Science & Technology Development Vol 3. No 9& 10-2000

BAI TOAN DIRICHLET MIEN NGOAI TRONG R?
pOI1 VOI PHUONG TRINH LAPLACE

Nguyé&n Thanh Vii
Trudng Pai hoc Khoa hoc Ty nhi€n
{Bai nhdn ngay 20/06/2000
hoan chinh sita chita ngay 5/10/2000)

TOM TAT : Trong bai bdo nay, chiing téi tim 1o gidi cho bai todn Dirichlet d&i véi
phutong trinh Laplace trong mién ngoai cita mgt cdu don vi trong R

1. GIGI THIEU

Bai todn gid tri bién Dirichlet mién ngoai cla phuong trinh Laplace 1a bai todn
tim nghiém u € C* (R*\D) N (R*\ D) ciia phuong trinh

Au(x) =0, Vx € R*\ D
vdi diéu kién bién u(x) = f(x), vx € 8D

trong d6 D 1a mdt mién trong R? (théng thudng D 14 mién don lién va bi chan) va
f 12 mdt ham lién tuc trén bién oD.

Bai todn ndy c6 v6 s& nghiém nén ngudi ta dd thém mdt trong cdc diéu kién
tuong dudng nhu sau

— Ham u bi chin d v cuc

— lim u(x) ton tai (hitu han)
| x [

— Ham u bi chin trong mét 1dn cdn cia vo cuc.

Khi thém diéu kién & vd cuc thi bai todn trd thanh bai todn quen thudc va dugc
trinh bay trong hiu h&t cdc sdch vé phuong trinh dao ham riéng.

Trong bai bdo nay, ching t6i khdo sdt bai todn Dirichlet mién ngodi va dua ra
dang nghiém t8ng quét chung cho cdc trudng hgp khdc nhau vé diéu kién & vd cuc, cu
thé 12 im nghiém ueC? (RAB) N C(RAB) thda

Au(x) =0 , vxe R2\ B
u(x) = f(x), vxedB

trong d6 B = {xeR? x| < 1} va f 124 m6t ham lién tuc trén OB (OB = {xe
R2:|x|=l) l1a bién ctia B)
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1. MOT SO KET QUA CHUAN BI :
— Pinh 1y 1 (dinh 1y Bécher)
N&u him s6 w didu hoa trén B\{0} = {xeR?: 0 <|x|< 1}, dng th¥i w duong

trong mot 1dn cdn clia 0 thi w cé dang

\v(x)zklogl+c+p(x) ,Vx e B\ {0}

I
trong d6 k 12 hiing s& dudng, ¢ 12 hiing s6, p 12 him diéu hda trén B.
— Pinh nghia 2 :

e Phép bi€n ddi K bién ddi ham s h : RAB — R thanh mét ham s& dudgc xédc dinh
nhu sau :

K[h]: B> R
Mat diém x tdy § thude B c6 toa db cuc (r, 8) € [0,1] x [0, 27) ,anh cia x qua
ham s& K[h] 12

K[h] (1,6) = h(l 9)

—1: »

e Phép bi€n déi K bién ddi ham s8 g : B — R thanh mdt ham s8 dugc xdc dinh
nhu sau :

K[g] : RA\B =R

Mot diém x tay ¥ thudc RAB c¢6 toa d6 cuc (r, 8) € [1, ) x [0, 2m)n) ,dnh cia x
qua ham s8 K[g] 1a

! 1 ;

Kigl(r, 0) = g(;, eJ

— Pinhly 3:

(i) Néu h : RAB — R 1a ham diéu hoa trén R* \ B thi Kfh] diéu hoa
trén B.

(ii) Néu g : B — R 12 ham diéu hoa trén B thi K[g] diéu hoa trén R*\ B
(iii) g = K[h] & h =K[g]
Chitng minh

(i) Patg =K[h] va t =

Tacdé —

W O AR 1 ]
o ot r2 ~ a2 a2\ ot r3
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2 ) 2 9
Dods 28,10 10 ,4/0"h 106h 10°h)
tot t ap?

or2 ror 2 52— a2

Viy g 12 ham diéu hda
— (ii) va (iii) : hién nhién
IIL PINH LY VE NGHIEM CUA BAI TOAN DIRICHLET
- Pinhly 4
e Xét bai todn gid tri bién Dirichlet di v4i mién ngoai
Aux) =0, vxeR?\ B

u(x) =f(x), VxeéB
trong d6 B = {xeR?: | x| < 1} va f1a ham s& lién tuc trén 8B

e Nghiém u € C*(R*\ B) N C (RAB) ciia bai todn c6 dang

2n 2
u(r, 8) = w(l , e) e e T g dp
Y 21 Jr® + 15 2rcos(0 - ¢)

trong doé
(r, 8) € (1, ) x [0, 21) 12 toa dd cuc clia xeR?*\ B

.w 12 ham diéu hoa trén B \ {0}, lién tuc trén B\ {0}, c6 gid tri trén bién 6B
bing 0.

