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The GAP function of a parametric mixed strong
vector quasivariational inequality problem

Le Xuan Dai, Nguyen Van Hung, Phan Thanh Kieu

Abstract— The parametric mixed strong vector
quasivariational inequality problem contains many
problems such as, variational inequality problems,
fixed point problems, coincidence point problems,
complementary problems etc. There are many
authors who have been studied the gap functions for
vector variational inequality problem. This problem
plays an important role in many fields of applied
mathematics, especially theory of optimization. In this
paper, we study a parametric gap function without
the help of the nonlinear scalarization function for a
parametric mixed strong vector quasivariational
inequality problem (in short, (SQVIP)) in Hausdorff
topological vector spaces. (SQVIP) Find

Ye K(;,;/) and ze T(;, 7) such that

<zy-x>+f(rxy) e R VyeK(x,7),

where we denote the nonnegative of R" by
R ={t=(t1,ty,..ty)] €R"|1;20,i=12,....n}.

Moreover, we also discuss the lower
semicontinuity, upper semicontinuity and the
continuity for the parametric gap function for this
problem. To the best of our knowledge, until now
there have not been any paper devoted to the lower
semicontinuity, continuity of the gap function without
the help of the nonlinear scalarization function for a
parametric mixed strong vector quasivariational
inequality problem in Hausdorff topological vector
spaces. Hence the results presented in this paper
(Theorem 1.3 and Theorem 1.4) are new and different
in comparison with some main results in the
literature.
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1 INTRODUCTION
Let X and A be Hausdorff topological vector
spaces. Let L(X,R") be the space of all linear

continuous operators from X to R”. K:XxA—2%,

T: Xx A —2L&RY are set-valued mappings and let
f:XxA—>R"  be
mappings. For consider the following
parametric mixed strong vector quasivariational
inequality problem (in short, (SQVIP)).

(SQVIP) Find xeK(x,7) and zeT(x,5) such that

<zy-x>+f(yxy) e Rl VyeK(x,y),

continuous  single-valued

yeA

where we denote the nonnegative of R” by
R ={t=(t1,t2,.nty) €R"[4;20,i=12,...n}.

Here the symbol 7 denotes the transpose. We
also denote

intR! = {t = (t1,t9,...1,)] € R"|1;>0,i=12,....n}.
For each yeA we let E(y)={xeX|xeK(x,y)}

and @:A 2% be set-valued mapping such that
¥(y) is the solution set of (SQVIP). Throughout

the paper, we always assume that ¥(y) =@ for each
7 in the neighborhood y, € A.

The  parametric mixed strong  vector
quasivariational inequality problem contains many
problems such as, variational nequality problems,
fixed point problems, coincidence point problems,
complementarity problems etc,. There are many
authors have been studied the gap functions for
vector variational inequality problem, see ([2]-[6],
[8]-[10]) and the references therein.

The structure of our paper is as follows. In
Section 1 of this article, we introduce the model
vector quasivariational inequality problem and
recall definitions for later uses. In Section 2, we
establish the lower semicontinuity, the upper
semicontinuity and the continuity for the gap
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function of parametric mixed
quasivariational inequality problem.
A. Preliminaries
Next, we recall some basic definitions and their
some properties.

strong vector

Definition 1.1 (See [1], [7]) Let X and z be
Hausdorff topological vector spaces and F:x — 27
be a multifunction.

i) F is said to be lower semicontinuous (Isc) at

xg 1If F(xg)nU =@ for some open set UcZ

implies the existence of a neighborhood N of
xo such that, for all xeN,F(x)nU=@. An

equivalent formulation is that: 7 is Isc at x,

if vx, > x9. VzgeF(xg), 3z4 € F(xy), zg = 20

F is said to be lower semicontinuous in X if
it is lower semicontinuous at each x, e x.

ii) F is said to be upper semicontinuous (usc) at
xo if for each open set U= F(xy), there is a

neighborhood N of x, such that UsF(N). F

is said to be upper semicontinuous in X if it
is upper semicontinuous at each x; e x.
iij) F is said to be continuous at x, if it is both
Isc and usc at x,. F is said to be continuous
at x, if it is continuous at each x; e x.
iv) F is said to be closed at x, e x if and only if
Vx, > X9, ¥y, —>yo such that y,eF(x,), we
have y,e F(xy). F is said to be closed in x if
it is closed at each x, e x.

