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Tém tit:

Chung t6i khdo s4t mot bai todn ngudce thdi gian cho phudng trinh nhig¢t. Bai todn dugc
quy vé viéc khdo sit mdt phuong trinh tich phan loai tich chap va dudc chinh h6a bing
phuong phép Tikhonov véi cédc dénh gid sai s6.

I. M¢é dau

Bai todn ngudc thdi gian cho phudng trinh nhiét nh¥m x4c dinh phan bd nhiét dd
tai thoi diém ban dau t = 0 tif phan b& nhiét d6 do dugc tai thoi diém sau d6, chéng han
tai t = 1. Bai todn nay cdn c6 thé coi nhu mdt bai todn diéu khién: bai todn diéu khién
phéan b3 nhiét d6 ban dau (t=0) dé c6 thé nhan dudc phan bd nhi&t do nhu ¥ mudn tai
thoi diém t = 1. Pay 12 mdt bai todn khdng chinh theo nghia 12 né khong ludn ludn ton
tai nghiém va ngay ca khi nghi¢m cda bai todn tdn tai thi né lai khong phu thudc lién
tuc theo dif kién. Bai todn nay dudc rat nhiéu nha todn hoc quan tdm khdo sit. Ching
ta c6 thé tham khdo [1], trong d6 ngoai c4c tai liéu trich din phong phd, tdc gid cdn cho
ta mdt cdi nhin tong quan vé cdc phudng phép khdo sit cling nhu chi ra nhitng vdn dé
cdn bd ngd cla bai todn nguge thdi g:an cho phudng trinh nhiét. Cu thé, trong [2], cdc
téc gia dua ra nghiém chinh héa nhu 1a t8 hop tuyén tinh mot s6 hitu han cdc ham riéng
clia todn td - A va trong [3], tdc gid chinh héa bai todn trong trudng hdp tdng quat nhu
12 mo6t phuong trinh vi phén trong khong glan Hibert tritu tugng. P& ¥ ring mién phan
b6 nhiét khao sat trong [2] va [3] 1a cac mién bi chén.

Trong bai bdo nay, chung toi khdo sat bai todn ngu’Gc thdi gian cho phudng trinh
nhiét trén ci mat phéng IR2. Bai todn sé& dudc chuyén vé mét phudng trinh tich phan
loai tich chap va dugc chinh héa biing phuong phdp Tikhonov ciing nhu dua ra ddnh gla
sai 58 glﬁ'a nghiém chinh héa va nghiém chinh xdc. Cu thé chiing tdi chiing minh réing
néu sai s& gitta dit kién chinh xdc va dif kién nhan dudc do do dac 12 ¢ thi sai s8 gifta

khi ¢ > 0.

nghiém chinh xdc va nghi€m chinh hod c6 bic la

ln(;)

II. Phuong trinh tich phin va chinh héa
Xét phuong trinh nhiét
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Bai todn ngugc thdi gian cho phuong trinh nhiét dugc khdo st 12 nhim xdc dinh
&n ham v sao cho hé thdng (1-2) c6 mét nghi€ém u vdi g 1a dit ki€n cho trudc.
Béng cong cu ham Green, véix,y € IR%, 0 <t< 1, ta c6:

2 32
Cho t — 1 trong (3), ta nhin dugc

2 2
‘41; L E,V(@’")exp{- = :(y"“) ]dédn =g(x.y) @

béy 12 m{t phuong trinh tich phén loai tich chip theo v(§,n) va ciing 12 mdt bai
todn khong chinh. P& chinh héa, ching t6i xiy dung mot diy c4c nghiém x4p xi 8n
dinh (vg)p > 0 va trich ra m6t nghiém di gin nghiém chinh x4c ctia hé thong (1-2).

Trudc hét, dit:
1 x?+y?
K(x,y)== -
(%,) = exx{ 2

Ta ¢6, v8i moi (x,y) e IR%:

Kxv(ey) == [ [ e K (x-&y -ndedn

M 41_1t -reo ,[:V(E.vs n) exp{_ (X i E.l) :(y S TI) }E;dn

va (4) dudc vi€t lai thanh

K*v(x,y) = g(x,y) ©))

Goi v 12 nghiém “chinh x4c” cdn tim clia (5) @ng v6i dit kién chinh x4c go & vE
phdi va goi g 1a dit kién bj nhi€u nhin dugc do do dac, ta dugc két qua sau:
Dinh Iy 1:
Gid stt voe H'(R?) va [g—g,|, <& v6i |.|, 1a chudn L2 Tén tai nghiém x&p xi
n dinh v, ciia (5) sao cho

C

)

|v_v0|2 <
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v8i C 1a mét hding s6 thoa:

C2442 max{,ﬂeoﬁ +1,1 +]M10|2}
trong d6  A(x,y) =+/x’ +y°.

