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TOM TAT : Xét bai todn bién :

-—Ii(x’-lu’(x)l”'zu'(x)) + fxu(x)=F(x), 0<x<l, (1)
x? dx

Y
lim xPu'(x)|<+0 |u'(1)|P‘2u'(1) +hu(l)=g )
x—0,
trong dé cdc hdng s6 y >0, p22,h>0, g va cdc hamsé f,F la cho trudc. Trong bai

ndy, chiing téi ding phuong phdp Galerkin vaCompact trong khéng gian Sobolev cdtrong
lugng thich hgp dé chitng minh su ton tai va duy nhdt 1oi gidi clia bai todn (1), (2). Sau do,
Chiing t6i ciing nghién citu ddng diéu tiégm cdn cila loi gidi uy phy thugc vao h khi h—0,.

Hon nita, ham sé&" h+—> | uy (I)l la khéng ting trén (0,+0).

1. GIGI THIEU
Chiing tbi xét bai todn bién phi tuyé&n sau

Z}iM(x,u'(x)) + f(xu(x)=F(x), 0<x<l, (1.1)

x" dx

r ]
lim xAu'(x)' < +00, (1.2a)
x—=0,

M,u' (D)) + hu(l) = g, (1.2b)

M{xu'(x)) = +7| u'(x)|p—2u'(x) ¢ L3

trong d6 cdc hiings6 y >0, p=2,h>0,g vacdchamsd f, F 1a cho trudc. Trong
trudng hgp y =0, bai todn (1.1),(1.2b) ,(1.3) va (1.4) ‘u(O) =0, c6 lién quan d&n bai todn
udn mdt thanh dan hdi phi tuyén c6 khdi lugng riéng y, dudc nhing trong mdt chi't 13ng
khi lugng riéngy, ma Tucsnak [10] dd thi€t 1dp trong truGng
hop f(x,u) - F(x) =[-A+(yo - 71)g(x) ~G'(1)]sinu trong d6A 12 mdt hing s6 duong,
g(x),G(x) 1 cdc ham cho trude c6 § nghia cd hoc nao d6, u(x)1a géc giita ti€p tuyén vdi
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thanh & trang thai bi udn tai diém cda thanh c6 hoanh d¢ cong x va truc thing ddng Oy.
Trong trudng hgp g(x) 12 hiing s&, M(x,u’) = M(u")chi phy thudc vao u’,don di€u ting va
dG tron, Tucsnak dd nghién ctu sy phin nhdnh clda cdc phudng trinh tich phin tudng
duong véi (1.1),(1.2b),(1.3),(1.4) phu thudc vao tham s§ A.Ta chi § ring phudng trinh

(1.1) véi y =0,u".M(x,u") 2C|u|”, p>1, C;>0 doc 1ap v4i x, da dudc xét bdi cdc tic
gid trong [2].
Trong [9] c4c tdc gid dd nghién ciu bai todn (1.1)-(1.3) véi p=2.

Trong [3],[4] cdc tdc gid di nghién cttu phuong trinh vi phdn Bessel phi tuyé&n sau
ji(xu'(x)) + ut-u=0 . ¥ 0, {19
x dx

Trong bai ndy, ching t6i ding phudng phdp Galerkin va compact trong cdc khong
gian ham Sobolev ¢6 trong lugng thich hgp d€ ching minh sy tdn tai va duy nhit cia 18i
gidi y&u. Chiing t6i cfing nghién cttu d4ng diéu tiém cin cla 13i gidi u;, phu thugc vao h
khi 4 ->0,. Ching t6i ciing thu dugc ring ham s8 h>|u,(1) 12 khong ting trén
(0,400) .KEt qua thu dugc & diy da téng quit héa tuong ddi cdc k&t qua trong [2],[3],
[41.(61.[7].[10].

