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TOM TAT: Trong bai bdo nay, ching t6i chitng 16 dao dfng ciia mdt cdu cong c6 thé dién td
theo cde bdn nhdm lién tuc manh trén khéng gian Hilbert thich hyp.

1. 6161 THIEU BAI TOAN.

Gid st chi€c cdu L ¢6 chiéu dai bing 1, dugc ddng nhat vdi doan |0, 1] trén
truc hoanh va & 14 hiing s6 bi€u thi d6 dan héi cda mat ciu.

Tai moi x € [0, 1], y(0, x) 12 do cao ban ddu cla mdt cdu tai di€m c¢6 hoanh
dd x. Goi y(t, x) 12 dd cao cia mit ciu tai di€m ¢6 hoanh d6 x va thoi di€ém1a t.

NE&u bd qua do 1éch nhd va chi xét dang dao ddng clia ciu, phuong trinh dao
dong clia mat cau tai thdi di€m t va hodnh do x duge dién t4 bdi phuong trinh dao
ham riéng:

4
%%((,_X)i- 25%)’@, X)+ é% Fy —y )Lx)=0 (i)

(1) {y(0,x) =y, (x) . (ii)
y(t,0)=y(,1)=0 (111)

Pat v(t, x) = e28 %(z,x)=e2§‘yl viu=[y v]'e R

H=1%0,1) E={ve H0,1) 1 v(0) = v/(0) = 0}

R = H x E la khéng gian Hilbert véi tich v6 hudng
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1 2 2
<upup >= | e%‘—a—);'—éw%—zwkvlvz dx
7. S/ ¢

O

—
PitA :DA)C R R

s atvl .
u=1[y,v] An = {— _—;z ,e25t H_%}
e 0x

T
v6i D(A) = {[y i

yeH (01 , y(0)=y’(0)=y”(l):0}
ve H?(0,1) , v(0)=v'(0)=0

; = s o s o OW
Khi d6 bai todn (1) tré thanh —él— +Au=0

K&t qua chitng minh cda bai bdo la dinh 1y sau :
DPinh Iy : Bai todn (1) ton tai duy nhdt nghiém
u(t, x) = T(t) uy(x)

Trong do {1(t)}, >¢ la mdt ho C° — bdn nhom (hay bdn nhém lién tuc manh)
dugc sinh bdi todn nr A.

Ngoai ra qud trinh dao déng u(t,x) ¢d thé biéu dién ré hon nhu sau :

22

—— 1
u(t,x) = T(u, (x) =) 2e” ’7‘ sin Tjx _fsimtjyuU (y)dy
= 5

I. MOT SO KHAI NIEM CAN SU DUNG.

Trong doan nay ching 161 s& dua ra mot s6 khdi niém va két qua cin st
dung vé 1y thuy€t todn tlf trén khéng gian Hilbert.

Dinh nghia 1 : C° — bdn nhém cédc todn tf tuyén tinh bi chin trén khéng gian
Banach X 1a ho {T(t)},»0 < B(X) sao cho :
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(1] TE)T() =T(s+t)véi Vs, t20
[ii) T(O)=1 , I1atodn tf dong nhit rén X
[iii] V&i mdi x € X, T()x liéntuc theo t trén [0, o).
_ Dinhnghia 2 : Cho {T()}, 0 € B(X) la mot C” — bdn nhém cia cdc todn w
tuy€n tinh bi chén trén khong gian Banach X va vdi mdi t > 0, cho A, € B(X) dugc

dinh bdi :

CT()-1
Tt

Ay

Thi ho {T(t)},s, 12 sinh v han ciia todn tif A : D(A) < X — X dinh bdi

Ax = limA x (x € D(A))

t—>0+
V6iD(A) = {x € X| Ax c6 gi6i han (trong X) khi t — 0+)

Dinh nghia 3 : ChoHla khong gian Hilbert, va A : D(A) c H — H 12 todn t¥
tuy€n tinh khong bi chén.

Tandi: e Aladondiéunéu
<Av,v>20, Vv e D(A)
e A la don diéu cuc dai n€u A don diéu va
Ve H, Jue D(A) sao-cho u+Au="t
Dink I 1 : (Hille - Yosida - Phillips) ( Xem [5])

Cho X 1a khéng gian Banach. Todn tf A : D(A) € X — X 14 sinh v6 han cia
mdt C° — bdn nhém cdc phép khong ddn trén X néu va chi néu thda :

[i] Al todn tir déng va D(A) 1a kh6ng gian tuyén tinh tri mét trong X.
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[ii] p(A)chita {A € IR ;A >0) va I]R(K,A)”s% véimoi A >0

Binh lj 2 : (Xem [4])

Cho H 1a kh6ng gian Hilbert va A : D(A) ¢ H — H 12 don diéu tuyén tinh véi
D(A)=H. Khi d6 néu A* = A hay A* = - A (hi A don diéu cuc dai.

Ill. CHUNG MINH BINH LY CHiNH.