Lemma 1.1 (See [1], [7]) If F has compact
values, then F is usc at x, if and only if, for each
net {x,}c X which converges to x, and for each
net {y,}c F(x,), there are yeF(x) and a subnet

{vg} of (v} suchthat yp— y.

B. Main Results
In this section, we introduce the parametric gap
functions for parametric mixed strong vector
quasivariational inequality problem, then we study
some properties of this gap function.

Definition 1.2 4 function h:X xA — R is said to
be a parametric gap function of (SQVIP) if it
satisfies the following properties [i)]

i) h(x,y)>0 for all xeE(y).

i) h(xg.79)=0 ifand only if x; e ¥ (yq).

Now we suppose that K(x,y) and T(x,y) are
compact sets for any (x,y)eXxA. We define
function #:XxA —R as follows
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h(x,y)= min max (<zx—y>—f(r,xy); (1)
zeT (x,y) yeK(x,y)

where  (<zx-y>-f(nxyp); 1s the ith
component of <z,x—y>—f(y,x,7), i=1.2,....n

Since K(x,y) and T(x,y) are compact sets,
h(x,y) is well-defined.

In the following, we will always assume that
f(x,x,7)=0 for all xeE®).

Theorem 1.2 The function h(x,y) defined by (1)
is a parametric gap function for the (SQVIP).

Proof. We
I XxL(X,R")—R" as follows

h(x,z)= max max (<z,x-y>-f(3,%7)),
yeK(x,y)1<i<n

where x e E(y),zeT(x,7).

define a function

i) Itis easy to see that /y(x,z)>0. Suppose to the
contrary that there exists x, e E(y) and zq e T(xg,7)
such that 7 (xj,z¢) <0, then

0>hy(x9,20)= max max (<zg,x—y>—f(¥,X0,7));

yeK(xO,y)léién

2 max (<z9,x =y >—f(¥,%0,7))i> Vy € K(x0,7),
1<i<n

which is impossible when y = x,. Hence,

h(x,z)= max max (<zx—y>-f(y,x,7)); 20,

yeK(x,y)1<i<n
where xeE(y),zeT(x,y). Thus, since zeT(x,y) is
arbitrary, we have

h(x,y)= min max (<z,x-y>-f(y,x,7)); 20.
zeT(x,y) yeK (x,7)

ii) By definition, i(xy,79)=0 if and only if there
eXiStS zZp € T(xo,}/o) SuCh that hl(xo,ZO) = 0, i.e.,

max  max (<29,Xp —y>—f(3,%0,70)); =0,
yeK(xO,}/O)lSiSn

for xy e E(yy) if and only if, for any y e K(xy,70)

max (< zg,xg =¥ >—f(¥,%0,70)); <0,
1<i<n

namely, there is an index 1<iy<n, such that
(<20,%0 =¥ > =/ (%0, 70))i, 20, which is equivalent
to

<zg.x0—¥>—f(1.%0,70) € RY, ¥y € K(x,70),
that is, xq e ¥ (yg).

Remark 1.1 4s far as we know, there have not
been any works on parametric gap functions for
mixed strong vector quasiequilibrium problems,
and hence our the parametric gap functions is new
and cannot compare with the existing ones in the
literature.
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Example 1.1 Let X =R,n=2,A=10,1],
K(x,7)=[0,1], T(x,y)= {%,37%2 + xﬂ and

f(,x,7)=0. Now we consider the problem (QVIP),
finding xeK(x,y) and zeT(x,y) such that

1
<zy—x>+f(y,x7)= [E(y —x,G72 %+ xhy w)]

eRr?. It follows from a direct computation
Y(y)={0} for all y<[0,1]. Now we show that a(.,.) is
a parametric gap function of (SQVIP). Indeed,
taking e=(1,1)eintR}, we have

h(x,y)= min  max max (<zx-y>-f(yx7);
zeT(x,y) yeK(x,y)1<i<n

0, if x=0

= Gy +xh)x-y) = { _
yeR () A3+, if xe(0.1]

Hence, #(,) is a parametric gap function of
(SQVIP).