2 .CAC KET QUA CHUAN BI

Pat Q=(0,1), Chiing ta bd qua céc dinh nghia clia cdc khong gian ham thong dung:
c"(Q), 17 (Q), H™(Q), w™P(Q).

Ta ky hiéu bdi L2 (Q LP 12 tap hdp t4t cd cdc ham s6 u xdc dinh va do dudc trén
: ¥ ¥

Q) , sao cho
| unw <, (2.1)
1
(r)x” |u(x)}” dx)/p, 1< p<ow,
trong d6 I u||p,y = .
esssup [u(x)| , p=0,
0<x<l1

Ta ddng nhat LP cdc ham bing nhau hau hét trén Q. Cdc phin tif cia LY thitrala
cdc 16p tuong dudng cia cdc ham do dudc théa méan (2.1),hai ham la tudng duong néu
chiing bing nhau hdu hét trong Q. Khi d6 LY ciing 12 khong gian Banach ddi vdi chuin

"'"pr Trong trudng hdp riéng ,L?, 12 mot khong gian Hilbert ddi vdi tich v6 hudng va

chudn tuong ting

(u,v)=£x" u(x)v(x)dx , “"'lz,y =J(u,u). (2.2)

Ta ky hiéu bdi : Wr"p(Q) = W}]’p = {veLJ‘,’ Ve Lf,’}
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12 khéng gian Banach thuc ddi vdi chudn

P w1
Il = ("v"”’?’ +Hp "p,r) , 0<p<e,
maxth,, b, s P

(2.3)

vdi dao ham dugc hiéu theo nghia phén b& [8].
Mit khdc,trong viéc dinh nghia khong gian ham W,,I’p (©) véi trong lugng x”, ching
ta cling c6 thé dinh nghia #,"”(Q2) nhu1a ddy dd ho4 ciia khong gian
-
Sy ={ ueC (Q): "u"],pﬂ, <o }
ddi véi chudn | . |, py (Xem Adams [1]).
Khi d6 ta c¢6 cdc b3 dé sau.

B8 dé 1.Cho y >0, p>1, tén tai cdc hdng s6 duong K,, K,, K5 va K, chi phu
thugc vao p, y sao cho ¥ ueC'(ﬁ), ta cé

ul}, < JuP+K

| u' ||’;r 2.4),

lu(| < Ky|ulyp, (2.5),

Y ey
xA |u(x)| <K; || u || Lpy VXEQ (2.6),

: |
s 1
<Ky Julipy [l + [, )4 ndupa-l Q)

" # 1
B& dé 2. Phép nhiing W%’p(ﬂ') N L%,(Q), p>1 la lién tuc néu p=2-—, va compact
¥
néu p2.

Chitng minh ciia cdc b8 dé 1 va 2 c6 thé dudc tim thy trong [6].
Chui thich 1. Ta cling chi § ring
%
lim x"Pu(x) = 0, ¥V ueW,P(Q).(28)
‘ x-0,

(Xem [1], B8 d& 5.40,p.128).
Mit khac, do WP (g,1) N C°([£,1]),0<¢ <1, va

g
s_A|[u||W,‘,,(£J) <|ulipy, » YueW?(@),0<e<l,  (29)
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ta suy ra
ulle]] € C%([&,1]), Ve ,0<s<l. (2.10)

Tur (2.8),(2.10) tasuyra
7 ®
x/Pu eC'Q) Vv ueW (@), (@11)

Tadit H= L(Q), V= W"@Q), p>1, p22—;1’-.

T k€t qui cha bd dé2, vai }722—l , V dugc nhiing lién tuc trong /. Hon nita V'
/4
trd mét trong H, vi C'(ﬁ) trd mdt trong H ; ddng nhit H vdi H'(d6i ngdu clia H), ta cé
VN HN V' Mitkhéc, ky hi¢u(.,.) dugc ding d€ chi cip d6i ngiu giita ¥ va V".
3.PINH LY T6N TAI VA DUY NHAT

Tagid st ring p>2 .Dit p'=--p—1.
P —_—
Ta thanh 14p c4c gid thi€t sau
(H1) f:QxR—> R thda di€u kién Caratheodory.

