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ABSTRACT
Introduction: The emission of α particles is a powerful probe for the α-cluster structure of heavy
nuclei. The α-nucleus potential is a crucial ingredient in the α-decay calculation within the pre-
formed cluster model. One of the most reliable ways to construct this potential is the double-
foldingmodel, where an effective nucleon-nucleon interaction is folded with the nuclear densities.
In the folding model calculation, there are many ambiguities in the choice of the nuclear densities
of the daughter nucleus for α-decay. We propose to directly constrain the α-nucleus potential
for α- decay and choose the daughter nuclear density using the nuclear rainbow scattering phe-
nomenon. Methods: The refractive rainbow pattern in the elastic scattering cross section within
the optical model can probe deep into the interior region of the α-nucleus potential. We apply
this method to investigate the reliability of the nuclear potential used in the α-decay of the 212Po
nucleus leading to the 208Pb daughter nucleus by examining the elastic α scattering on 208Pb. In
such an approach, we perform the double-folding calculation to construct theα-nucleus potential
using several common parametrizations of the daughter nuclear densities. These parametrizations
include the mean-field Hartree-Fock-Bogoliubov calculations with the BSk14 and D1S interactions,
the independent particle model, and the 2-parameter Fermi distributions. The obtained nuclear
potentials are applied to the optical model to calculate the elastic α-208Pb scattering cross sec-
tions that are compared with the experimental data. These nuclear potentials are further used in
the preformed cluster model to study theα-decay half-life of 212Po. Results: The nuclear densities
from the Hartree-Fock-Bogoliubov calculations are shown to provide the best description for both
the nuclear rainbow scattering and α-decay half-life. The results indicate a strong correspondence
between the capabilities of the nuclear potential to reproduce the cross section ofα scattering and
theα-decay half-life. The extractedα preformation factors from the semiclassical preformed cluster
model with folding potentials are in good agreement with those from other studies. Conclusion:
The nuclear rainbow scattering phenomenon can be used to provide reliable α-nucleus potential
for α-decay studies within the preformed cluster model. The nuclear densities from themean-field
Hartree-Fock-Bogoliubovmethodwith the BSk14 and D1S interactions are the appropriate choices
for the DFM calculation used in the α-decay study.
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INTRODUCTION
The α-decay process is a valuable tool to probe the
structure of the atomic nucleus1–3. One of the most
commonly used models to describe the α-decay half-
lives is the preformed cluster model4, which assumes
that the α particle is formed inside the nucleus and
emits through the Coulomb barrier by the quantum
tunneling effect. Theprobability for theα cluster to be
formed before emission is called the α preformation
factor and is directly related to the α cluster structure
of the nucleus. By comparing the calculated α-decay
half-lives with those from experimental data, many
important aspects of the α clustering for heavy nuclei
(A > 100) can be examined. With advances in exper-
imental capability, we can now measure the α-decay
of many exotic nuclei2,3,5. Finally, the α-decay plays

