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TOM TAT: Bai bdo trinh bay mét bai todn phdn logi va nhén dang hai téng thé H, va
H, bang phwong phdp Bayes, do la xdy dung ham mat dj xdc suat hdu nghiém cho v, ty Ié tron
ciia H) trong H; (phan trén ciia H; va H;) dua trén phan phdi tién nghiém ciia v chdt cut trén
khoang (0,1) va sur dung quan sat ldy tir Hs. Cdc trueomg hop v ¢6 phan phoi tién nghiém beta,
mii va chudn diegc xem xét chi tiét.
Tir khoa: Tién nghiém, hdu nghiém, phdn phdi mil, beta, chudn.

1. GIOI THIEU

Trong thuc té c6 nhiéu van dé doi hoi ching ta phai giai quyet bai toan phan loai va nhén
dang hai téng thé H, va H,. Cé nhiéu cach khac nhau dé giai quyet bai toan phan loai nay. Mot
phuong phap phén loai ¢ nhiéu wu diém dya trén ham mat do xac suat cuia hai tong thé dé 1a
phuong phap Bayes Trong phén loai nay ngudi ta quan tam dén téng thé H; chira nhitng phin
tir chung cua H; va H,, két hop tir mbi tong thé véi ty 1€ nao do.

Gia sir trén H, va H, ta quan sat bién ngau nhién X, ky hiéu f;(x), f>(x) 1a ham mét d¢ xac
suat trong tmg cia X trén hai téng thé, va goi v la ty 1€ trdn cuia nhimg phan tir cia H; trong

H; (0<v<1) khi d6 ham mat 6 x4c sut ciia X trén H;c6 dang g(x) = vV fi(x)+(1-v) 1, (x).

Tham sé v thudng khéng duge biét mét céch chinh xac, vi vdy quan tim cua ching t6i ¢ ddy 1a
tim cach udc luong v.

Uéc lugng nay dd duge nghién ctru boi Everitt (1985), McLachlan va Basford (1983) [2]
bing phuong phép cuc dai ty s6 hop ly va phuong phap moment. Trude dé James (1978) dya
trén thuc té dé uéc lugng v. Mot phuong phép udce lugng dang chd ¥ phai ké dén ctia nhém tac
gia Pham-Gia, N. Turkkan va A. Bekker (2005) [4]. Ho da sir dung phuong phap Bayes dé udc
lwgng cho v véi gia thiét v ¢6 ludt phén phdi x4c suét tién  nghiém cu the beta va sir dung phan
tich nhén dang dua trén méu loai Bernoulli ldy tir H; dé xac dinh sé phan tir thugc H ; ndm
trong Hj, (diéu nay c6 thé 1am duoc vi H, va H, di dugc x4c dinh), dé tir d6 tim phén phdi x4c
sut hau nghiém cho v.

Trong bai v1et nay chung téi tlep tuc phat trién y tuéng trén véi gia thiét v ¢6 phan phdi
tién nghiém bat Ky nao d6 frio-(v) dé tim ham mét d¢ xac suit hau nghlem cho v. Vén dé trén
cling dugc chung toi xem xét cu the khi ﬁ,m,,(v) 1a ham maét dd xac suat mii va chuén chat cut
trén (0, 1). Trong [4] xét phan phm beta chuan trén (0, 1) va do la dleu duong nhién vi phin
ph01 ndy xéc dinh trén (0, 1). Tuy nhién véi phan phéi‘chuan thi mién x4c dinh 1a ca truc s6.
Dé c6 thé c6 duge ty 18, ma ty 1¢ phai nim trong khoang (0, 1) vi vdy ching t6i duaray tudng
méi 14 “chit cut” phan phéi chudn trén khoang (0, 1). Ngoai ra, ham mét d¢ xdc sut hau
nghlem c6 dang déng cua v dugce xdc dinh, d6 1a hinh thic tot nhat gIUP u6ce lugng v, diéu nay
6 y nghia rat quan trong trong phén loai va nhén dang hai téng thé. Bai bao ciing dwa ra
chuong trinh tinh toén soan trén phdn mém MAPLE.,
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2.HAM MAT PO HAU NGHIEM DANG PONG CUA ¥ TRONG THONG KE BAYES
VOI MAU LOAI BERNOULLI

2.1 Pinh ly vé hAm mit d9 xdc suét hiu nghiém cia v

Dinh ly 1: Goi v la ty I¢ trén ciia tong thé H, trong tong thé H;, © va & ldn lwot la xdc
sudt sai lam khi phdn loal gma H; va H,. Néu v c6 phdn phoz tién nghiém j},,,‘,,(v) va voi n
quan sdt tir Hs, trong s6 dé cé j quan sat thugc H; thi v sé co ham mdt dé xdc suat héu nghiém
la

v)[1-av]) [1-Bv]""’

(n,j) prmr
@ (v)=
L(n,j)

(1)

trong do,

A=(t+8-1)/6; B=(1-t-8)/(1-6); L(n,j)= Ipﬂor(v)[l_Av]j[l_Bv]n—jdv

Chirng minh.