(H2)3C,>0 3¢, € L(Q):yf(x,»)2C |y|” -|@i(¥)|,V y €R, a.e., xe Q.

(H3)3C,>0 3¢, L2 (Q):| /(x| <C, |y) +]9,(3)|.Vy €R, ae., xe Q.
(H4) Fe V'.
Ldi gidi y€u clia bai todn (1.1) -(1.3) dudc thanh lap tit bai todn bi€n phén sau day.
Tim u eV saocho -

'ﬂ x 7 AQ' () (x) dx + ha()v(D) + ( f(x,u(x)),v)=(F,v) + gv(l),YveV. (3.1)
trongdd

’ ! -2 '

AW/ (x)= ' (x)]" 7 u'(x) . (3.2)

Chu thich 2.Do (2.11), cdc s6 hang u(1) va v(1) xu#t hién trong (3.1) dudc x4c
dinh Yu, v e ¥ .Ta thu dugc (3.1) bing cdch nhan mot cdch hinh thitc cd hai v& cda (1.1)

bdi x” v e V ,sau d6 st dung tich phin titng phin va cdc diéu kién (1.2) va (2.8) .
Khi d6 ta c¢6 dinh Iy sau day.

Pinhly 1. Gid st h> 0, g €R va (H1) - (H4) dugc théa .Khi d6 bai todn bién phdn
(3.1) c6 loi gidi.

Hon nita, néu f(x,y) la khéng gidm déi véi biény , i.e.,
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C

mj

H5) (f,»- N y-F) 20 V y,5 eR ,ae,xe Q.
Khi dé loi gidi la duy nhat.
m
Ching minh — Goi {w,;}1a co sd dé€m dugc cia V . Pat u,, = Z Cmj Wj » trong do

=1
thda hé phuong trinh phi tuyé&n sau

{ %7 A () W) () et it ;O + (St (D9, )  B3)
= (F,w)+gw,(), 1<j<m

Tit b8 d& Brouwer (xem [8],b8 dé 4.3 , p.53), ta suy tif c4c gid thi€t (H1)- (H4) ring

hé (3.3) ¢6 161 gidi u,, .

28

- Nhan phuong trinh thit j cia hé (3.5) bdi c,,;, sau d6 tong theo j = 1,..,m, ta dudc

£ |y (P det had )+ ( F ot (st ) = (Fou, )+ g, (G4
Tir céc gia thiét (H2), (H4) va tir bt ding thitc (2.5) ta thu duge

min{L,C, }[uy I, +han® < |a]+ AFly +lelK) um ]y py G5

Tir (3.5) ta suy ra

lenlipy <€ GO

trong d6 C 12 mdt hing s6 doc 1dp véim .
Ta suy ra tir (3.6) ring

=|u

LP

p-1

v
xA'A(u;,,) 20 13T

r
m

Mit khéc, ta suy ra tir (H3),(3.6) , ring
o L

/P feeu,)| < Clun |

LP' p,r

+ladl?, s G

trong @6 C 132 mdt hiing s ddc 1dp v6i m.
- Nh& (3.6),(3.7) va bd dé 2, day {u,,} c6 mdt ddy con vin ky hi¢ula {u,} saocho

Uy, >U trong V yéu, (3.9
U, >u trong H manh va hiuhéttrong Q,  (3.10)

r r U
xA A(u',) > y trong LP yé&u. (3.11)
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Chd ¥ riing, phép nhing W"P(¢,1) N C°([&,1]),0<& <1 1a compact, do (2.9),
(3.6), {u,,} c6 mot day con vin ky hiu la {u,,} saocho
u,|led] »ullel] tong C°([e,17). (3.12)

