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TOM TAT : Bai todn tim nghiém ciia phuong trinh Helmholtz trong ddi khéng chinh quy
gidi han bdi mét duong thdng va mét duong cong C : y = y(x) vdi dit kién Cauchy trén C
duge dua vé mdt phuong trinh tich phén logi 1. Phuong trinh tich phdn nay dugc chuyén vé
phutong trinh tich chép twong dwong va dugc chinh hod bdng phép chinh hod Tikhonov vdi
cde ddnh gid sai s& gitta nghigm chinh xdc va nghig¢m chinh hod tuy vao dé tron cia
nghiém chinh xdc.

1- DAN NHAP

Chiing t6i khdo sdt bai todn tim ham s8 u thod phuong trinh Helmholtz trong mdt
mién D tit dit kién Cauchy trén m6t phin bién cla D. Bai todn nay la bai todn khdng
chinh theo nghia cia J.Hadamard. Poc gid c6 thé tham khdo vé cdc bao todn Cauchy
cho phuong trinh eliptic trong cdc bai bdo [1, 3, 4, 5]. Bai todn Cauchy cho phuong trinh
Helmholtz trong #? dudgce khdo sit trong [6,7].

Trong bai todn ndy chiing t6i tim ham u, thda phudng trinh Helmholtz trén mién D
xdc dinh bdi.

D= {(x,y) -0o<x<+o 0<y<y(x)}
Tit nhiing dit kién do dac ciia u,uy, uy trén phin bién cia D biéu dién bdi dudng
cong y =7 (X), trong d6 u kha vi lién tuc trén D va y 1a ham thudc 16p i
S du
Ti€p ndi phuong phdp khdo sit trong [4,5], bing cdch sit dung 4n ham v(x) = 5

(x,0), chiing t6i chitng td ring né€u sai s& gilta di kién chinh xdc va dit kién do do dac
clia u,uy, uy trén dudng cong y = y (x) khong qué € thi tuy vao df tron cla nghi¢m chinh

. ) 1
X4c vy, sai sd gifta nghiém chinh xdc vy va nghiém chinh hod c6 cdp \/; hay (In(Z))*, s
E>

>0 khi e— 0.
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2- PHUONG TRIiNH TiCH PHAN THEO V :

Xét phudng trinh Helmholtz trong d3i D = { (x,y)[x e R, 0 <y <y (x)}
Au-ctu=0
thda cédc diéu kién bién
ux(x, y (x)) = f (%)
uy(x, y (x)) = g (X)
u(x, v (x)) = ui(x)

trong dé c 13 mot hiing s6 duong, v, f, g, uy 12 dit kién cho.
Gid sif riing

(i) v, u; thude 16p C' trén R.

(i) y'(x) = 0 khi | x | dd 16n.

d ~ s . 1 -
(iii) £, g va u; ti€n vé 0 dd nhanh & « , chang han cling cip vdi a khi Ix] — oo,
bat

-X

e

o0 t
Ko(x) = J' \[trl dt
1
1
Txy.6m = 57 Koe V-0 + -m))

N(xvy’C’n) = F(X,Y,G-TI) i r(xr}',‘;n)

trong d6 I' 1a nghiém téng qudt clia phuong trinh Helmholtz va N 1a ham Green
ttng vdi diéu kién bién Neumann tai biény = 0.

du 5 ”
Vi v(x) = 5 (x,0) 12 §n ham, x € R, 0 <y <y (x), va bling cdch 14y phén ding
thiic.
uAN - NuA=uc’N-Nc’u=0
trén mién D = D\B,’, trong d6
D={(& e R,0<n<y())
Be' = {5, M| (x-5*+(y-n)’ <5

Va cho g — 0, ta nhin dudc ding thic.