a critical role in the identification of new chemical el-
ements in the synthesis of superheavy elements6,7.
In the preformed cluster model, the α-decay half-life
can be determined from the α preformation factor,
assault frequency, and transmission probability. The
assault frequency is the number of collisions per sec-
ond between the α particle and the Coulomb barrier,
while the transmission probability governs the likeli-
hood that the α particle tunnels through the barrier.
In the semiclassical framework of the preformed clus-
ter model4, both the assault frequency and transmis-
sion probability can be uniquely determined with an
α-nucleus potential between the emitted α particle
and the daughter nucleus. It has been shown that the
double-foldingmodel (DFM)8,9 can provide a consis-
tent framework to reliably calculate theα-nucleus po-
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tential 10–14. By folding the effective nucleon-nucleon
(NN) interaction with the nuclear densities of the α
particle and daughter nucleus, the DFM significantly
reduces the number of free parameters and provides
a firm microscopic basis for the α-decay calculation.
Although the DFM offers a much better consistency
compared to other phenomenological descriptions of
the α-nucleus potential, it is not completely free from
ambiguity. One of the largest ambiguities in the fold-
ing model that has a direct impact on the α-decay
half-life is the choice of the daughter nuclear den-
sity. Since most realistic effective NN interactions
are also density dependent, the input densities play
a major role in the DFM calculation8,9. In contrast
to the density of the α particle, which can be accu-
rately described with a Gaussian form 9,15, the exact
density of the daughter nucleus is not well-known, es-
pecially for nuclei far from the valley of stability. This
is the case for most systematic analyses of α-decay
half-lives, where the number of considered nuclei is
large and most of them do not have an experimen-
tally determined density. Therefore, the densities cal-
culated from microscopic structure models or global
parametrizations are usually adopted. Regardless of
its importance, the impact of the daughter nuclear
density used in the DFM on the calculated half-life
is rarely systematically checked. Moreover, there are
very few studies, such as Refs. 11,16 that can ensure the
same DFM with a specific choice density used in the
α-decay calculation can also be consistently used for
other α-related processes, such as fusion, scattering,
and transfer reactions.
It is well-known that the nuclear rainbow phe-
nomenon exhibited in nucleus-nucleus scattering can
probe the nucleus-nucleus potential down to a very
small internuclear distance with high sensitivity 8,17.
The rainbow effect is characterized by the notable re-
fractive Airy pattern in the scattering cross section.
This distinguished pattern is caused by the interfer-
ence of the traveling waves that probe deep inside
the nucleus and survive its absorption. The capa-
bility to constrain the optical potential with the nu-
clear rainbow effect is first observed in the scatter-
ing of α on heavy nuclei18–20. They are also among
the systems that display the strongest refractive pat-
terns. Only a realistic description ofα-nucleus poten-
tial can faithfully reproduce theAiryminima in theα-
nucleus scattering cross section. Several studies have
suggested that the α-nucleus folding potential capa-
ble of reproducing the rainbow effect can also accu-
rately describe the α-cluster structure of the compos-
ite nucleus10,21. These findings imply that the folding

potential required in the α-decay calculation can be
constrained by refractive α-nucleus scattering.
In this work, we propose to use the nuclear rain-
bow effect observed in elastic α-nucleus scattering
to constrain the nuclear potential and evaluate sev-
eral choices of daughter nuclear densities used in the
double-folding calculation of the α-decay half-life.
We benchmark our approach for theα-decay of 212Po
leading to the 208Pb core, which is an extensively stud-
ied process due to the double-magic nature of the
daughter nucleus22–24. In this method, the elastic
α + 208Pb scattering cross section calculated by the
DFMwith different densities is compared with the ex-
perimental data at 139 MeV19, where a clear nuclear
rainbow pattern can be observed. We also demon-
strate the sensitivity of the nuclear rainbow effect to
the range parameter used in the Coulomb potential
prescription.

COMPUTATIONALMETHODS

Double-foldingmodel

Here, we briefly introduce the formalism of the DFM
used to calculate the α-nucleus potential between the
α particle and the daughter nucleus. A more de-
tailed description can be found in Ref.9. In the DFM,
the antisymmetrized nucleus-nucleus potential can
be written as a Hartree-Fock-type potential

VN =VD +VEX

= ∑i∈α, j∈A [⟨i j |vD| i j⟩+ ⟨i j |vEX | ji⟩] ,
(1)

where A denotes the daughter nucleus or the core of
the composite α-emitted nucleus and |i⟩, | j⟩ are the
single-particle wave functions of the α particle and
daughter nucleus, respectively. vD and vEX are the
direct and exchange parts of the effective NN inter-
action, respectively. In the DFM, theVEX account for
a single-nucleon knock-on exchange of two nucleons,
each belonging to a participating nucleus.
Following the prescription of Eq. (1), the local direct
part of the double-folding potential at the distance R
can be written in terms of one-body densities as