Miit khéc, ta suy ra tit (H1) va(3.8), ring

e Vs
x/P f(x,u,,)—=>x"P f(x,u) ae. x € Q. (3.13)

St dung mdt b3 dé trong [8](b8 d& 1.3,p.12), ta suy tit (3.8) ,(3.13) ring

T sy o b 5
x’P f(x,u,)—>x’? f(x,u) trong LP yé&u. (3.14)

- Qua gidi han trong (3.3) khong khé khin gi tr (3.9),(3.11),(3.12) va (3.14) ta suy
raring u thda phuong trinh

vl
x/P y vi(x)dx + ha()yv()+ ( f(x,u),v) = (F,v) +gv(l), Yve V. (3.15)

P£ ching minh sy tdn tai 18i gidi cia bai todn bi€n phén (3.1) ta chi cdn chitng minh
V.
= xVAd).
Ta suy tir (3.14),(3.15), ta ¢6 (xem [6]).
lim [ x”AQ!, ()i, (x) dx = f) 7 () ¥@dx.  (3.16)
m—>+0

St dung tinh ch&'t don diéu cia A va 1y ludn quen thudc ta chitng minh dugc rang
( xem [6]):

%'A(u') b

¥ = x
Su tdn tai dude chitng minh.
- Su duy nhdt. Gid sit u va v 12 hai 13 gidi cia bai todn bi€n phan (3.1) . Khi d6 w

= u-v thda ding thifc sau

p
_[;x"|u’(x)| de + hw'(l) = =(f(x,u)-f(x,v),w) <0. (3.17)

Viy w=0.

Pinh 1y 1 dugc chitng minh dy dd.

Chu thich 3.Tuong Wng véi p =2,y =1,cdc tdc gid trong [3] dd ching minh phudng
trinh vi phan Bessel phi tuyén (1.5) lién k&t v4i diéu kién bién u(0) =1, u(+w0) =0 6 it

nhat mot 18i gidi. & d6 s6 hang phi tuyén u? —u 12 khong don digu. Mot trong s céc 10
gidi trén dugc thiét 1ap tir bai todn bién (1.5) trong khodng a < x <b lién k&t vdi diéu kién
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bién u(a) =1, u(b) =0,trong d6 , x; <a <b < x;,; VA X;,X;,; 12 hai zéro lién ti€p clia ham
Bessel Jy(x). Su thanh 18p mt phdn vi du cho ham f(x,u) khong thda gid thi€t (H4)
sao cho 19 gidi ctia (3.1) 1a khong duy nhét 14 mot bai todn md.

4.DANG PIEU TIEM CAN CUA LOIGIAIKHI /- 0,

Trong phin ndy, ta gid st rling (H1)-(H5) ding. Do dinh 1§ 1 bai todn bi&n phin
(3.1) c6 mot 13i gidi duy nhdt u =uy,, h> 0. Ta s& nghién cifu ddng diéu tiém cén cda 10i
gidi uy khi h— 0, .

Ta thém vao ham f mot gid thi€t phu sau diy.

(H6) 3C3>0:(f(x,») - f(x. )Ny-7)2C3 |[y-3" Yy, eR,ae.xe Q.
Dinh 1§ sau ddy 12 m6t tdng quat k&t qua trong {9).

Pinh Iy 2. Gid s (HI) - (H5) va g € R la ding. Khi dé

i) Bai todn (3.2) vdi h=0 cé mét loi gidi duy nhdt uy €V .

ii) Hon nita, néu f théa (HS5), khi dé ta c6 mdt ddnh gid iiém cdn

|| uy _"0"1 p SC.h%’_i,

vdi h>0 dii nhd, trong dé C la mét hing sé chi phu thuéc vao y, p, C,,C,,C3, g,
1.9z, |Fl,. -

Chitng minh.

