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(Bai nhdn ngay 20 thang 01 nam 2008, hodan chinh sita chita ngay 14 thang 04 nam 2008)

TOM TAT: Tir khdi niém vé qud trinh ngdu nhién Wiener két hop vdi cdc da thitc
Hermite ta sé xdy dung dwoc quad trinh ngau nhién dang Hermite. Piéu ddc biét la chiing sé tré
thanh co so truc gtao cua khong gtan cdc quda trinh ngdu nhién.Vi vdy trong bai bao nay da
tdp trung nghién cieu va néu duwgc cac tinh chét dgc thir cua vi, tich phan Ité doi véi cdc qud
trinh ngau nhién dang Hermite do.

1. MO PAU

Ham ngiau nhién dang da thic Hermite da du'ac dé cap dén trong cic tai ligu cua
H.McKean [3], Lawrence.C.Evan [4], B.K Oksendan [2] . .. V& mit ly thuyét chung c6 nhiing
tinh chét ly thu va ciing c6 nhing tmg dung quan trong. Ta bat dau tir nhitng khai niém co ban
clia gii tich ngéu nhién d6 14 vi va tich phan Ité cia céc qua trinh ngau nhién.
2. KHAI NIEM VE QUA TRINH NGAU NHIEN DANG HERMITE

2.1.Pinh Nghia 2.1
Pa Thirc Hermite béc /7 1a da thirc x4c dinh bdi

( ) dn x2
H. (x.1)= exp—| — =012 .. 1.1
Ah) = % 2 S L | O e

-Theo dinh nghia trén ta co:

H(x0)=1, HxH=x HxD =_xz__%

? x4 el o

X
H (x,t)=———~— H(xt)=—-—+—; .
. 6 2 24 4 8
2.2.Pinh Nghia 2.2
Cho W, 1a qui trinh Wiener tiéu chudn mét chidu (chuyén déng Brown), khi d6 qué trinh

ngau nhién: H (PK, t ) xédc dinh theo (1.1) , dugc goi 1a qua trinh ngau nhién dang Hermite.
tw, |
2

Khdi niém vi, tich phan ngau nhién ma ta xét trong bai nay 1a vi, tich phén Itd, nghia 1a néu
héu chic chin ta c6

3
Vi du: H3(PVI,Z')=K—
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X, = X, + [a(s,0)ds+ [BGs,0)am;,
0 0

khi d6 ta viét

dX, = a(t,w)dt + B(t,w)dW, (12)

Biéu thirc (1.2) dwoc goi 1a vi phan Ité cia X, , hay ta con goi don gian 14 vi phan ngiu
nhién ctia X, . '

2.3.Dinh 1y 2.3 (Céng thikc Itd)

Cho X, 1a mdt qua trinh ngAu nhién c6 vi phan Ité dang (1.2) va @(x,¢):R* - R1a
mét ham hai 1in kha vi lién tuc theo bién thir nhit x, mot 1in kha vi lién tuc theo bién thir hai
!, Khi d6 qué trinh ngéu nhién @ (X, ) 6 vi phan ngiu nhién tinh béi cong thirc:

sz (X,,0)B%(t,0)dr (1.3)
X

op (o8, 1
de (X, ,t)= —(X,,t)dt+ —(X,,1)dX,6 + —
0 (X,10)= SE(x wrydr + 22 (x ,r)ax, + 1
Cong thire (1.3) duoc goi 1a cong thire Itd, chimg minh né trong trudng hop mét chiéu co

thé xem trong [6].

3. MOT SO PAC TiNH CUA VI PHAN NGAU NHIEN POI VOI QUA TRINH NGAU
NHIEN DANG HERMITE

3.1.Dinh ly 3.1

Cho Hn = lr‘.[,1 (VK,f) 1 qua trinh ngau nhién dang Hermite. Khi d6 v&i m nguyén va lén
hon 1 ta s& c6 vi phan ngau nhién

d(H})=mH"dH  + m—("’z;l)ff:”zyj_,dr 21

3.2.B6 dé3.2
Déi véi qua trinh ngau nhién Hermite ta s& ¢6

dH,(W,t)=H,  (W,t)dW, 2.2)

Ching minh bé dé: Trudc hét ta ¢ nhan xét,

NESE R A% d” (x—it)z
2t i — = e e o e T
¢ d&"{exP[ T H » dﬂ"[ XP[ 21

. & il
= k=t dx"[exP[ 2:”

A=0

Suy ra:
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d" 12 'gj' n d" x2 |
- =e? (- —— | |=n!H
YT l:exp{/lx 5 H s e ( r) = |:exp( r ]:I n n(x,t)

: - o At
Viy theo khai trién Taylor doi vé1 ham €Xp Ax— 7 tai A =0 taséco

n=0

exp(lx—j] iH (x.1)A"