VD (E,R) =∫
ρα (rα )ρA (rA)vD (ρ ,E,s)d3rα d3rA,

s = rA − rα +R,

where E is the center-of-mass energy and ρα and ρA

are the nuclear densities of the α particle and daugh-
ter nucleus, respectively. The descriptions for these
densities will be extensively discussed in a later part
of this paper.
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We use the local approximated form for the exchange
part

VEX (E,R) =
∫

ρα (rα ,rα)vEX (ρ ,E,s)
×exp

(
iK(E,R)s

M

)
d3rα d3rA

The recoil factor M=4A/(4+A) with A is the mass
number of the daughter nucleus. The density matrix
approximation25 is applied for the densities in (3).
The self-consistent relative momentum is given by

K2 (E,R) =
2µ
h2 [E −VD (E,R)−VEX (E,R)−VC (R)] ,

(4)

where VC (R) is the Coulomb potential and µ is the
reduced mass. The Coulomb potential in the main
results of this work is obtained by folding two uni-
form charge spheres26 with the R_C values of α and
208Pb nuclei chosen to reproduce the experimental
root-mean-square (RMS) charge radii 27 through the
formula RC =

√
(5/3)r2

RMS
28.

In this work, we use the density-dependent CDM3Y3
parametrization29 for the effective NN interaction in
Eqs. (1)-(3)

vD(EX) (ρ,E,s) = (1−0.003 ∈)F (ρ)vD(EX) (s) , (5)

where ε is the incident energy per nucleon and
vD (EX)(s) is the direct (exchange) term of the
density-independent M3Y-Paris interaction30. The
density-dependent term is parametrized as

F (ρ) =C
[
1+αe−βρ − γρ

]
, (6)

withC=0.2985,α=3.4528, β=2.6388 (fm3), and γ=1.5
(fm3) chosen to reproduce the saturation properties
of the symmetric nuclear matter. The overlapping
density ρ follows the so-called frozen density approx-
imation29.
We note that although the DFM has been adopted in
many α-decay calculations10–14, the use of a realis-
tic density-dependent NN interaction with the finite-
range exchange term for this type of calculation is
still very limited 31. Many studies have shown that
the finite-range exchange term and the density depen-
dence of the NN interaction in the DFM are strongly
required to describe the rainbow feature in the elastic
scattering cross section (see Refs. 8,9,17 and references
therein).

α-decay calculation
In this work, the α-decay half-life is calculated us-
ing the preformed cluster model with the Wentzel–
Kramers–Brillouin (WKB) approximation4 as

T1/2 =
h ln2

Γ
(7)

where the α-decay width is determined as

Γ =
hPα v

1+ exp(x)
,

x = 2
∫ R3

R2

√
2u
h2 (VT (R)−Qα )dR,

(8)

where Pα is the α preformation factor, Qα is the α-
decay Q-value, and µ is the reduced mass of the α-
core system. The assault frequency in the semiclassi-
cal system is given by

v =
h

2µ

∫ R2

R1

[
2µ (Qα −VT (R))

h2

]−1
2 dR


−1

. (9)

The classical turning points R1, R2, R3 are obtained
from the condition

VT (R1) =VT (R2) =VT (R3) = Qα . (10)

The total potential VT in the WKB approximation is
given by

VT (R) = λVN (R)+VC (R)+VL (R) , (11)

where VN(R) is the double-folding potential in Eq.
(1), VL(R) is the centrifugal potential in the Langer
form4 characterized by the orbital angular momen-
tum L. The normalization factor is uniquely deter-
mined by the Bohr-Sommerfeld quantization condi-
tion4

∫ R2
R1

√
2u
h2 (Qα −λVN (R)−VC (R)−VL (R))dR

= (G−L+1) π
2 ,

where the orbit global quantumnumberG=22 follows
the Wildermuth-Tang rule 4,32.

