to the following natural
frequencies of the frame:

o =102313s"; w=496.657s"; o =593.980s"; @ =772.397s".

These frequencies are in the range of the first natural frequencies of the bar A B
as shown in Fig 2.1 by assuming that end nodes A and B (nodes 9 and 11) are build in
or hinged. Really, the first frequencies of the bar AB with the ends build in are:

@y = 1268595, @, = 349.692s'; ws=685.5365"; @s= 1133.226s°".
and with the hinged ends are:

oy = 559625 @, =223.847s"; @3 =503.6565"; ws= 895.389s™".

on @ for the case, that at the

In Fig 2.2c shows the dependence of values A0
node 6 and 8 are the bending springs with the value C” = C{” = 200kNm, C{” = 0.

It is seen that the frequencies corresponding to the highest peaks in Fig 2.2¢ are
very little different from these in Fig 2.2a of the case without springs.

In Fig 2.2d is the dependence of values h“"""‘“"’l on o for the frame with the
bending spring at the node 10 C¢® = 200kNm, C}” = C =0,
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The highest peaks of the curve in Fig 2.2d are corresponding to frequencies:
@ =66.803s""; w=438.837s";0 =534.505s"
They are much different from these in Fig 2.2a.

That means the frequencies corresponding to the highest peaks of the curves

lh"“m 19 (a))‘ may be used to identify the value of CJ”.

To evaluate the quality of the element or the substructure, it is better if the
positions of the applied force and the measured points should be put on the element or
the substructure.

4, CONCLUSION:

Through the above results we obtain the method to determine the characteristics of
the structure or the elements of the structure by using the properties of DSM or DFM.
Especially, the method is used to identify the cracks in the elements of the structure.

XAC PINH CAC PAC TRUNG CUA PHAN TU KET CAU
BANG PHUOUNG PHAP PO DAO PONG

Vin Hitu Thinh - Nguyén Xuén Hing

TOM TAT: Trong bai bdo nay, ching t6i trinh bay mjt 56 tinh chdt ciia Phuong phdp ma
trdn do cing dong lic va ma trdn d6 mém dgng luc ciia két cau. Nhitng tinh chdt dé cd thé
st dung dé nhén dang cdc ddc trung cia két cdu.
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