Chiftng minh
Goi g 1a hAm diéu hda trén B, lién tuc trén B, c6 gi4 tri bién bling f.

Theo cdng thiic Poisson ta cé

g(r, 0)

1% f g™
:§;J.

7 f(p)do
r“ +1-2rcos(® - ¢)

0
vdi (r, 8) € [0, 1) x [0, 2x) 14 toa dS cuc clia xeB.
Goi h=K]g].
Ta c6 h diéu hoa trén R\ B (do dinh Iy 5)
;!
lién tyc trén R*\ B va h ¢6 gi4 tri trén bién 8B bing f.

Vi lim h(r, 0) = lim g(l 9) = f(0), ddng thdi g lién tuc trén B, tasuyrah
r—1 r—1

V4y h 1 mdt nghiém cia bai todn trén va c6 bidu thite
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" 1 1
1 3 % 2
h(r,9)=g(_,9]=2_ [F= f(o)dp
r no,,§+1——008(9‘¢’)
¥ r
1 27 1‘2—1
- f(p)d
2n Ir2+1—2rcos(9—q3) G

1]
Gid sif u 1a nghiém cia bai todn
bit v=u-h

Ta th&y v 12 ham diéu hoa trén R?\ B, lién tuc trén RAB, c6 gi4 tri biing 0 trén
bién &B. :

w = K[v] ham diéu hoa trén B\ {0}, lién tuc trén B\ {0}, ¢ gi4 tri bién bling 0.
Theo dinh Iy 3 thi v = K[w] '

Véy u c6 dang nhu trong dinh 1y 4.

-~ Pinhly 5:
Xét bai toan nhut trong dinh 1§ 4 va dit
1 gx r? -4
h(r,p) = -wf f(op)d
(r,0) 2n b r? 4+ 1-2rcos(0-0) (e)de

(i) Né&u lim u(r, 0) tdn tai (hitu han) thi ham w trong két qud nghiém 13 ham
Tr—o0

luén biing 0.
(ii) N€&u tdn tai tdp compact E (chita B ) thda u > h trong mién RA1\E (tic u>h
trong mdt 14n cdn & v6 cuc )thi nghi€ém u cé dang
r2 -1
r’ +1-2rcos(0—¢)

l n
,0) =kl +— f(p)d
u(r,0) =klogr Mf (p)do

vdi k 12 hiing s& dudng.
(iii) N€&u ton tai tip compéct E (chia B ) thda u < h trong mién R*\E (tiic u <h

trong mdt 1an cdn & vd cyc )thi nghiém u cé dang

L,

f(p)d
r2 +1-2rcos(6 - @) ()do

u(r,0)=—-klogr+ —1— f"
2n

vdi k 1a hiing s6 duong.

Chitng minh

(i) B& sung gi4 tri ciia w tai x = 0 thi w diéu hoa trén B, suy ra w=0

(ii) Ham s8 v=u-h duong trén mién R*\E ,suy ra w=K|v] Ia »2m duong trén m6t

14n cdn clia 0,t dinh 1y 1 ta ¢6

W(x)=kiogi+c+p(x) ,Vx € B\ {0} :
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Ham w c6 gid tri trén bién 6B biing 0,suy ra ham diéu hoa ¢ +p(x) cé gi4 tri trén
bién 8B bing 0,do d6 ham diéu hoa c+p(x) luén biing 0 trén B.Ta ¢

w(x) = klc:ogi ,Vx € B\ {0}

Ix|
1 1
w(—)=.klogT=klogr JYrzl
r

:

Tt dinh 1y 4,ta suy ra nghi€m u nhu trong dinh 1y 5.

(iii) w12 ham 4m va (-w) thda dinh 1y 1, do d6 ta c6 k&t qui nhur trong dinh 1y 5.
IV.KET LUAN

Trong dinh 1§ 4,ching tdi dua ra dang tdng quét cia nghiém.Con cdc nghiém cu

thé ing vdi céc trudng hgp khédc nhau vé tinh cha't ciia u & vé cuc dudc trinh bay trong
dinh 1y 5. ’

THE EXTERIOR DIRICHLET PROBLEM IN R*FOR LAPLACE’S EQUATION
Nguyen Thanh Vu

ABSTRACT : We solve the exterier Dirichlet problem for Laplace’s equation in the
exterior of the R*—unit sphere
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