RESULTS
Impacts of nuclear density on the folding
potential
First, we examine several descriptions of the nu-
clear densities, especially those for the daughter nu-
cleus, and investigate their impacts on the double-
folding potential. For the α particle density, we use
the Gaussian shape ρα (r) = 0.4229 exp(−0.7024r2)

fromRef.15, which is universally adopted in almost all
α-decay and scattering calculations.
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Figure 1: The α + 208 folding potential calculated from the BSk14 (solid), D1S (dashed), SP (dotted), IPM (dashed-
dotted), and global (dashed-dotted-dotted) densities of 208Pb. The inset figure illustrates these nuclear densities.

For the density of the 208Pb daughter nucleus, we
consider five different parametrizations. First, micro-
scopic Hartree-Fock-Bogoliubov (HFB) calculations
are performed with zero-range BSk14 Skyrme33 and
finite-range D1S Gogny34,35 interactions to give the
densities, which we also denoted BSk14 and D1S, re-
spectively. The HFB calculations using both effective
NN interactions have been extensively tested for the
mass region near 208Pb and proved to be highly re-
liable when describing the bulk properties (such as
densities) in that region. It is noted that the matter
densities from these microscopic calculations are also
included in the IAEA Reference Input Parameter Li-
brary (RIPL-3)36. We also consider a much simpler
mean-field model, known as the independent particle
model (IPM), where the single-particle states are gen-
erated from theWoods-Saxon potentials with param-
eters taken from the classic work of Bohr and Mot-
telson37. Next, we consider two density parametriza-
tions using the 2-parameter Fermi (2pF) distribution.
The first parametrization by the Sao Paulo group38,
which we call SP, is obtained from a systematic fit-
ting to the Dirac-Hartree-Bogoliubov results39. This
parametrization, which is often incorporated with the
Sao Paulo folding model38, is widely used in many
heavy-ion scattering studies. Finally, a fixed param-
eter set of R=1.07A1/3 fm and a=0.54 fm for the 2pF
is used for the “Global” density40. This fixed shape
for 2pF density is often used in some DFM calcula-
tions ofα-decay half-lives13,14,31. The fivementioned

densities BSk14, D1S, SP, IPM, and Global along with
their corresponding DFM calculations are presented
in Figure 1.

The foldingpotential descriptionof nuclear
rainbow α + 208Pb scattering
To clearly observe the impact of the 208Pb density
on the double-folding potential, we use the potentials
illustrated in Figure 1 to reproduce the differential
cross section for the elastic scattering of α particles
by the 208Pb nucleus. To calculate the cross section,
we perform an optical model analysis for the elastic α
+ 208Pb scattering data in which the optical potential
is composed of the renormalized double-folding and
Coulomb potentials described in the previous sec-
tion and a standard Woods-Saxon imaginary poten-
tial, i.e.,. The renormalization factor and the Woods-
Saxon parameters are listed in Table 1. The incident
energy of theα projectile is chosen at 139MeV, where
the high resolution data are measured by Goldberg et
al. at the University of Maryland19. Although there
are many elastic α+208Pb scattering data at different
energies (see Ref.41 and references therein), only the
data at 139 MeV19 display a clear refractive rainbow
pattern.
Figure 2 presents the experimental differential cross
section data19 and the optical model results using the
double-folding potentials calculated with the BSk14,
D1S, SP, IPM, and global densities of 208Pb.
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Figure 2: Differential cross section of elastic α + 208Pb scattering at 139 MeV. The experimental data 19 are com-
pared with the optical model results using the folding potentials calculated from the BSk14 (solid), D1S (dashed),
SP (dotted), IPM (dashed-dotted), and global (dashed-dotted-dotted) densities of 208Pb. The position of the first
Airy minimum is labeled A1.