Chitng minh:
Ta co:

_ 1 —i(xw+yw)
K(o,m)= - [; .[:, K(x,y)e ™ dxdy
- e-(mz+w2)

va 14y bién d8i Fourier hai v€ cia (5), ta nhan dugc dang thic

K (0, ). (0,®) = (0, ®) (6)
V6i mbi B >0, him s6
. Yo,@) .
V((D, m) - B + IA(Z (OJ, ‘GJ’) .g(co, ﬁ)) ) (7)

thudc L%(IR?) va do d6é ham s&
1 i(ox,my)
v (X, y)=— o,m).e" " dodw
sy =5-[ [ v

ciing thudc L*(IR?) do (7), vp thda ding thic
By (0, @) + K* (0,0).9, (0,8) =K(0,0)§(0,m)  (8)
Tir (6) va (8) ta nhan dugc
B(¥ (0, @) ¥4 (0, )+ K (0, 0) (¢ (0, ) - ¥ (0, w) =
=B, (0, @)+ K (o, 5)g(, ©)- &, (0, )
Nhén hai v€ ciia (9) cho lugng lién hiép ciia ¥, (e, @)- ¥, (0, ®) rdi 1dy tich phan
trén IR?, ta dugc

[3lvB —volz +'K(vB -V, ]z =-p [; Ecvo(m,m)(vﬁ(w,m)—vo(m,m odo +

+ fm [: K(0, w)g(0, @) - g, (0. m)\v, (co,\ w)-v, (0, m)jods

®

Suy ra

|3|vB —~ VOE +[K(vls -V, ]z < B|v0|2|vp - VO‘Z +lg- g0|2|K(vﬂ -V, ]2
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Chon B =1(véie<1)valuuy ring [g—g,|, =[g-g,|, <&.tacé
efve = Vof! +[K(v, o) <elvol, Ve ~vol, +K(v, ~vo),
< §|v0|; +§|V= ~ V|2 +§£—+-;—|K(va - vni
Do d6
oft, —0of2 +[R (5, =% <ot +1) (10)
Pic biét ta c6:
RG5, %) <o’ +1) (11)
Vi B = ¢, ddng thitc (9) trd thanh

67, (0,) -9, (0,9)+K* (©0,9)(F, (0,0)- ¥, (0,@) =
__Svu( » T )+K(m’wxg(wsm)_éo(msm))

Nhén hai v€ clia ding thic trén cho (o, w ), (0, ®)- ¥, (0, )) rdi 14y tich
phén trén IR?, ta nhén dugc

v, =Vl +I?LK (¥, —i‘/or = —ef f A’ (m,m)i‘/,,(m,m)(w”{p(m,w)— %o (@, @) Hodw +

+ f f 22 (m, 0), m)(g(m, ) g, (co, m)x*}p (m, m)— Vo (u), m)):lwdm

Suy ra
(0, = 90), +AR (@, ~ %), < el Mo, - 5,), + o),
trong d6
‘lﬁ' sup ik(m, o)K (o, 1 = sup Jo’+sw’e et} (
?  (o.@)lR? (0, m)IR? 2e
Twr d6 suy ra
(@, =, )2 < e (@, — ¥, ), (10|, +1)
va ta nhén bt ddng thitc
M, = )2 AT, +1 (12)

b4t B= max(,h\‘ro]i +1,]A0,|, + 1), tir (11) va (12), ta nhén dudgc cdc bat déng thic

R, - oojz <B% (13)
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@, -%,); <B? (14)
Ngoaira ta c6
\& —voli =|¥, —i‘ro]i = [; L|§a(w,m)—€'0(w,m]2dmdm
V6imbi a, >0, dit
D= {(cn,wlco2 +w’<a,}

Vi K(o, @)= ™ vdi moi (0, @) € D nén ta c6

L[i‘ra(co, @)-¥,(0,0) dodw <™ [; EJIA{(m,m)(\“;E(m, m)\“;u(m,m)fdmdm
Suy ra
L|i‘rg(m,m)— V(@ @) dodw <& Be (15)

1
Ngodi ra, véi (0,@)e D thi Ao, @)= (0’ +w)z >a, néntacs

'[RZ\DHE (0,@)-¥,(0,o) dodw < aiz [; [;|l(o3, o), (0,3)- ¥, (g),ﬁ;)lz diider

€

k&t hgp véi (14), ta suy ra

2

_[Rz\ch’s(ﬂJ, ©)- %D(m,mﬂzd(odm < ]:

Chon a. 12 nghiém dudng cia phuong trinh

B?
a2

E

eZa, ‘BZ £

nghia la

ale =é (16)

Viham s8 h(y)=y’.e” ting ngit trén (0,:0) va h(IR*) = IR" nén phuong trinh
(16) c6 duy nhat mot nghiém a. thda a. — +o khi € — 0. Hon nifa, it (16) va vdi € dd
nho, ta c6

4a, >2Ina, +2a, = ln(l]

14
-2
—}-2— < 16.[ln(-l-ﬂ
a; €

Suy ra
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K&t hgp véi (15-17), ta nhin dugc

g 3
[ve = vaf; < 2:2 < 32.132[11:(1]}

. €

nghia 13,
L4BYV2
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REGULARIZATION OF AN INVERSE TIME PROBLEM FOR THE HEAT EQUATION

|v= _Vﬂlz

va dinh Iy dugc chitng minh.

Nguy&n Cam, Pham Hoang Quéin

Abstract:

We consider an inverse time problem for the heat equation. The problem is formulated

as an integral equation of the convolution type and is regularized via the Tikhonov
method with error estimates given.
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