(i) Trudce hét, ta chi § riing hiing s6 C trong ddnh gid (3.6) thi doc lap véi 7> 0.
Viy, gidi han y&€u u, trong V cla diy {u,, }khi m — +o, 1a mot 13 gidi duy nhat ciia bai
todn (3.1) thda dédnh gid

luplipy < C @D

trong d6 C 12 m&t hiing s6 doc 1dp v6i h> 0.

Khi d6, ta c6 thé chitng minh theo mdt cdch tuong ty clia chitng minh dinh 1§ 1, ring
gidi han u, ciia ho {u, }khi 7 — 0, , 12 mot 13i gidi duy nhdt cia bai todn (3.1) tuwong ting
vdi h=0.

(ii) Bay gid, gid st u, ( tuong Ung uy ) 1a mot 10 gidi duy nhat cia bai todn (3.1)
v6i tham s6 h(tuong Ung h'). Bat v=u;, —uy , h=h-H.Khid6 v thda

(Aty) = Ay ) W' )+ v w(l) + { £(xy) = f(xu), w) ==hay (Hw(l),
YwelV. (4.2)

L&y w=v trong (4.2), khi d6 tir (H5), (2.8),(4.1) va bat ding thic sau
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Vp22,3C, > 0: (" x| P px-») 2 C,lx-y" Vx,yeR,  (43)
ta thu dugc

min{C,,C}M7, , +m> M) < —huy D) <[IK7CP, . @4

Do d6, ta suy tiY (4.4) rling

Jn =l py =y, <Calm=HVPm. 45)

Coi {h,, } 12 mdt diy s8 thuc sao cho h,, > 0,4, — 0, khi m — + . ta suy tif (4.5)
ring {u), } la day Cauchy trong V. Do d6, tdn tai wy € V sao cho

up = Wo manh trong V. (4.6)

Biing cdch qua gidi han nhu trong chitng minh ctia dinh 1y 1, ta suyra ring wq 12 18
gidi clia bai todn bi€n phin (3.1) twdng ng véi h=0.

Tinh duy nhit dugc chitng minh theo mét cdch tudng tu nhu & dinh 1y 1.

Do dé, wy = uy.

Cho h' — 0, trong (4.5),ta cé

Jun—uoly ,, <Cal/m1. @)

Pinh 1§ 2 dudc ching minh diy da. |

Pinh Iy 3. Giad s (H1)-(H4),(H6) la diing, cho g € R. Khi dé ta c6

(i) Ham & hi= |uy(1)| khong tang trén (0,400);

(ii) |u0(1)| :sup| uh(l)l.

h>0

Chiing minh . Coi 0<h <k’ ,h=h—-h' <0 Khidé v= uj, —uy thda (4.4), ta thu
duge — A, (1), (1) —uy (1)) 20.

Dods, |uy ()] <uy(uy ).

Vay,

|y (D] <], (1), (4.8)

va (i) dugc chitng minh.

Cho h— 0, trong (4.8), ta thu dudgc (ii)

Pinh 1y 3 dugc chitng minh ddy dd.
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ON A NONLINEAR BOUNDARY VALUE PROBLEM WITH A MIXED BOUNDARY
CONDITION: ASYMPTOTIC BEHAVIOR OF A SOLUTION

Bui Tien Dung - Tran Minh Thuyet

ABSTRACT : We study the following nonlinear boundary value problem

_71 “:—x(x’h'(x)f”‘zu'(x)) + f(xou(x)=F(x), 0<x<1, 1y
X

7
lim xA u'(x)

x50,

<+o L WP ul) + ha(l) = g )

where y >0,p22,h>0,g are given constants , f,F are given functions. In this

paper,we use the Galerkin and compactness method in appropriate Sobolev spaces with
weight to prove the existence of a unique weak solution of the problem (1),(2). Afterwards, we
also study the asymptotic behavior of the solution uy depending on h as h — 0, .We also

obtain that the function h+-> | uh(l)’ is nonincreasing on (0,+00).
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