Figure 3: Differential cross section of elastic α + 208Pb scattering at 139 MeV. The experimental data 19 are com-
paredwith theopticalmodel results using the foldingpotentials calculated fromtheBSk14density and the sphere-
sphere (solid), point-sphere with rC = 0.96 fm (dashed), and point-sphere with rC = 1.2 fm (dotted) descriptions of
the Coulomb potentials.
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Table 1: The best-fit parameters of the optical potential for the elastic α + 208Pb scattering at 139MeV. NR is the
renormalization factor of the real folding potential

NR W0 (MeV) R (fm) a (fm)

BSk14 0.920 21.13 8.706 0.723

D1S 0.932 21.57 8.652 0.725

SP 0.905 22.46 8.745 0.725

IPM 0.912 22.81 8.762 0.701

Global 0.915 18.69 8.647 0.705

In addition to the nuclear potential, another im-
portant ingredient in the α-decay calculation is the
Coulomb potential. In our calculation, we calcu-
late the Coulomb potential by folding two uniform
charge spheres26 with radii constrained by experi-
mental RMS charge radii, a procedure we referred to
as the sphere-sphere description. Manyα-decay stud-
ies, such as Refs. 4,10–13 use a simpler and more com-
mon procedure that treats the projectile as a point
charge interacting with a uniform charge sphere of
the target with the Coulomb radius defined as RC =

rC

(
A1/3

p +A1/3
t

)
. The effect of the rC parameter in

the point-sphere Coulomb formalism on the elastic
scattering cross section is investigated and illustrated
in Figure 3.

Impacts of nuclear density on the α-decay
half-life of 212Po
In this final part, we apply the folding potentials gen-
erated above to the semiclassical preformed cluster
model to calculate the α-decay half-life of 212Po. The
experimental Q-value of this decay is 8.954 MeV42.
The theoretical half-life T cal

1/2 is calculated assuming a
complete cluster model with Pα = 1 and thus can-
not be compared directly with the experimental value
without applying a realistic α preformation factor.
Since this α preformation factor is not well deter-
mined, we use the standard formulaPexp

α = T cal
1/2/T exp

1/2
to extract the “experimental”α preformation factor43

and then compare it with some microscopic and em-
pirical values in the literature. The α-decay half-lives
calculatedwith theDFMusing various choices of den-
sities and the experimental value44 are presented in
Table 2.

DISCUSSION
In contrast to the surface region, all considered den-
sities are rather different in the interior region. Due
to the simple 2pF shape, the SP and global densities
have smooth shapes in the interior region, while those
using single-particle calculations (BSk14, D1S, IPM)

display oscillation structures due to the contribution
of the squared single-particle radial wave functions.
It is known that the refractive rainbow scattering can
probe even into this interior region8,17.
We now consider the capability of the five folding po-
tentials illustrated in Figure 1 to describe the nuclear
rainbow scattering. As shown in Figure 2, a very clear
first Airy minimum can be seen at a scattering an-
gle ≈ 50◦ in the experimental data. From now on,
we refer to a specific potential by the name of the
density parametrization used in its folding procedure.
The small (forward) scattering angular region before
the A1 minimum with rapid oscillations is known as
the Fraunhofer diffraction region8,17, where the sur-
face part of the potential contributes dominantly. Fig-
ure 2 shows that all potentials can reproduce this re-
gion with good quality, except for the global potential,
which shows a slightly out-of-phase behavior.
For the rainbow region around and after the A1mini-
mum, the differences between the five considered po-
tentials are greatly enhanced as the reaction can now
probe deeper into the interior region of the nucleus.
Two potentials obtained from the sophisticated HFB
calculations with BSk14 and D1S give the best agree-
mentwith themeasured data for the angular regionup
to 90◦. The IPM, SP, and global potentials fail to de-
scribe the fallout afterA1 in the cross section. Wenote
that since Figure 2 is plotted on the logarithmic scale,
the deviation of the global potential result from the
experimental data is much larger than those from the
IPM and SP potentials. The amount of agreement be-
tween the cross sections calculated with the five den-
sity parametrizations and the experimental data is as
expected since the BSk14 and D1S HFB calculations
are specifically performed for the 208Pb nucleus using
two of the best phenomenological interactions. On
the other extreme, the global density uses a fixed set
of a few parameters to describe the 2pF distribution
for all nuclei, which explains its discrepancy with the
data. From the results in Figure 2, we can conclude
that the density used in the DFM calculation can be
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Table 2: The theoretically calculated α-decay half-lives of 212Po and the experimentally extracted α
preformation factor

