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TOM TAT: Trong bai bdo nay, chiing téi chitng 13 rdng qud trinh truyén nhiét cé thé dién 1d
theo cdc bdn nhém lién tuc manh trén khong gian Hilbert thich hop.

1. G161 THIEU BAI TOAN.

Gia st thanh kim loai L c¢6 d6 dai bing 1 bé day khong ddng ké, dugc ddng nhit véi
doan [0, 1] trén truc hoanh va o. 12 hiing s& bi€u thi d6 din nhiét ciia thanh.

Tai moi x € [0, 1], u(0, x) 12 nhiét d6 ban dau cia thanh kim loai tai di€ém c6 hoanh do
x. Goi u(t, x) 1a nhiét d6 dudc truyén trong thanh kim loai tai di€ém cé hoanh d6 x thdi diém
1a t. Ta da biét ring qud trinh truyén nhiét u(t, x) dugc dién td bdi phuong trinh dao ham
riéng :

-

2
%(t,x)=a2%u(t,x) o)
Ju(0,%) = uy (x) (if) )
u(t,0)=u(t,])=0 (iii)

\

bit A:DA)cH ____sH

- 1
véi D(A)=H*0, 1) n Hy(0,])

va H= Lz(O, 1) 12 khong gian Hilbert véi tich vo hudng
1
<f,g>= [f(tg(tdt , fgeH
0

K&t qua ching minh cda bai bdo nay 1a dinh 1y sau :
Dinh Iy :
Bai todn (1) ton tai duy nhdt nghiém
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u(t, x) = T(t) uy(x)

trong d6 T(t) 12 phdn t¥ trong ho C° - b4dn nhém (hay bdn nhém lién tuc manh) {T(t)};»0, n6
12 sinh v6 han cida todn tif A.

Ngodi ra qud trinh truyén nhiét u(t, x) c¢6 thé bi€u dién rd hon nhu sau :

0 ) 1
u(t, x) = T(Mue(x) = . 2¢™" I sinmjx [sinjy u, (y)dy
j=1 0

1. MOT 80 KHAI NIEM VA BINH LY CAN SU DUNS.

Trong doan nay chung tdi s& dua ra mot s6 khdi niém va két qua cin st dung vé ly
thuy€t todn tif trén khong gian Hilbert.

Dinh nghia 1 : C° - ban nhém cic todn ti¥ tuy€n tinh bi chin trén khong gian Banach
Xl1a ho {T(t)};20< B(X) saocho:

[i] TE)TH=TE+t) vdiVs,t=0
[ii] T(©)=1I , Ila todn ti dong nhat trén X
[iii] V&imdix e X, T(t)x lién tuc theo t trén [0, ).

Pinh nghia2: Cho {T(t)};s0 < B(X) 12 mt C° — ban nhém cila céc todn tif tuy€n
tinh bi chin trén khong gian Banach X va véi mdi t > 0, cho A, € B(X) dudc dinh bdi :

_Tt)—-1
t
Thi ho {T(t)}(s0 12 sinh v6 han cia todn tif A : D(A) =« X — X dinh bdi

- AX= limAtx (x € D(A))
t—0+

V6i D(A) = {x € X| Ax c6 gi6i han (trong X) khi t — 0+}

Ay

Dinh nghia 3 : Cho H la khong gian Hilbert, vd A : D(A) c H — H 1a todn tf tuyén
tinh khdng bi chén.

Tan6i: e Aladondiéu néu
<Av,v>20, VveD(A)
e A la don diéu cuc dai né€u A don diéu va
vfe H,3u e D(A) saocho u+Au=f
Pinh Ij 1 : (Hille — Yosida - Phillips) ( Xem [5])

Cho X 12 khong gian Banach. Todn tit A : D(A) ¢ X — X 1a sinh v6 han ciia mt C’-
bin nhém céc phép khdng din trén X néu va chi néu thda :

[i] Al todn ti déng va D(A) 1a khong gian tuyén tinh tril mit trong X.
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liil p(A)chia {A € IR ;21 >0}va [R(A,A)|< % v6imoi A >0

Dinhly 2: (Xem [4])
Cho H 1a khong gian Hilbert va A : D(A) € H — H la don diéu tuyén tinh vdi
D(A) H. Khi d6 n€u A* = A hay A* = —A thi A don diéu cuc dai.

IIl. CHUNG MINH DINH LY CHiNH.