The following Theorem 1.3 gives sufficient
condition for the parametric gap function k() is
continuous in X xA.

Theorem 1.3 Consider (SQVIP). If the following
conditions hold:
i) K(.) is continuous with compact values in
X xA;
ii) T(..) is upper semicontinuous with compact
values in X xA.
Then 4(.,) is lower semicontinuous in X x A.
Proof. First, we prove that #(,) is lower
semicontinuous in X xA. Indeed, we let acR and
suppose that (7)) S X XA satisfying
Wy 7g)<ava and (xy.74)— (x0.70) a8 a—ow. It
follows that i(x,,7,)=

= min max
zeT(xa,ya)yeK(xa,ya)ISSn

We define the function #: X x L(X,R")xA— R by

ho(x,z,7)= max max (Kz,x—y>—f(1,x,7)); € E(y).

yeK(x,y)1<i<n

Since ¢ and f are continuous, we have
(<z,x—y>-f(y.x,7)); 18 continuous, and since X(.,.)
is continuous with compact values in XxA. Thus,
by Proposition 19 in Section 3 of Chapter 1 [1] we
can deduce that ig(x,z,y) is continuous. By the

compactness of T(x,,7,), there exists z, eT(xq,7;)

such that i(x,,y,)=

max (Sz,%g =y > —f (1, Xg,7a))i S a.

= min max  max (z,Xg =y >~f (0 Xg:Va))i
zeT(xa,ya)yeK(xa,ya)léién

=hy(Xq:2a-Ya) =

=  max max (< z,%y =y >—f (1, Xg,7a))i < a.
yeK(xa,ya)lSiSn

Since K(.,.) is lower semicontinuous in X xA, for
any yoeK(xp,7), there exists y, eK(xy.4,) such
that y, —» yy. For y, € K(x,.4,). We have

max (< 2,Xg = Vg > —f (Vo> %a V)i S a. (2)
1<i<n
Since 7(,) 1is upper semicontinuous with

compact values in X xA, there exists zjeT(xg,7o)
such that z, —z, (taking a subnet {zg} of {z,} if

necessary) as a—>o. Since

max (<z,x—y>—f(,x,7)); 1s continuous. Taking the
I<i<n

limit in (2), we have

max (< z9,%0 — Y0 > —f(¥0,%0,70)); < a. (3)
1<i<n

Since yeK(xy,79) 18 arbitrary, it follows from
(3) that
ho(x0,20,70) =

=  max max (<zg,X0—Y>—f(3,%0,70)); <a.
yeK(xO,;/O) 1<i<n

and so, for any z e T(xy.7q). We have h(xg,7) =

=  min max  max (<z,x0—y>—f(»,%0,70)); Sa
zeT(xO,yO)yeK(xO,yo)léién

the level set
{(x,y)e XxA|h(x,y)<a} 1s closed. Hence, #a(,) 1is
lower semicontinuous in X x A.
Theorem 1.4 Consider (SQVIP). If the following
conditions hold: [i)]
1. K(.,) iscontinuous with compact values in
X xA;

s

This proves that, for

aeR,

2. T(,) is continuous with compact values in
X xA.

Then £(.,) is continuous in X x A.

Proof. Now, we need to prove that x(.,.) is upper
semicontinuous in XxA. Indeed, let aecR and
suppose that {(xg,Va)} S X xA satisfying
h(xg.7q)2a, for all o and (x,.7,)— (xg.79) aS

a— oo, then i(xy,7q) =

= min max  max (<z,X5 =y >—f(y,Xg,7g))i 2 a
zeT(xa,ya)yeK(xa,ya)léiSn

and so
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max
yEK(xa,;/a) 1<i<n

(4)

Since 7(,) 1is lower semicontinuous with
compact values in X xA, for any z,eT'(xy,7q), there
eXiStS z, e T(xy,74) Such that z, —»z;, as a > .

