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TOM TAT

Khi mé réng khdi niém vé qud trinh ngdu
nhién lién tuc, ngwoi ta thuong xét dén 16p qud
trinh ngdu nhién c6 nhay va sir dung cong cu vé
vi — tich phan Itd — Levy, tir d6 c6 thé thu duoc
nhiéu két qua quan trong vé mdt 1y thuyét va thue
hanh. Trong bai b4o nay ching toi tiép tuc phét

trién theo cac két quda da duoc cong bé trude day
dé thu dwoc cong thirc vé vi phan tich cua qua
trinh ngdu nhién c6 nhday va ap dung cho mét so
dang qud trinh ddc biét nhw qud trinh thudn
nhay, qua trinh Levy — Ornstein — Uhlenbeck,
qua trinh Levy hinh hoc.

Tir khéa: qué trinh 1td — Levy, vi phan ngdu nhién, qué trinh ngdu nhién c¢6 nhay

MO PAU
Khai ni¢m vé qua trinh ngiu nhién 1t6 — Levy

Cho &(t) la mot qué trinh Levy, va budc
nhay cia &(t) tai thoi diém t 1a dai luong Xxac
dinh boi:

Ag(t) = (1) — &§(t7)

Vi B (R,) 1a o —dai s6 sinh bai cac tap con
Borel U thuoc R, sao cho U € B (Ry);

R, = R\{0}, x4c dinh d6 do nhay Poisson:

NEW = ) xu(88®)

0<s<t
trong d6 xy(.) 12 ham chi tiéu cua U (indicator
function). Khi d6 N(t,U) chinh 1a s6 cac budc
nhay c¢6 do lon A¢(t) e U; vs:0 <s <t. Tir do
xac dinh dang vi phan cta do do nhay Poisson la:
N(dt,dx) ; t>0,x €R,.
Pinh nghia. Qué trinh ngau nhién 1t — Levy
X(t, w) = X(t), la qua trinh:
X(t) = X(0) +
J, a(s, w)ds + f, B(s, w)dB(s) +

fot fRO y(s,x)N (ds, dx). 1)

trong d6 B(s) 1a qua trinh Wiener tiéu chuan, va
dd do Poisson bu N(ds,dx) (compensated
Poisson random measure), xac dinh boi:
N(ds, dx) := N(dt,dx) — v(dx)dt ;

v(dx) == E[N(1,dx)] ;dx € B (Ry); (v(dx)
thuong duoc goi 1a d6 do Levy),

va thoa diéu kién : [ [la()l + B2(x) +
Jey V2 x)v (@] <o hocc

Dang biéu dién (1) s& twong duong véi dang
biéu dién vi phan sau:

dX(t) = a(t)dt + B(t)dB(t) +
Ji, YN, )

Néu B(x) =0, goi X(t) la qué trinh It6 —
Levy dang thuan nhay.

Qué trinh ngau nhién 1td — Levy nhiéu chiéu
duoc dinh nghia mé rong nhu sau:

Cho qua trigh Wiener n,-chiéu B(t) =
(Bl(t), . Bnl(t)) :T>0,va dCT) do Poisson bu
N-chieu ; t = 0;x = (Xq, ., Xy, ), N(dt dx) =
(Nt dx,),... Ny, (dt.dx,,))
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Qué trinh ngu nhién 1t — Levy n-chiéu la
qua trinh xac dinh bai
dX(t) = a(t)dt + B(t)dB(t) +
S VX N(EL d%) (2)

sao cho

dX; (1) = o ()dt + X2, By (1)dB; (1) +
il fRO Yik Nk(dt, ka) X |:1_,ﬁ .
Trong do,
a®) = (),

(Bs®) v =

1n1,k— N,

B() =
(vi(t, )

nxn, 3

thoa diéu kién
AN (TOIED N HORS
Y2, vE (s, x)v (dxy))ds < oo,
Cong thirc 1t cho qua trinh ngéu nhién 1t6 —
Levy nhiéu chiéu

Cho X(t) ;t > 0, 1a qua trinh ngau nhién It
— Levy n-chiéu xac dinh bai (2) va

f:(0,00) x R" - R, la ham thuoc
C12((0,0) xR™).  Xac  dinh:  Y(t) =
f(t, X(t)) ;t = 0, khi do s& c6 cong thic 1td (xem
[1], 164 — 165):

dy(t)

of = of
= (tX(®)dt + Z o, (LX) @t

S of
" Z Z % (t.X())B;;() dB; (1)

i=1 j=1
ZZ]Z aX aX (t X(t))(BBT)IJ (t) dt
+ kzl J [ t X(0) + yX(t, X)) - f(t X(t))

n

- ) == (t X(®)vik (t, X)] Vi (dxy) dt

i—1

+Z f [f tX(t )+yk(tx))

