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Solving the problem of hydrometeorological
data analysis by random process

Duong Ton Dam, Dang Kien Cuong

Abstract—The paper reviews the
hydrometeorological data analysis (precipitation,
flow, water level, etc.) to evaluate and predict
mutations such as flood, drought and saline extremes
to reduce the impact of climate change on the
economy and life. The main method for solving the
problem posed is the max-domain of attraction of
extreme distributions with the Gumbel copula of
random variables related to hydrometeorological
data. Results presented in this paper are reviewed and
verified through data supplied by
hydrometeorological stations at the Tan Chau and
Chau Doc districts, An Giang province from 1990 to
present.

Index Terms—Copula,Extreme Value distributions,
Maximal domain of attraction, Method of maximum
likelihood, Newton — Raphson algorithm.

1 INTRODUCTION

Probability and statistic theories have been
widely applied in hydrometeorological analysis.
In this review, we introduce the integration of
random (or stochastic) process methods to evaluate,
predict and analyze the extreme distributions in
hydrometeorology. In other words, this review will
be solved problems associated with flood peak,
drought and saline extremes, contributing the
significant economy and life.

The mathematical methods are mainly used in
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this paper as follows:

v' Method of moments and Maximum
Likelihood Estimation (MLE).

v The probability distribution and random
variables (expectation, covariance,
correlation, ...).

v The copula method offers a efficiency for
describing the dependence among multiple
hydrologic variables.

In the last section ofthe research, the data of
maximum rainfall and water levels are treated in
Tan Chau district, An Giang province, located in
the Mekong River Delta of Vietnam.

2 THEORY BACKGROUND

2.1 Extreme Value distributions

Let X, X, ..., X, be a sequence of independent
random variable. When we consider the max value

of this sequence, M, = max{Xl,Xz,..., X, } has
cumulative distribution function:

F, (x)=P(M, <x)=P{X, <x,...X, <x}
=P{X, <x}... P{X, <x}=F, (x)...F, ()

If random sequence, X,;i=1,2,...,n;
independent and they have the same distribution
F, (x) , we get:

Fy, (x)= (FX (x))n
The symbol of density function equivalence
with F), (x) is fy (x) = (FX (x)) Then we will
determine the density function of
M, =max{X,X,,...,X,},by:

n—l1
S, (x) = n(FX (x)) Sy (x)
We say that the distribution F'is in the
maximum domain of attraction of the distribution,

H if the existence ¢, >0, d, € R, so that:
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lim P|——= <x|=lim F" (cnx+dn)
n—o0 cn n—oc
M —d A
=H (x) & ——=+—H
We know that Fisher-Tippett ([5]) and

Gnedenko ([6]) has proved H will be one of three
Extreme Value distributions: Gumbel, Fréchet,
Weibull.

We given Generalized Extreme Value — GEV

as:
1

G(x):exp —[H—fx;] : ;
o

In there: 1+éﬂ>0;yeR;a>0;éeR.
o

We make the symbol Extreme Value distribution
by GEV (u, 0,¢&).

So that Extreme Value distributions has three
parameters. Specify, we classify GEV by shape
parameter ¢ as:

v' ¢ =0= Gumbel distribution (EV I),

G(x) = exp [—exp [_’%‘]

v &= 1 > 0 = Fréchet distribution (EV 1),
a

G(x) =exp [—

—a

1

I e
a

g

v o E= —L < 0= Weibull distribution (EV

o
110),
G(x):exp[le’u]
a|l o

Characteristic of Extreme Value distribution with
E=0.

The expectation: E (X) =u— % + %gl

The variance of Gumbel distribution:

0-_2(g2_g12); if§¢0and§<%
Var(X)= < 1;
: fé>—

2

o0

there, g, :F(i), i=1,2 and F(i):fti"e"dt
0

is gammafunction.
Characteristic of Gumbel distribution (é = O) .

Cumulative distribution function (CDF):

Fx)= exp{—exp[—[x;—’u} } |

The density function (PDF) of Gumbel

distribution will be:
f(x)= lexp[[x’u] exp{exp[[xu] }
o o o
The Expectation of Gumbel distribution:
EX =u+0,577216 ¢

there, 0,577216 = Euler constant.
The Variance of Gumbel distribution:

2
VarX:@
6

In the next section of this review, application 111
will be presented the statistic methods Maximum
Likelihood Estimation (MLE).