Khi v 1a hang s6, trong phan loai clia H; va H. ta c¢6 x4c suat phan loai sai 1am:
t=P(H,|H,): Xac suat phéan loai mét phﬁn tr vao H, khi that sy no thude H,.
o0=P(H,|H,): Xac sut phan loai mot phan tir vao H; khi that sy né thudc H,.

Khi 1ay mét mau tir H; thi xac sut chon dugc mot phan tir ciia H; 146 c6 dang

¢=P(H )P(H \H )+P(H,)P(H |H,)
=v(1-7)+(1-v)§ =8+(1-8—1)v
trong do, P(H, | H,) c6 nghia la xac suét phan loai mét phan tir cia H, vao dung H,.
Ham hop ly khi ldy mét mAu gdm » phén tir tix tdng thé H; c6 j phén tir thude H, 1a
iketinooa (V) =0’ (1=60)"7
=[6+1-6-epfIl-(5+(1-6-7 ]
=87/(1-Av)/(1-6)"7(1-Bv)"/
Néu v khong biét, ta xem v 14 mét bién ngiu nhién véi ham mét dé xac suét tién nghiém la

f prior (V) '
1
it K = [£,00(V) frtatnooa(V) AV =87 (1-6)"7 L(n, j) , khi d6, ham mét 4o héu
0

nghiém cua v s€ c6 dang:

fpriar (V) -ﬁfkelihnad (V) prmr (V)[l AV] [1 BV]
K L(n,j)

" (v)=

2.2 M@t sb truong hop riéng caa dinh ly
Hé qua 1: Khi v ¢ phdn phdi tién nghiém Beta (v:a, B) véi a, B >0
a) v cd ham mdt dj xdc sudt hdu nghiém
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0" (v) = Beta(v;a, B )1 - 4V} [L- BV} / P{"/ (4, B) @

1
trong dé P{"/’(A4,B)= jv**‘ (1=v)P7 (1= dv)’ (1- Bv)" dv ma ta c6 thé tinh theo dinh 1y
i 0
Picard (xem [4]).

b) Trung binh hdu nghiém cua v la

IJI("J)(A,B)

N 3
PJ"‘”(A.B) (3)

‘u(ﬁ.f)(v) = ppn'or (V)

¢) Phuwong sai hdu nghiém cua v la

Varprior (V )

Var™(v)=—
Py (A.B)(1- fpp (V)

{(a+1)P"(4,B)P{""(4,B)~

@+t (v) (B (4.B)) | @)
Péy 1a dinh 1y da duoc téc gia T. Pham-Gia trinh bay trong [4].
HE qua 2: Khiv cd phdn phé'f tién nghiém mii chat cut'!rén (0,1) voi tham s6b>0
a) v co phdn phoi hdu nghiém:
Exp(b)(1- Av)’(1-Bv)"’
(M) (v )= uf ).( ; 2 , ve(0l)
Py I(n,j) 4)
0, ve(01l)

l .
trong do, 1(n,j)= [be“’“(l — Av)! (1= Bv)" dv ma ta cé thé ding tich phan truy héi dé tinh
0

(Xem phu luc I).
b) Trung binh hdu nghiém cua v la
u(™i (y)= : . [I(n+1,j+1)—l(n+1,j)] (&)
(B-4)I(n,j)
¢) Phuong sai hgu nghiém cia v la
Var™ (v) = 1 _I(n+2,j+2)+ Ao - [](n+l,j+1)— (6)
ABI(n,j) AB(B—-A)I(n,j)

~I(n+1,j)]- 7}5 )

Chimg minh.
-bv

a) Thay f,vior(v) biing phan phdi mii chit cut trén (0,1) f 0 (V) =

A vao (1), qua mgt
—e

sb tinh toan so cdp ta c6 diéu phai chimg minh.

e I e g el
b) V]V—B_A[(l Av)-(1-Bv)| nén:
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1
u"m(y)= Iv.q:'("'“(v)dv
0