Density BSk14 D1S SP IPM Global Exp. 44

T1/2 (s) 6.386E-09 6.950E-09 3.933E-09 4.135E-09 1.421E-08 2.944E-07

Pexp
α 0.0217 0.0236 0.0133 0.0140 0.0483

unambiguously constrained using the nuclear rain-
bow scattering cross section.
In addition, we illustrate in Figure 3 that the point-
sphere Coulomb interaction with a suitably chosen
rC parameter can approximate the more sophisticated
sphere-sphere Coulomb description with good accu-
racy. In particular, the value of rC = 0.96 fm provides
a very similar result to the Coulomb potential using
the sphere-sphere description. As a result, the point-
sphere Coulomb potential with rC = 0.96fm provides
a better description of themeasured elasticα + 208Pb
scattering cross section than that using rC = 1.2 fm.
This shows that the effect of the rC parameter can
also be observed on the rainbow scattering cross sec-
tion. In the present work, we only use the point-
sphere and sphere-sphere approximations to describe
the Coulomb potential. For a more realistic descrip-
tion, a double-folding procedure could be required to
calculate the Coulomb interaction.
Finally, we consider the impacts of nuclear density on
the α-decay half-life of 212Po. By looking at the pure
half-life values in Table 2, one can see a strong cor-
respondence between these values and the choices of
208Pb daughter nuclear densities. The largest half-life
value of the global potential is larger than the smallest
value of the SP potential by a factor of 3.6. The ex-
tracted α preformation factors of the two most realis-
tic choices of density, BSk14 and D1S, are 0.0217 and
0.0236, respectively. These values are in very good
agreement with the calculated α preformation factor
or the α spectroscopic factor values in other studies,
such as 0.03543, 0.02743, and 0.02522. These results
show that a folding potential capable of describing the
rainbow scattering cross section will give a realistic
value for the α-decay half-life. They also justify the
use of the HFB model with the BSk14 and D1S in-
teractions to calculate the density of the daughter nu-
cleus in the α-decay calculation.

CONCLUSION
We have performed the DFM calculation to generate
the nuclear potentials using several choices of 208Pb
densities. These potentials are then used to calcu-
late the cross section of the elastic α + 208Pb scatter-
ing at 139 MeV, which exhibits a clear nuclear rain-

bow pattern. We found that the theoretical cross sec-
tions corresponding to the HFB calculations with the
BSk14 and D1S densities are in the best agreement
with the experimental data, especially around the re-
fractive Airy minimum. We also illustrate the im-
pact of the Coulomb radius on the calculated rain-
bow scattering cross section and justify the use of a
simple point-sphere formula for the Coulomb poten-
tial. Finally, we note the strong correlation between
the folding potential ability to describe the nuclear
rainbow pattern and the calculated α-decay half-life.
The extracted α preformation factors using the real-
istic choices of the BSk14 and D1S densities give ex-
cellent agreement with other results in the literature.
Our results suggest that the nuclear rainbow scatter-
ing phenomenon is a useful tool to constrain the nu-
clear potential and provide a reliable α-decay half-life
within the preformed cluster model.

LIST OF ABBREVIATIONS
DFM: Double-folding model
HFB: Hartree-Fock-Bogoliubov
IPM: Independent particle model
NN: Nucleon-nucleon
RIPL-3: Reference input parameter library
RMS: Root-mean-square
SP: Sao Paulo
WKB: Wentzel–Kramers–Brillouin
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