Since z, eT(x,.74). it follows (4) that

max max (<Zzg,Xg =¥ > =f (0. 7e)i 2a,  (5)
yeK(xa,;/a)léiSn
Since f and g are continuous, so

max (< zg,x—y>—f(¥,x,7)); 18 continuous. By the
1<i<n

compactness of K(.,) there exists y, eK(xy,7,)
such that

max (< Zg,Xg = Vo > —f e Xg:70))i 2 a. (6)

1<i<n

Since K(,) 1is upper semicontinuous with
compact values, there exists y, e K(xp,79) such that
yg > yo (taking a subnet {yg} of {(y,} if
necessary) as a—w. Since
max (< z,x=yg >—f(»,x,7)); 1s continuous. Taking
1<i<n

limit in (6), we have

max (< zg,X0 — Yo > —f(¥0,%0,70))i = a. (7
1<i<n
For any y e K(xq,79), we have

max  max (<zg,xg—y>—f(¥,%0,70)); Za. (®)

yeK(xO,;/O)ISiSn
Since zeT(xy,y) 1S arbitrary, it follows from (8)
that a(xg,79)=

=  min max  max (<z,x —y>—f(,%0,70))i 2 a
zeT(xO,}/O)yEK(XO,}/O) 1<i<n

This proves that, for the level set
{(x,7)e XxA|h(x,y)>a} 1s closed. Hence, #i(,) 1is
upper semincontinuous in X x A.

aeR,

2 CONCLUSION

To the best of our knowledge, until now there
have not been any paper devoted to the lower
semicontinuity, continuity of the gap function
without the help of the nonlinear scalarization
function for a parametric mixed strong vector
quasivariational inequality problem in Hausdorff
topological vector spaces. Hence our results,
Theorem 1.3 and Theorem 1.4 are new.

max (< Z, Xy _y>_f(y’xa’7(x))i ZasVZET(xa,}/a)
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Ham GAP cho bai toan bat dang thirc tua bien
phan veéc to tham s6 hon hgp manh

Lé Xuén Pai, Nguyén Van Hung, Phan Thanh Kiéu

Tém tir - Bai toan bat ding thirc twa bién phan
véc to' tham s6 hdn hop manh bao gém nhiéu
van dé nhu bai toan bat ding thirc bién phan,
bai toan diém bat dong, bai toan diém trung lip,
bai toan bu nhau, v.v. Cé nhidu tic gia dang
nghién ctru tim ham gap cho bai toan bét ding
thirc bién phan véc to. Bai toan nay dong vai tro
quan trong trong nhiéu linh vue toan wng dung,
diic biét 13 1y thuyét téi wu. Trong bai bao nay,
chiing tbi nghién ctru ham gap tham sb voi sw hd
trg' cia ham phi tuyén vé huéng cho bai toan
bit ding thirc twa bién phan véc to tham sé hén
hop manh (viét tit (SQVIP)) trong khéng gian
t6 p6 véc to Hausdorff. (SQVIP) Tim

Ye K(;,y) v ze T(;,y) sao cho

<zy-x>+f(nxy)e Rl VyeK(xp),
voi
Rl ={t=(t1.tg,..ty)] €R"|£;20,i=12,....n}.

Ngoai ra, ching toi ciing thio luian tinh nira lién
tuc dwdi, nira lién tuc trén va tinh lién tuc cua
ham gap tham s cho bai toan nay. Theo nhirng
hiéu biét ciia minh, chiing tdi cho ring t6i nay
chwa tirng c6 bai bao nao nghién ciru tinh nira
lién tuc dwdi, tinh lién tuc cia ham gap ma
khong cin sw tro giip cia ham phi tuyén vo
hwéng ddi véi bai toan bat ding thirc twa bién
phén véc to tham s6 hén hop manh trong khéng
gian td pd véc to Hausdorff. Do d6 nhitng két
qua dugc trinh bay trong bai bao nay (Pinh ly
1.3 va Dinh ly 1.4) 1a méi va khac biét so véi mot
s0 két qua chinh trong tai li¢u tham khio

Tir khéa - Bai toin bat ding thirc twa bién phan
vécto; ham gap tham so; tinh nira lién tuc dwoi; tinh
nira lién tuc trén, tinh lién tuc.