1 jbe""‘(l Av)! (1-Bv)"[(1- 4v) - (1- Bv)lv

(B A)l(n,j
o Ail( [i(n+1,j+1)-I(n+1,j)]

c) Tuong tyr bang céch thé
1
=—I|(1-A4v)(1-B
: AB ,:( v V)+ B

(1-,4 Bv)—l}

vao biéu thirc Var"™/(v)= Ivqu("'f)(v)dv - [;/"‘”(v)}2 va qua mét s6 budc tinh so cap ta
0
cé két qua (6). o
HE qua 3: v cd phdn phéi tién nghiém chudin chdt cut trén (0,1) véi hai tham s6 u,o
a) v co phén phéi hdu nghiém la
=(x-p)
20° - THF s, . n-j
o) y) = e & . Av). (1-Bv)
L(n,j)
0, ve(0l)

ve(0,1l) (7

| ~(x-p)
Trong do L(n, j)= J'e 2% (1- Av)! (1=Bv)"  dv ma ta cé thé diing tich phdn truy héi dé

0

tinh (Xem phu luc II).
b) Trung binh hdu nghiém cua v la
; 1
(n.j)
u ()= [L(n+lj+1)=L(n+1,j)] (®)
(B-A4)L(n,j)

€) Phuwong sai hgu nghiém cua v la

. 1 A+ B
Var®™(v)e— 2 I(n+2 i+l L1, 741)~
L T e b )+AB(B—A)L(n,j)[ fonge) B -

~Ln+1, )l )]

Chirng minh.
Hoan toan tuong tw nhu chimg minh hé qua 2, chi thay /(n,j) béi L(nj). o

3. ViDU SO

3.1.Bai toan.
Gia str H, va H, lién két tao ra tong thé H; ma trong d6 H, chiém ty 1€ 1a v. Gia tri chinh
xac cla v chua biét. Gia sir v 12 bién ngau nhién c6 phan phdi tién nghiém tuan theo luat chuin
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chit cut trén (0, 1) hay phan phdi mdi chit cut trén (0, 1), va khi 14y mot maiu gdm 20 quan sat
tir H; ¢6 5 quan sat thudc H;. Can xéc dinh ham mat d6 xac suat hau nghiém cho v.

3.2.Giai.

Néu trén hai tng thé H, va H ta quan sét bién ngéu nhién X; va X, 14n lugt c6 phéan phoi
chuan X; ~ N(5, %), X, ~ N(18, 6°) thi phuong trinh f;(x) = f>(x) c6 hai nghiém x,=11 198 vax;
= 45.602. Vi vy trong phan tich nhan dang bang phuong phap Bayes néu ket qua quan sat 1a
11.198 < x < 45.602 thi quan sat do dugc xép vao H,, ngugc lai xép vao H,. Trong phén tich

nhén dang nay hai xac suat sai lam dugc tinh cu thé nhu sau:
45.602

r= [ £, (x)dx = 0.2455
11.198
11.198

5= j £, (x)dx + jf,(x)dx =0.1285
- 45.602
Véir va S trénthi 4=-4.872,B=0.718.
Néu v ¢6 phan phéi tién nghiém chun N(0.2; 0.09°) chit cut trén (0,1), thi ham mat d§ xéc

suat tién nghiém cua no la:
5 6295\/53—61.7284( v-0.2)?

f rior (V)=
2 =
Khi d6, vi L (20, 5) = 0.56838, nén ham mét do hdu nghiém cua v theo hé qua 3 sé la:

= 4_4947.9—61.7284(\:-0_2)2

oosteroon (V) = 175946 8284002 (14 4.872v)* (1-0.718v) "
2
| —> j;-Jasferiar
4
3]
2]
11
: e ﬁ:vr."or
D.llllllll'lllillllllllllIII

0 0.2 0.4 06 08 1

Hinh 1: D4 thi cia ham mét d9 tién nghiém, hau nghiém chuén N(0.2, 0.09%) ciia v chit cut trén (0,1)

Néu v ¢6 phan phéi tién nghiém mii, v ~ Exp(5) chit cut trén (0,1) thi ham mat d6 xéc suét
tién nghiém cua no la:
Sorior(V) = 5.034¢”
Khi d6, do 7(20,5) = 1.9377 nén ham mat d¢ hdu nghiém cuia v theo h¢ qua 2 s€ la
(v)=2.5804¢"(1+4.872v)*(1-0.718v)"

f posterior
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i\ g f;‘)osreriar

Hinh 2: D thi ciia ham mat d§ tién nghiém, hdu nghiém mii Exp(5) cua v chiit cut trén (0,1)

Céc tham sb ‘trung binh, phuong sai ciia phin phdi tién nghiém mii va chuin chit cut trén
(0,1) va phan phéi hau nghiém cua v tinh béi (5), (6), (8) va (9) cho ¢ bang sau:

H prior H pos Var, prior Var, pos
Phéan phéi mii i 0.20308 0.20197 0.00747 0.00581
Phén phoi chuan 0.19322 0.16383 0.03317 0.01241

Nhu vdy phap phdi hau nghiém cua v trong ca hai truong hop déu c6 phuong sai nhéd hon
dang ké so v6i phéan phdi tién nghiém cia nd, nghia 1a phan phdi hiu nghiém ctia v gon hon,
cho phép ching ta danh gia dugc v mét cach chinh xac hon.