1
2 [Kole NG +3) v(©) & = - u(x)
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o0
- PNEEIOMONE + | NEYEHORAON ()
vai
Ni(%,y:6m) = No(xy;67,(8) = Ne(x,y:6.v.(0)-v(C)
(0 = G0 - GV (&) = &) - f(5)-(©)

Choy Ty (x) trong (1) ta nhdn dugc phudng trinh tich phan theo v(x)

1 .
RN GO+ 70 O = S0 - [ NEAEEI @O

-00 -00

o0
+ f N(x,y(x):6yQu()dE  (2)
-00

Piy la phudng trinh tich phén loai 1 va ngudi ta c6 thé chinh hod bing phuong
phép Tikhonov. Tuy nhién viéc ddnh gid sai s& gitta nghiém chinh hod va nghi€m chinh
x4c rit khé.

Trong phén ti€p, ching t6i chuyén phuong trinh tich phan (2) vé mot phudng trinh
tich phén loai tich chdp va biing cong cu bién ddi tich phan Fourier ching tdi c6 thé
xiy dung dugc nghiém chinh hod cho bai todn va dua ra cdc ddnh gid sai s6 tuy vao do
trdn ctia nghiém chinh xdc,

3. PHUONG TRINH TiCH CHAP VA NGHIEM CHINH HOA
V@i nhan xét 12 hAm s8

] o©
Uy) =5 [ KoV (x-0) +y7) v(©)ds
-00

thda phudng trinh Helmholtz
AU-cU=0

~ . . 2 2 alj
Trén nita mit phﬁng y > 0. Gi4 tri U ( x, y(x)) chinh 12 v& ph&i cla (2) va -6:

(x,y(x)) chinh 12 gidi han tir bén dudi clia dao ham theo hudng cla v& phdi cia (1) khi
(X, ¥) = (X, y(x)) trong d6 n 1 phap vectd don vi trong cla dudng cong y =y (x) d6i vdi
mién D.
Pit
Mx) = U(x,y(x))

ou
BR) =5 (%Y(X)

thi U (x, v ) ¢6 thé dudc bidu di&n nhu cdc ham th€ vi clia A va p trén mién y >
y(x).
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Thuc vy, biing cdch tich phin ding thic
UAL -TAU =0
trén mién.
Dr = {(x,y) Ixl <R, y(x)< y <R}
va cho R = oo, ta nhin dudc

o0 o0
Uy = f Py GyEWeds - (T 1(X,y: & Y(ENME)IG

-0 -0
vdi -0 <X <00,y >y(X)va

T1(%,7:5.¥(©)) = Te(%,¥:6, Y(E)-¥(8) - Ty (x,y5 35, ¥(5))

Pénh gid U (x,y) tai (x,k) véi k 1a mot hiing s6 16n hon moi y(x), ta nhin dugc
phudng trinh

] © . o0
n [ KoV (x5 +K) V(O = [ TOKEHEMENE -

-00 -00

[s 6]
- fl"l(x,k;C,v(i;))MC)dC

= F(x) (3)
Pit
G(x):\/g Ko(c\[x2+K% )
Khi d6

1 1

G(o) = 1 ? G(x)e™@dx = (> + %) T3 gk’
\J2n
-0

Phudng trinh (3) dugc viét lai 1a

1 o
2 i EV(Q)AE = F(x)
2n
-00

va ta nhin dudc phudng trinh tich chdp theo v 1a

(G * v)(x) = F(x) (4)
Pinhly 1:
Gia st nghiém chinh xdc vy ciia phuong trinh (4) (dng v6i Fo & v& phai) thude

HYR) A L' (R), s > 0,IF — Folp < & (L) 12 chudn trong L*(R))

Khi d6 tdn tai nghiém chinh héa v, ctia (4) sao cho

1
Ive - vola < K(In(g )* véi €2 0.
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K 12 hiing s8 chi phu thudc vao Ivgl trong H'.
Chitng minh

Tir (4) suy ra phuong trinh G(0).9o(0) = Fy(e) (0eR) (5)
V6imbip >0
Pit |

Y(w) = Bﬁ% F (0) (6)

Tacé y € L(R)
Pat 1: o0 :
vp(x) = \/_2—;_ J‘ y(m)e™dwo
-00

Thé thi 95 =y, vp € LA(R) va vp théa phudng trinh.