The method of moment is to find out the initial

parameter x°; ¢’ in Expectation of Gumbel

Distribution, then MLE 1is used to estimate
statistical parameters u; o . The Newton-Raphson

algorithm can be required to solve the set of
equations.

2.2 The copula and distributions in the
multivariate maximal domain of attraction.

Copula function is an efficient method for
describing the dependence among multiple
hydrologic variables. It offers a flexible way to
construct a joint distribution independent from the
marginal distributions. The main advantage of this
approach is that construction of a joint distribution
through a copula is independent of the marginal
distributions of the individual variables.

Derived from the following definition of
maximum suction region of multidimensional
distribution:

Let {X,Xn,n > 1} be i.i.d random vectors with

common distribution F. Then X is in a multivariate
maximal domain of attraction if there exist

a(t)=(a" (t),....a" (1)| € R}
b(t)= (" (1),....6" (1)) € R”

such that
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n

si=1...,m| —G(x) (1)

Where G is a non-degenerate distribution called
a max-stable or extreme value distribution. The

marginal distributions G(f‘));izl,...,m; of G are
Y

one-dimensional extreme value distribution of the
type
1

GE')) (x([)) =exp {— (1 + y(i)x(i) )/”} ;14 y(i)x(i) >0

(i i
&i (=)
{u eER:1+ y(i)x(i) > 0} .
Kluppelberg and Resnick ([4], 80 — 82) discuss
aggregation of risk when (1) holds with yw =0 for

and concentrates on

i=1,...,m; so that each marginal is in the domain

of attraction of the Gumbel distribution. This is
equivalent to supposing that, for i =1,...,m ; there

exists a selt-neglecting function f (i)(t) with
derivative converging to 0 such that
FO 4" (1))
F(f)m

as t converges to the right endpoint F 0. pl) _

" XER

joint survival function. Then we may take:

—

L
1-FU()

i=1,....,m
There: ¢~ (z):inf{y: q)(y)<t}.

To get attractive formulae, it is necessary to
assume all marginal of F are the same so we
proceed under the assumption:
FOO)=FY(),i=1.,m.

We now report the main result concerning risk
aggregation: Suppose (1) holds where all marginal
of F (x) are equal and all marginal of G (x) are
Gumbel and (2), (3) hold.

Formulae for aggregation of risks may be readily

obtained when F does not possess asymptotic
independence.

b (1) =
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3 APPLICATIONS
TABLE 1
WATER LEVEL
Step j 'u.i o’ A.]_ <k=10"*

0 379.9874 50.00598

1 377.0478 57.715 51.516 >104
2 376.0177 64.818 15.47 >10+
3 375.4537 68.71 0.7335 >104
4 3753104 69.5544 0.00148 >104
5 375.3042 69.58668  4.1x10 >10+

3.1 Extreme Value distributions in the
hydrological models.

Theory used in this application is shown in 2.1,
and two specific assignments are solved as follows:

Assignment 1: Find maximum Gumbel
distribution function for maximum rainfall in Tan
Chau, An Giang based on data at hydrological
stations in Tan Chau, An Giang, Vietnam.

Assignment 2: Find maximum Gumbel
distribution function for maximum water level in

TABLE 2
RAINFALL
Step j ,uj e Aj <k=10"*
0 73.4576 16.2605
1 72.92 17.997 3.303 >10 -
2 72.725 18.777 0.647 >104
3 72.698 18.889 0.0134 >10+
4 72.69766  18.891 3.8x10°¢ <10+

Tien river based on data at hydrological station in
Tan Chau, An Giang, Vietnam.

Data supplied by Southern Hydrographical
Meteorological Station at the Tan Chau and Chau
Doc districts, An Giang province from 1990 to
present.

TRe problems are solved specifically as follows:

The expectation of Gumbel distribution:

EX =u+0,577216 ¢

there, 0,577216 = Euler constant.
The variance of Gumbel distribution:

(w0)’
6

By moment method we will find the statistical
estimation,

X=u+057721606 _  _
i~ X—0,45018

Var X =

)
6
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there:
n n 2
)_( _ Zi:lXi . Sz _ Zi:l(X" _X)
n ’ n—1 ’
The next section we will use maximum

likelihood method for parameter estimation in
distribution maximum to illustrate the use of actual
data through Newton — Raphson algorithm.