Pé viéc trinh bay ching minh cho don gidn nhung khong 1am mat tinh chat tong quat
ldy o =1

Goi H=L%(0, 1) la khdng gian Hilbert vdi tich v6 hudng
1
<f,g>= [f(g(tdt fgeH
0

Xétdanhxa A:D(A)cH —> H
62
u — Au= -g
Vi D(A) = HX0, 1) n Hy (0,1) , thi (i) cia (1) tr6 thanh

(—12 +Au=0 (2)
dt :

Trudc tién ta chiing minh <Au,u>>0,A"=Ava D(A)=H

Dung cong thifc tich phan titng phin va sit dung diéu kién (iii) cda (1), tac6 :

<Au,u> = _[—u”udx=—juu”dx
0 0
Mo,
= —|uu —_[u u'dx
0 0
, ‘
= [(u)’dx20;
0
1 I
<Au, up> = I"' u2dX——Iu2ul dx
0 0
/| I,
= - uZul 0 IuluZdX _'J.UIU2dX
0
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1 1 !
<up, Au> = [-uuydx= —[u,u’z . j‘u;u’zdx]
0

0

1
ju{uédx
0

nén <Au;,upy> = <up, Aup>

tic laA*=A

v6i A" 12 todn ti 1ién hop clia todn ti A.

Tacé CX(0,]) cH* (0, 1) N HL (0, 1) cL*0, Hma CZ(O,)) = 1.%(0,1) nén D(A) =

H2(0,1) ~HL (0,1) = LX0,1). Nhut vy A don diéu tuyén tinh v6i D(A) =Hva A" = A, Pinh
1y 2 cho ta k&t ludn A don digu cyc dai.

Viéc th hai, ta ching minh A 12 todn ti¥ d6ng va VA > 0 thi (I + AA) 1a dnh xa 1-11w
D(A) — H ¢6 (I + 2A)"' 1a mot todn t lién tuc bi chan v6i chudn u(1+ lA)’luL(H) <1.Do
A 13 todn t don diéu cuc dai,

YfeH,3u e D(A)saochou+Au=f

Ta ching minh sy ton tai u 1a duy nh&t. That vy néu c¢6 U mdt 10i gidi khéc thi :
(u=T)+A(u—1) =0

“u—ﬁu2 S“u-—ﬁ“z-i-<A(u—ﬁ),(u—ﬁ)>=<(u—ﬁ)+A(u~—ﬁ),u—ﬁ> =0
Suyra u=1u
hon nita ta co “u“2+ e e 1 e
ol << £,u> <[]

nén fall<iEl (3)

Sy duy nht cia u va (3) cho ta k€t ludn tdn tai toén ti¥ tuy&n tinh lién tue (I + Al

H—=>D(A)

S

s . N
B <1 nén “(I+A) “L(H)J

Diing tinh lién tuc cta (I + A)”! ta s& chiing minh A dong.
That viy cho day {u;} < D(A), u, = uva Aup = f
Ta kiémriingu € D(A) va Au={.
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Ta c6 uy + Auy > u+f. Do (I+A) ' lién tuc nén

U=+ A) (U +Au) > T+ A) ' w+1)
Do d6 u=(I+A)‘l(u+ﬂ ie ueD(A) vd u+Au=u+f
Suyra Au=f

P& chitng minh (I + AA)"! t3n tai va N(I + m)““L(H) <1, gid s Fho > 0 c6 R(I + AoA)

A
= H. Ta s& chitng minh VA > ?0— tacé R(I+AA)=H.

D(A) - H ¢6 ”(I +A A

Trong chitng minh trén : Vf € H, 3lu € D(A) thda u + A Au =ftodn t& (I +7L0A)'1 :
<lI.

lL(H)

A
Ta tim 181 gidi ctia phuong trinh : u + MAu=f véi A > —21 4)

4) < u+lAu= l_°f+[1_?‘_0]u
A A

& ou = (I+7LOA)“ ZL£f+[l—m—")ui|

A A
4

= (I +AA)" o )+[1—&2J(I+on)"(u)
LA A

= b+ Bu

Ta co |1—)L—° <1 vi 7L>l—°
A 2

XétdanhxaB :H—>H
u —> Bu)=b+Bu

Bai vi "ﬁu £ ﬁv“ =[Bu-Bv|=|B(u-v)|<

=2
A

1+ 2A) | Ju-

<cu-v| véi c<1
nén theo dinh 1y di€ém b4t dong clia Banach

JlueH:u=Bu)=b+Bu
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Néu A don diéu cuc dai thi I + A toan dnh: Suy ra I + LA toan dnh vdi A > % va

1 .
cling ding cho A > P Bing truy ching ta c6 (I + AA) toan dnh, v8i moi A > 0. Nhu véy (I