Goi H=L%0,1) va E = {v e HX0,1)| v(0) = v/(0) = 0}

R=HxEvaueR u=[y v]"véiv(t, x) = > 2L (1,x) thi N 12 khong

SRS

gian Hilbert véi tich v6 hudng

) .

1 2 2
<upup >= j e%".a—l]—.?%+vlv2 dx
ox° 0ox

o}

.
Xétdnhxa A:DA)cR N

—> v 2 64)(
u=[y,v]" Au=|-— ,h ¥
eZgl ax4

yeH'(0,) , y(0)=y'(0)=y"(1)=0

v6i D(A) = {[y ]
, ve H?(0,1) , v(0)=v'(0)=0

S ——

thi (i) cia (1) trd thanh %tLl +Au=0

Trudce ti€n ta chitng minh < Au,u>>0 A" =A va D(Aj =R.

Ding c6ng thifc tich phan ting phan va si dung diéu kién (iii) ctia (1), ta ¢6 :

l o
<Auu> = [e4§‘ —zv—.y” +e28ty@®y |dx
28t

(o)
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_ }(_SZE_,lvl/yﬂ +62§ly(4)v)dx

Q

| ‘
= okt J( vyl 4y @i

0

1 _ 1 !
A = [vyax = vy [} + [v/yPax = vy ®
R i 0

o 0 0 .
=0

L %
-[vy()dx-
0%

1 !
— Iv”v”dx = Iy(‘”vdx
0 0

= (Au,u)=0

Véiu, =y, vil' ) ua=[ys va]" tacé

1 /f
(AU‘,Uz): J[ 4“;[ E.‘ y2 +e2E.ul (4) J x
0 €

|
= o I( vyl +y}4)V2)

" 2&[( @ 4y, )ax

1 Vi '
-V
<uj,Auy > = j[e4§‘ 2, 5 +vlezé‘yg4)de
0 e

o I( iyl 4 ygn)

0

1
= fva? s uyt?)
0
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= <Auju > =-<u,Aug >

V6i A' 13 todn t lién hdp ciia todn tf A
PatK = {y e H2(0,1) ly(m =y (0)=y" ()= 0}

Tacé D(A)=K xE
Khidé D(A)=HxE <« K=H

Ta ¢6 C2(0,]) c K < H*(0,1)

ma C?(0,))=H*(0,]) nén K=H
viy  D(A)=%

Nhu vy A don diéu tuyén tinh v6i D(A) =R va A" =-A, Pinh 1y 2 cho ta két
ludn A don diéu cyc dai. '

Viéc thy hai, ta ching minh A 12 todn tf déng va, VA >0thi (I+AA)la anh
xa 1 - 1w D(A) — R o (I+2A)" 1a mot todn td hen tuc bi chdn véi chudn
n(I LAAY “ Do A 14 t0dn t& don diéu cuc dai,

VfeR,JueDA)saochou+ Au=f

Ta ching minh sy t3n tai u 12 duy nhat. That vy n€u c6 U mot 13i gidi khdc
thi: (u-t)+AQu-1)=0

Ju-1* <u-Tf+<AQ-1),u-w)>=<(@-w)+AQ-u)u-0>=0
Suyra u=u

hon nita ta cé “u||2+ < Anu>=<fu>
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2 .
o™ < < £,u > < |u]

nén lullglftll  (@3)

Sy duy, nhg’; ctia u va (3) cho ta k&t ludn tdn tai todn uf tuyén tinh lién tuc (I
+A)': R DA
—>

Do H(HA) f“ ”u“ <1 nén |(@+a)™"|

[T

L(R)

Dang tinh lién tue cia (I+ A)™' ta s& chitng minh A déng.
That vay cho day {u,} < D(A),u, > uva Ay, —> f
Ta ki€m ring u € D(A) va Au =f.
Tacé u, + Au, > u+1f.Do ([+A) ' lién tuc nén
u, =+ A) (u+ Au) > T+A) ' (u+6)
Dodé u=(I+A)'(u+f) ie ueD(A) vd u+Au=u+f
Suyra Au=f
D& ching minh (I + AA)™" tdn tai va "(I + }LA)‘lnL(‘R) <1, gid st 3, > 0 c6 RU +

; A
AoA) =M. Ta s& chitng minh VA > —23 tacd RI+AA) =R

Trong chitng minh trén - Vf € %, 3lu € D(A) théa u + AAu = ftodn ti (I
+AA)" i D(A) - R 6 |1 +r,A) 1" :

L()I)

Ta tim 181 gidi cia phuong trinh : u + AAu=1véi A > -2 (4)
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@) & u+AAu= ng-f{l—k—“)u
A A

s u = (L+AA) ‘[z‘-"- f+[1~hJuJ
A ¥ 3

= (1 +hA) ™ (h f} +(1 —~ ?‘—0) (I +2,A) 7 (u)
A A
=b + Bu
T

Ta c6 <1 V\l?\.>—l-22

- g
Xétdnhxa B: R R

for—
u B()=b+Bu

B&ivi  [Bu-By|=|Bu-Bv|=[Bu-v)s< 1—}-?:’— @+ 2,A) " Ju-+

4 c||u—vh véi c< 1
nén theo dinh 1§ diém bat ddng chia Banach
Jlue R:u= Bu)=b+Bu

N&u A don diéu cyc dai thi I + A toan 4nh. Suy ra I+ AA toan dnh véi A >

% va cling ding cho A > i .. Bing truy ching ta c6 (I + AA) toan dnh, v6i moi A >
0. Nhu vay (I+AA)Ja dnh xa 1 - 1 tf D(A) > R do d6 t6n tai O+2A0"
R D(A) '