First of all, to building the likelihood function,
we have:

L(,u,o‘):f<x1,x2,...,xn

n 1 xi _
= H—exp{— -

i=1 O

,u,o) = ljf(xi
'u}exp —exp {—u}
o

ool ez 2]
o = o o

=A= ln(L(,u,a)) =

,u,a)

o o5 o
oA no X — X, —
0N n NN_momx zﬂexp{_ ; ﬂ}
Jdo o ‘I o o
n N X, — ~ X, — X, —
LN ok Tl ,zﬂexp{ ; u}.
c =1 O -1 0 o

We select g and ¢ which satisfactory the

system of equations:

Using the Newton — Raphson algorithm:

FA 1 [1] { x,._ﬂ}
3 = — — —_ exp — =
ou o‘=\o o
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0’A no1 X —
=——+—) expyj—— —
oudo o’ 02; p{ o
L gnx, —u { x,—ﬂ}_
- —expi— =
o5 o o

1 n x _
- X, —p)expi—— .
L3~ e -2
O’A n n
0 o o (2 —u)+
i=1
+— (xz—#)exzﬂ{——x"_# -
i=1
1 2 X — U
By (xi_lu> expi——
o i=1
Set:
OA 0N  O°A
En o’ Oud
f= Ol | K #o;
OA O’AN  O°A
do oudo  do’
(j+1) (/)
R B L S 0 _0) 0 ). _
S = ) —-K (a N )f(a ,C ),1—0,1,2,...

This iteration is repeated until the following
inequality is satisfied:
- l/l(j)
S

o
A, :(“m]) _H(j))2 +(0<j+1> _Gm)z <k

)
The problems for the maximum distribution of
water lever (or rainfall)in Tan Chau station, if
select k =10 4,

(i+1)

U

9

(j+1)

u

o

v

9

<k .

(+1) (i+1)

3.2 WATER LEVEL PROBLEM

Based on data: p’ =379.9874; ¢* =50.00598
calculated by moment method in the previous
method of maximum likelihood and Newton —

Raphson algorithm, we get the results in repeated
step as table below.

The extreme distribution function in this problem
will have:
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—(x—375.3042)

F(x)~ exp{—exp 959

3.3 RAINFALL PROBLEM
n’ =73.4576; o° =16,2605

calculated by moment method in the previous
method of maximum likelihood and Newton —
Raphson algorithm, we get the results in repeated
step as table below

Based on data:

The extreme distribution function in this problem
will have:

—(x—72.69766)

F(x)~ exp{—exp 3891

4 CONCLUSION

Rainfall in Tan Chau, An Giang and Tien River
through Tan Chau station, An Giang, are two
random variables that are generally non-
independent but dependent on each other.
Therefore, when considering the extreme problem
of water volume in general, it is necessary to
consider Copula among them

The problems outlined in this paper may be more
general in that they include multivariate processes
(floating and underground flows, tidal impacts, two
seasons of the South, rainfall and In fact, we have
(see [2],[7]) and will study the above issues to
clarify the problems of hydrological hydrology in
the South.
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St dung 1y thuyét vé qua trinh ngau nhién dé giai
bai toan phan tich dir li¢u thuy van

Duong Ton Bam, Bang Kién Cuong

Tém tit - Trong bai bao xét dén bai toan phén
tich dir liéu thiy vian (lwgng mwa, dong chay,
muec nuéc,...) dé danh gia, du bao vé nhirng dot
bién nhu: Pinh la, cwe han, cwec man,... nhim
han ché nhirng tic hai ciia bién déi khi hau Ién
kinh té va doi sdng. Cong cu chinh dé giai quyét
bai toan dit ra 13 — phan phéi cue tri va mién
hut max cia ching cung véi viée xét Gumbel
copula ciia cac bién ngiu nhién lién quan dén dir
lidu thity vin. Cic két qua néu ra trong bai bao
dugc xem xét va minh chirng qua cac dir liéu cia
tinh An Giang tai ciac tram thuy van Tan Chau
va Chéau Péc tir nim 1990 dén nay.

Tir khéa - copula; phan phdi cwe tri (Extreme
Value distributions); mién hiat max (Maximal domain
of attraction); phwong phap hop ly cuc dai (Method
of maximum likelihood); thuat gidi Newton
— Raphson (Newton — Raphson algorithm)