+AA) 12 d4nh xa 1—3tit D(A) — H do d6 tdn tai d+2rA)": H
D(A)

f —> I+2A)'(D=u
Jul? + A <Au, us=[uf’ +<AAu,u>=<u+rAu>=<fu>
ull*s <£u> < e = fu <] 5)

Bét déng thitc (5) cho ta k&t luin (I + AA)™ lién tuc

d+AA)If
U__ﬂ_f_”__“ |||‘;h|_1 = |~ xA)““L(H)sl
Tacd:
Josrart st = o+ )<
“(;u ~ (=A™ N < % ©6)

Do A déng, D(A)=H va bit ding thic (6) thda gid thiét cia Dinh 1y 1 (Hille —
Yosida - Phillips) nén —A 1a sinh vd han clia mot C° — ban nhém {T(t)},»0 < B(H). LAy u(t,
x) = T(Ou(x)

Viéc cudi ciing, ta chitng minh u(t, x) = T(t)us(x) 12 nghiém duy nhat cla bai todn (1).

That vay : ¢d dinh x, d€ don gidn ta viét u(t) = u(t, x)
u(0) = uy(x)
Thay vao phudng trinh (2) ta dugc
u®)+Au) = 0
u® = uw (7

. du
Trong d6 u (t) = —
(Trong () B )
R® rang, u(t) = T(t)u, 1a mot 161 gidi cia (7).
Né&u x € D(A) thi T(t)x € D(A) v6i 0 <t <o va AT()x = T(HAX

hon nifa : %T(t)x =-AT(t)x = -T(t)Ax
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That vy véi Ay = T(hh)*l , n€u x € D(A) thi tif T(t)Apx = AyT()X ta dugc
lim A T(t)x = lim T(t)Apx =T(t)(lim Ay x) = -T(t)Ax
h—0 h—0 h=0

Viy T()x € D(A) via AT(t)x = T(t)Ax . Hon niffa, néu t > 0 , h > 0 thi

ling (A X T DX | iy Ax) = lim Tt~ h)(A ;x + Ax) - Em[T(t - ) ~T()JAx =0 ki€m d& va
h—0 h h—0 h—0

_ : 5 d X
}ljin% { i) ; o + T(t)Ax} = ll,in% T(t)[A,x + Ax]=0 hai k&€t qui trén cho ta aT(t)x ton

tai va bing —T(t)Ax , nghia la

gt-T(t)x =-T(t)Ax (8)
DE€ ching minh sy duy nhit clia 18i gidi, ta ching minh ring néu c6 mot 161 gidi y(t)
cta (8) thda : )./(t) +Ay(t) = 0
y@0 =0
thi y=0

Thit vay, v8imdi t >0cho: z(s) = T(t—s) y(s) ,0 <s <t

thi z(s) lién tuc tuyét ddi va

t 1.
z(t) - z(h) = '[~d—z(s)ds, O<h«<t
p ds

d d
Vi EZ(S) = E;[T(t-s)}’(s)]

= —T(t-s)y(s)+ T(t—s) y(s)
= T(t-s) Ay(s) + T(t—s) y (s) do (8)

= T(t-5) [Ay(s) + ¥ (5)]=0
nén z(t) =z(h)
- T'(t-s) y(s)

I

T(t—s) Ay(s)
i T0)Y(E) ()
h—0 h

AL mb R
h—0 h

—-Ay(s)

)

fim [T(t-s+h)-T(t-s)]

Tj(t_ ®) h—0 h

i
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Do dé

z(t) = y(t) = z(h) = T(t - h) y(h)

cho h—>0,viy(h)=>0,tacé:z(t)=y(t)=0vdimdit>0
Viy z=0.

Ngoai ra ta c6 thé ching minh riing céc gid tri riéng ciia todn tf A 12 Ay =7’n®,n=1,
2, ... va ¢d s3 tric chudn gdm céc vectd riéng tuong Wng trong khdng gian Hilbert H 12

e,{x):ﬁ sinmnx , 0<x<1,n=1,2,..

Do dé, xem [4], u(t, x) dudc biéu dién

® 2.2 1
u(t, x) = T(Duo(x) = ».2¢™" I " sinjx [sinjy.u, (y)dy .
=1 0

THE SEMIGROUP - CHARACTERIZATION OF A HEAT DIFFUSION PROCESS.

Nguyén Chi Long, L& Khdnh Luén

ABSTRACT: In this paper, we show that the heat diffusion process can be described in terms
of a strongly continuous semigroup on an appropriate Hilbert space.
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