k=1 Ro
— £t X(t7)] Nie(dt. dxy) ®)
trong d6 y&(t,x) la c@t tha k ciia ma tran

Y, %) = (ya(t, X))

nxn,

KET QUA
Cong thirc vi phan tich dbi véi qua trinh c6
nhay
Str dung cdng thuc 1t6 thu dugc cdng thac vi
phan tich cho qua trinh ngau nhién c6 nhay
Pinh Iy 1: Cho hai qua trinh ngau nhién 1t0
— Levy mét chiéu xac dinh boi
dH(t) = ay(t)dt + B, (t)dB(t) +
Jgg i (€ X)N(dt, dx) ;1 =12
d(Hy(0)H,(t)) =
= Hy(¢7)dH,(t) + Hy(¢7)dH, (¢) +
B (), (6)dt + fRo Y1 (6, )y, (t, x)N(dt, dx) (4)
Pinh Iy 2: Cho cac qua trinh ngau nhién 1td
— Levy mét chiéu xac dinh boi (3), va céc sb
n, € N\{0};1 = 1,2, ¢6 cong thuc vi phan tich
d (X (OX32(6)) = X[ (£)dX;* ()
+X,2(t7)dX,; " (t)
+ B, (6)B, () de

khi d6 sé c6 :

+ fRo D, (¢, x)D,(t, x)N(dt, dx) (5)
trong do6 :

B,(t) = n,B(OX () Dyt x) =

-k . _ ! .
Zl=1 C,’fl Xl”l ®y,(t.x); C,’;l — _k!(:ll—k)! ,
1,2.

Chung minh

Trudc hét dua vao cong thic 1t6 (3), 4p dung
cho ham f(t, X)) = (%,(®)",1 = 1,2;s8 tinh
duoc vi phan ngau nhién cua ham f(t, X(t))
dudi dang:

d(x )"
=1 g0 1 ni— —
= mog (DX () + Enl(nl — DBFOX ()

f Zcm PEEOXTE v [ dt

Rokz

+ By (DX (E)dW()

+ f Zc};yl(t,x)x;‘l“‘(t)N(dt,dx). (6)
)&
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Sau d6 su dung hé thic (6) va cong thuc (4)
trong Dinh ly 1, s& thu duoc (5).

Ap dung két qua thu dugc cho mét s6 qua
trinh ngau nhién dic biét

Qué trinh ngau nhién thuan nhay (pure jump)

Qué trinh ngau nhién thuan nhay 1a mét quéa
trinh thuoc 16p 1t6 — Levy c6 dang vi phan nhu
sau:

do(t) = f V() N(dtdx) : t € [0,1]

Ro

trong d6 , y 1a qué trinh ngau nhién thoa diéu
kién

foT JO Y2t X)v(dx) dt < oo

Ap dung hé thic (6) vai m € N\{0}; a(t) =
0; B(t) = 0 sé thu dugc:

d(Qw®)"
- f Dl vt 0QnK(Bv(@ [ dt

Ro k=2

+ kz CX y(t, )Qm(t) N(dt, ). (7)

Qua trinh ngdu nhién Levy — Ornstein —
Uhlenbeck

Stochastic differential

Processes

e Duong Ton Dam

Qua trinh ngau nhién Levy — Ornstein —
Uhlenbeck U(t) 1a mot qua trinh ngau nhién
thugc 16p 116 — Levy , n6 ¢6 vi phan ngau nhién
xac dinh béi:

dU(t) = AUt + f va(t. ) N(dt, dx) : t
Ro
€ [0,T],
trong do:
A(t) € L*([0,T]) vay, la qua trinh ngau nhién

thoa didu kién : [ OT fRO Y2(t,x)v(dx) dt < co.

Khi xét vi phan tich cua qua trinh Levy —
Ornstein —Uhlenbeck U(t) nay véi qué trinh hinh
hoc Levy K(t), tic qua trinh ¢6 vi phan ngau
nhién dang:

dK(t) = K(t™)[a(t)dt + B(t)dB(t) +
fRO Y. (t, x)N (dt,dx)]; t=>0.

Ap dung cong thirc (4) s& ¢6

d(U®K(D)) = Ut)dK () +
K(E)dU(R) + [ K(E)v: (6 X) v, (€ XIN(dt, dx).

Nhimg phuong trinh dac biét néu trén cé rat
nhiéu ung dung trong cdc md hinh toan V& tai
chinh , kinh té va céng nghé théng tin.

Loi cam on: Nghién ciru nay duoc tai tro
boi Dai hoc Quéc gia’TP. Ho Chi Minh trong
khuén kho Deé tai ma so C2015-26-05.
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ABSTRACT

In this paper, we continue to expand some
results to get the product rule for differential of
stochastic processes with jump, and apply for
some special processes like pure jump process,

Levy-Ornstein-Uhlenbeck process, geometric
Levy process, in models of finance, ecomomics,
and information technology.
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