4. KET LUAN

Bing phucmg phép phén loai va nhén d:;mg Bayes, bai bdo da dua ra dugc cong thirc
chung dé xac dinh ham mat do xac suét cia v, va xét cu thé khi v ci phan phoi chuan va mil
chét cut trén (0, 1). Chuong trinh tink toan bang phin mém MAPLE cua bai béo c6 thé rét hiru
ich trong thuc té. Sap tGi ching t6i s& viét lai chuong trinh than thién hon véi nguoi dung dudi
dang cira sd. . _ i ]

Viéc udc lugng tham sé v ¢6 mot loi ich rat 16m khi phén loai va nhén dang hai tong thé
bing phuong phap Bayes, déc biét 1a trong viéc danh gia sai s0 trong phan loai.

Vin dé trén s& phirc tap hon rat nhiéu khi phén loai hon hai téng thé, chung t6i s& trinh bay
trong cac bai bao sau.
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Phulucl
Tinh I(n,k) = Ijbe""’ (1- Av)*(1-Bv)" " dv
Khin=k= Oothi 100,0) = 1- ®
Khi k= 0.n> 0thiI(n0) = 1J'be"’" (1-Bv)'dv=1-¢"(1-B)" —%l(n -1,0)
0

!
Khi n =k>0thi I(nn)= Ibe'b"(l—Av)"dv=1—e"b(l—A)" w-’%—l(n—l,n—l)
0

Khin>k>0,dit U= (I-Av) (1-Bv)"* tacodV =be™dv va
AU = - kA(1-4v)*" (1-Bv)"* = (n-k)B(1-Av)*(1-Bv)"*dv; v=- €™
Khi d6:

1
Ink) = [ov], - [vau
0

= [-e-”“(l—Av)"(1—Bv)"-*]:,-%f(n-u—l)—(i":il(n—l,k)
= 1-¢%(1 - A1 -By’™*- —kgl(n—l,k—l)—-(—n——bml(n~—l,k)

Tich phén truy hdi nay dan dén cac tich phan 1(0,0), I(p,0) val(p,p) c6 thé tinh duoc & trén.
Nhu vay bing viéc sir dung cac vong 13p cia tich phan truy hoi, I(n,k) duge tinh mdt cach téng
quat.

Va dé tinh I(p,q) v6i tham sb b chiing t6i 1ap trinh tinh toén bing phén mém MAPLE:

tpl:=proc(p,q::nonnegint);

if p=0 then

evalf[15](1-exp(-b));

else if p>0 and q =0 then
evalf[15](1-exp(-b)*(1-B)"p-((p*B)/b) *ip1(p-1.9));
fi; fi; end:

tp2:=proc(p,q::nonnegint);

if p=0 and q=0 then

evalf[15](1-exp(-b);

else if p=q then

evalf[15](1-exp(-b) *(1-4)"p-((p*4)/b) *p2(p-1,-1));
fifi;end:

tp3:=proc(p,q::nonnegint);

if g=0 and p=0 then evalf[15](1-exp(-b));

else if g=0 and p>0 then tpl(p,q);

else if p=q and p>0 and q>0 then p2(p,q);

else if g>0 and p>0 and p>q then
evalf[15](1-exp(-b) *((1-4)"9) *(I-B)(p-q)}-((q*4)/b) *p3(p-1.9-1)-(((p-9) *B)/b) *tp3(p-1.9));
Ji:fififizend:
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Phu luc IT
1 _v-p)?
Tinh L(n k) = je 207 (1— Av)*(1- Bv)"* dv

0

1 _(v-p)?