Bip+ 0p(0).G%(w) = G(0).F(0) (o eR) (7)
vp phu thudc lién tyc theo F.
tr (5) va (7) ta suy ra

G(0).90(0) = Fo(w).G(w)

B(op(®) - o(@)) + G¥(@)(Va(®) - Yo(®)) = - Boo(®) +G(0)(F(w) - Fo(o))
(8)

Nhan 2 v€ ciia (8) cho 9p(w) — 9o(w), 1di 14y tich phin 2 v€ trén R va sau d6 cho B
=g<1tacé
l9:- 012 +] G(9,.00) |2 190 2+ 1G] 5
e-%0l, #1600 15 < e(l90 L2+ |G 1) | Ve- 901,
trong 46 |G |, = supyer |G(o) | < oo
Suy ra

|6:-90)12 < el @)+ |G 1.,)? 9)

1
bit a(w) = (c:Z + mz) 2
Vi B =€ < 1, nhin 2 v& clia (8) cho o (@)((V¢. Vo(@)) va 18y tich phan 2 v€ trén
R ta cd
e | (9, 90) |§+ | o’ G (9, 90) I: <e |0€S%|2 e’ ) o+l G e 18- Folalo
e 90 |5
trong d6 | o*G |, = supper |of(®) | [G(@) | <o

Suy ra

lof(0e 90) |5 < lafools + oG oo - (10)
bit

A = max(logl, + la'Glew; 191, + 16 o) (11)
T (9), (10), (11) ta suy ra
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“dude

14

l(9c 90 |5 < A?

16090 1; < A%

1
~2k(c’+al)?

Vdi moi a. > tacé: GXo
di moi ag |m| 0 ()zcz+a£

Véimoia, < loltacs: o®@) = (2 +0)° > (c*+a)
Do d6tacé:

‘!‘ [9(@) - 9e(0) | Xdo < (®+ad) 2k A2
ol<a,

1
|o | sae |05((D) - Vo(w) |2d(0 < (CZ + agz)s A’

lolza
[

xét phudng trinh

2

A
y2eM A% = F

_ e
phuong trinh trén ¢6 nghiém duy nhity, Néuldy y. = (c*+a;)? thitatim

1
ag = (Ye - c’)2

Suy ra

1
Ive-vola < K(nG))* véi K =2A22%(s + 1 + K)*

Pinh 1y 1 di dudc chitng minh.
Pinhly 2:

Trong c4c diéu kién ctia dinh 1y 1, néu c¢6 thém diéu kién :

1 3
2+ 0)? e 9y(w) e L*(R)

thi tdn tai nghiém chinh héa v, sao cho

B | -

lve-vols < Kie
K, 14 hiing s8 chi phu thudc vy.
Chitng minh
Tir (8), nhén 2 VW 9o(w), cho P =g, 14y tich phin trén R ta c6

. 2-a»m1§
elve-vol? + 160,90 |2 < elG@ 0]+ 1 +0D)? e 0l
2 2 '

Do d6

1 !
lVE-anz = IVS—VQIZ < '\EZK; vdi K] =1+ |(Cz-l'-(.l)2)2 ek(émz)z?n'z

Pinh 1y 2 da dugc chitng minh.
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REGULARIZED SOLUTIONS OF A CAUCHY PROBLEM FOR THE
HELMHOLTZ EQUATION IN AN IRREGULAR STRIP :
THE ERROR ESTIMATES

Vo Thi Thanh Nhieu — Nguyen Cong Tam — Chu Van Tho

ABSTRACT : The problem of finding a solution of the Helmholtz equation in an irregular
strip bounded by a line and a curve C : y = y(x) with data specified on C is formulated as
an integral of the first kind. The latter is converted in to an equivalent convolution equation
which is regularized using Tikhonov method. The error estimates between the regularized

solutions and the exact one are given upon the smoothness of the exact one.
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