—> 1
f ~ J+AA)'(H)=u

[|u||2 +7L<Au,u>=||u]|2 +<Mu,u>=<u+rA,u>=<f,u>
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2 . : r
Jul" < <fu> < o] = |ul<]t] &)
Bat ddng thite (5) cho ta k&t ludn (1 + AA)™" lién we

=1.g
loern? o 287, <1

T
e ¢a s
“(I i lA)“l“L(‘JU. sl A "(M o+ z"t)_l < -]
= fa-cayTlss ®

Do A déng, D(A)=% v bdt ddng thitc (6) thda gid thi€l clia Pinh ly 1 (Hille
— Yosida - Phillips) nén -A 1a sinh v6 han clia mot C* - ban nhém {T(1)}, s C
B(R). Lay u(t, x) = T(Huy(x).

Viéc cudi cing, ta chitng minh u(t, x) = T(t)u,(x) 12 nghiém duy nhit cia bai
todn (1). That vdy : ¢6 dinh x, d€ don gidn ta Vi€t u(t) = u(t, x) u(0) = uy(x)

Thay vao phuong trinh (2) ta dugc

Il(t) +Au(t) =0

u(0) =u, (7)
(Trong dé u (1) = @)
' dt

RG rang, u(t) = T(u, 1a mot 13i gidi cda (7).

NEu x € D(A) thi T(1)x € D(A) v6i 0 <t < va ATW)x = T(HAx

hon niva ; %.T(l)x =-AT(t)x =-T(1)Ax
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Thét viy véi Ay, = 1(111)—1 . néu x € D(A) thi tr T(H)Ax = A T(V)x ta duge
1
lim A T()x = lim T()Ax =T(1)(limApx) = -T(t)Ax
h—0 h-0

h—0

Viy T()x € D(A) vd AT(t)x = T(t)Ax . Hon nita, néu t > 0, h > 0 thi
TW)x = T(t - h)x

lim { + T()AXx} = lim T(t = h)(A x + Ax) - im[T(t - h) - T(1)]Ax =0 ki€m dé

h—0 h h—0 h—0 ’

va liinz){ﬂlnﬂ)ﬁ;r:IQi(— + T(l)Ax} = 1in(1) T[A,x + Ax]=0 hai k€l qud wén cho 1a
=3 h-

%T(t)x tOn tai va bing ~T(1)Ax , nghia la

hd T(t)x = -T(1)Ax (8)
dt

Pé ching minh su duy nhat cda 13i gidi, ta ching minh ring n€u ¢6 mot 14i
gidl y(t) cda (8) thda : ).z (t)+Ay(t) =0
y© =0
thi y=0
That vy, véimbit>0 cho:z(s) = T(t—s) y(s),0<s <t

thi z(s) lién tuc tuyél doi va

(
z(t) - z(h) = ji z(s)ds, O<h<t
hds
Vi %z(s) = él;['l‘(l—s)y(s)] ——

=-T(t-9) y(s) + T(t - s) )-’(S)

=T(t—s) Ay(s) + T(t—s) y(s)do (8)
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=T(t-s)[Ay(s)+y (s)]=0
nén z(t) = z(h)

~ Tt - s) y(s)= T(t - s) Ay(s)

—-AYy(s) = lim J)Y(6) - ¥(s)

h—0 h

= i T =T

(s)
h—0 h
Tl(t ) - lim H(t~s +h)-T(t-s)]
h—0 h

Do d6z(t) = y(1) = z(h) = T(t - h) y(h)

¢cho h—0,viyth)—>0,tacé:z(t)=y()=0vdimdit>0

Yy z=0.

Ngoai ra ta c¢6 thé ching minh ring cdc gid tri riéng. cia todn tf A la A, =
n’n®,n =1, 2, .. va cd s truc chudn gdm céc vectd riéng tuong ung trong khéng

gian Hilbert H 12

en(Xx) = \[2 sinmtnx , 0<x<1,n=1,2,..
Do dé, xem [4], u(t, x) duge bi€u di&n
w0 2.9 1
u(t, x) = T(Du(x) = >.2e " I ' sinmjx fsin my.u,(y)dy .
=l 0

THE SEMIGROUP CHARACTERIZATION OF THE VIBRATION OF THE CURVED SURFACE OF A BRIDGE
Nguyen Chi Long - Le Khanh Luan

ABSTRACT : In this paper, we show that the vibration of the curved surface of a bridge can
be described in terms of a strongly continuous semigroup on an appropriate Hilbert space.
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