Link) = [e 2 (1-Av)*(1-Bv)"*dv

1 _(v-u)?

e 2 (1 Av)*(1- Bv)"* dv

2

1 (v;t)
+(1-A,u)je 20° (1 Av)*'(1-Bv)"* dy
0
=Ac*Q+(1-Au)L(n-1,k-1)
I _(v-u)?
Tinh Q=- [*—Le 207 (1- Av)*'(1- Bv)"* dv
ag

2
0

_=p)?
20

Pat U= (I-Av*(1-Byy™* av=_Y

(92
(v—.u)

du = [- (k—I)A(I-Av)“(I Bv)"™* — (n-k)B(1-Av)* (1-Bv)"™]dv; V=e 2o
Khi do Q=[uv] - j vdU
0

1
_(v=p)
= [e 20° (1- Av)"" (- Bv)”"‘ } + (k- 1)AL(n-2,k-2) + (n-k)BL(n-2,k-1)
- 0
(1 ;:)2 u

= (1- A)F'(1-B)"™ - 27 + (k- DAL(n-2,k-2) + (n-k)BL(n-2,k-1)
_(-u) i
Véy L(nk)=Ac> [e 2 (1—-4)*'(1-B)"* —¢ ZJ’J $

+ (k- 1)A* 0 L(n-2,k-2) + (n-k)AB & L(n-2,k-1)+ (1 - Ap)L(n-1,k-1).
Tich phén truy hdi nay s& dan den cac tich phan L(p,p), L(p, ,0) va L(p+1,p).
Lu(p) = L(p,p) dugc tinh téng quat bing cach thay thé n =k = p, cu thé:
(1-p)? s

Lip) = Ac* l:e 26" = A e_ﬁ} +(p - DA*c? Lp-2,p-2)

+(1-A4w)L(p-1,p-1)
1 (x #) e -
Trong d6 L,(0) = j dx = qa( ’”J cb[—”).
g
0
L(p,0) =Ls(p).
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(1-p) @

Lp+1p) =Bo’ [e_ 207 (- A4)F —¢ 2—;] +pAB & La(p-1) +(1- Bu)L ,(p).

Béng viéc sir dung cac vong lap ta co thé tinh dugc tich phan L(n,k).
Chuong trinh tinh L(p,q) véi trung binh m va d6 léch chuén a bing phdn mém MAPLE

nhu sau:

tp1:= proc(p,q::nonnegint);

if p=0 and q=0 then

evalf[15](int(exp(-(x-m)"2/2*a"2),x=0..1)),

else if p=1 and q=0 then

evalff15] (int(exp(-(x-m)*2/2*a"2)*(1-B*x),x=0..1));

else if p>1 and q=0 then

evalf[15](B*a"2*(exp(-(1-m)*2/2*a"2) *(1-B)"{(p-1)}-exp(-m"2/2*a"2))
+(p-1)*B"2*a"2*1pl (p-2,0)+(1-B*m) *tpl (p-1,0));

fi:fi.firend:

tp2:=proc(p,q::nonnegint);

if g=0 then 1p2(p.)

else if p =1 and q =1 then

evalf[15](int(exp(-(x-m)"2/2%a"2)*(1-A*x),x=0..1));

else if p=2 and q=1 then

evalf[15](int(exp(-(x-m)"2/2*%a"2)*(1-A*x) *(1-B*x),x=0..1)),

else if p >2 and q=1 then

evalf[15](A*a"2*(exp(-(1-m)"2/2*a"2) *(1-B){(p-1) }-exp(-m"2/2*a"2))
+ (p-1) *A*B*a"2*p2(p-2,0)+(1-A*m) *p2(p-1,0));

JUfififi; end:

tp3:=proc(p,q::nonnegint);

if q=0 then tpl(p,q);

else if g=1 then tp2(p,q);

else ifg>1 then

evalf[15](A*a"2*(exp(-(1-m)"2/2*a"2)*(1-A)"{(q-1)} *(1-B){(p-q) }-exp(-m"2/2*a"2)) *+(q-
1)*A"2*a"2*tp3(p-2,9-2) +(p-q) *A*B*a"2*1p3(p-2,q-1)+(1-A*m) *1p3(p-1,q-1));

Sififi; end:

BAYESIAN ESTIMATION FOR THE MIXING PROPORTION
IN CLASSIFICATION AND DISCRIMINANT WITH TWO POPULATIONS

Vo Van Tai”, Pham Gia Thu®, To Anh Dung®
@ Can tho University
@ Moncton University, Canada
@ University of Natural Sciences, VNU-HCM

ABSTRACT: The article presents a problem in classification with two populations H,
and H, by Bayesian method, which is building posterior probability distribution function for v,
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proportion of H; in H; (the mixing of H; and H,) using its truncated (0,1) prior distribution
and observations from Hs;. The cases when v has prior beta, normal and exponential
distributions are studied completely.

Keywords: Prior distribution, posterior distribution, exponential, beta, normal.
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