Miit khéc, ta thiy ring néu dp dung cong thirc Itd cho ham

é, —exp(ﬂW—-—] ZH (W,,1).A" 2.3)

Ta s& ¢ ¢, lai 14 nghiém clia phuong trinh vi phan ngéu nhién
{d@ = Agaw,
$(0)=1

Tiurdoé taco

Z;L" -1+2.J2/1"H daw, _1+Z/1" jH dw,

o n=0

,
> ¢ =1+ [gam,
0

g JHM(WS,S)dWS @4)
0

Tur (2.4) ta suy ra (2.2).
Chimg minh dinh ly 2.1

Ap dung cong thirc It6 cho ham @( X ,,7) = X", véi m nguyén, 1énhon 1 va
X, =H,(W,t).Khi dé tir (1.3) va (2.2) ta s& thu duoc didu cin chimg minh 12 biéu

thirc (2.1).
Vidukhi m=2 tir(2.1)taséco
2
d(H?)=2H,dH,+H, dt e

Chu y: Biéu thirc (2.5) con ¢ thé thu dugc tir nhan xét sau
Néu X, va X, c6 vi phan ngau nhién tuong img 1a

dX, = adt+ pdw,
dX, = a,dt + B,dW,
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Khide: d(X,.X,)=XdX,+X,dX, + S S,dt
véi X, =X, =H,(W,,t) st dung (2.2) ta s thu dugc (2.5).

3.3.Hé qua 3.3
Cho H " (VV,, 2‘) 1a c4c qua trinh ngiu nhién dang Hermite, ta s& c6

o )
Z_(;HH(VV:J):‘B 2exp(W,) (2.6)

That vay khi sir dung hé thirc (2.3) véi A =18 suy ra duoc (2.6).
3.4.Pinh 1y 3.4
Cho H,(W,,t); Yn=1,2,3... 1acic qué trinh ngiu nhién dang Hermite,

ta s€ co: _

G) E{H, (W)} =0 | @2.7)

Gy E{H (W,1)} {J'H } | 2.8)

(iii) E{J.H,;(Ws,s)Hn_l(W;,s)dPK}=0 2.9)
‘ 0

Chimg minh dinh 1y 2.4
+ Ching minh (i) va (ii):

Taconhanxét H, (W,,t)e*(0,t) n=123..;1>0 vatr(22)taco:

!
W,.t)= [H,.,(W,,s)dW,
0
Truéc hét ta chimg minh (i) va (i) dbi v6i cac ham budc nhay (step process),
H, (W,,s) vagia dinh ring H,_ (W,,s)=H" i s,<s<s,,; HY 1
o ( ) do dugc va F (Sk) doc lap véi O - truong sinh boi cac chuyén dong Brown trong

tuong lai sau thoi diém Sy

(@)=>
t n-1

E{Hn(WfJ)}=E(JH"_I(WS,S)dWS]= y E(H}EEI(W(SM)_W(S!:)))

0 k=0

J

_ E(ka))f;('w(sk+1}-w(sk))=o
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(ii)=>

HIH dW” 3 {H,SffH,Eff(W(Skﬂ)—PI./(S;C))(W(SJ.H)—W(sj))}

k,j=0
Véi j <k, knido W(s,,)—W(s,) doclap véi H,E’j])H,E{{(W(sH)—W(Sj)) |
E{Hrgfl)Hrgﬁ(W(Sm)_W(Sk))(W(Sf+i)_W(Sj) }=

EVHLAHA (W (s0) =1 (5)))} E(P (1) -7 (51)) =0

Do d6 E{(;Hn_]dm]z]z:E{(H(k)) (W(Sm) W(SA))?'}:
=S B ((H9)) £ (07 (50) -7 (5))) :z;;E((H“)) ) (51 = 52)

Phin tiép theo ta xap xi ham H,_| (W;,S) bing diy cic ham budc nhay va sir dung cac

két qua vira thu dugc rdi chuyén qua gidi han theo dinh nghia tich phan Ito, ta s& thu duoc (i)
va (ii).

+ Ching minh (iii):
Tur h¢ thire (2.5) ta c6

t
HX(W,,t) 2jH (W,os)H,,(W,,s)dW, + [H}(W,.5)ds

=>

E{H,;?(m,rn=zE[;JH,,(m,s)Hn-l(m,s)dm}+é[!f{3l(wc,s)ds]

Tir d6 sir dung (2.8) ta s& thu duoc (2.9).
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STOCHASTIC CALCULUS WITH HERMITE TYPE PROCESSES

Duong Ton Dam
University of Information Technology, VNU-HCM

ABSTRACT: Hermite type stochastic processes are the indespensable core resulting
Jrom the well — matched couple of Wiener stochastic process and Hermite polynomials. They
will construct an orthogonal base of stochastic processses space. The paper emphatically
looks at bona fide nature of Ito integral and stochastic differential equations compared with
those of Hermite type stochastic processes.
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