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TOM TAT. T rong cdc phwong phdp tinh todn két cdu, phirong phdp Phan tir Hitu han
(PTHH) duoc sir dung rong rdi va ¢6 dé chinh xdc cao. Tuy nhién, viéc tim kiém nhitng phuong
phdp mé phdng khdc, tin cdy va don gian, dé gidi quyét nhitng I6p bai todn dic thiy khdc nhau
vén rdt can thiér. Trong bai bdo nay, tdc gid gici thiéu mét phicong phdp tink todn néi lwc dam,
khung phang- phuong phdp Phin tr Réi rac Bién thé (PTRRBT). Chuong trink
KHUNGPHANG xdy dung trén Matlab 6, dia trén co sé phuong phdp ndy dieoc dimng dé khdo
sat mot 56 vi du, Két qua cho thdy phuwong phdp PTRRBT st dung don gicn vi hiéu qud cao.

1. PAT VAN PE

" Ngay nay, véi su tién bd cia cong ngh€i thong tin, viéc ng dung may tinh vao viéc giai
quyét cic bai toan ky thuét da tr& nén gan giii. Dé c6 thé g dung may tinh, ta cn phai mé
phong cac img xir ctia hé that, chuyén chung thanh cac hé phuong trinh, str dung téc do va d6
tin cdy clia mdy tinh dé giai cac hé phuong trinh nay.Trong tinh toan két cAu, ta c6 thé dung
nhiéu phwong phap khac nhau: phurong phap Iuc, phuong phép chuyén vi, phuong phap Phin tir
Hitu han (PTHH) [1-6]... Trong d6, phwong phap PTHH, véi sy tro gilip cua may tinh, dang
duge tng dung rdng réi trong cac bai toan k§ thuat. Tuy nhién, viéc tim kiém thém nhitng
phuong phép md phong méi, tin cdy va don gian, dé giai quyét nhiing 16p bai toan dic thi van
rat cén thiét. '

Bai bio gi6i thigu phuong phap Phdn i Roi rac Bién thé (PTRRBT) sir dung mé hinh
chuyén vi véi cac béc tw do 1a cac chuyén vi thang va ap dung phuong phép nay dé tinh toan
két cu. Phuong phép nay dugc xay dung dua trén co s& ¥ tudng phuong phap Phin tir Roi rac
(PTRR) da duoc trinh bay trong [1]. D& g dyng trong viéc tinh todn khung phéng, trong [1,
2] da gici thiéu cdc cong thie tinh toan khung phing véi cac bac tw do 1a cac géc xoay cla
phén tir. Tuy c6 nhimg két qua kha quan nhung cach gii chua tbng quét, khé 4p dung cho cac
bai toan 16n v6i mé hinh phire tap (khung nhiéu ting nhiéu nhip, lién két dan hoi véi dat, chiu
tai moment tap trung...). Trong [1] cfing d& cdp t&i mé hinh PTRR sir dung md hinh chuyén vi
véi cac béc tu do 1a cac chuyén vi thang, nhung viéc x4c dinh cac ma tran d6 cing con phirc
tap, cin phai ndi suy thém st dung ma tran hiéu (submatrix).

Trong bai bao nay, trén co s¢ phuong phap PTRRBT, tac gia dat muc dich xdy dung cac
cong thirc ma trén cta phén t& mAu, ghép ndi céc phin tir mAu, va tinh toan dim, khung phing.
Chuong trinh KHUNGPHANG xay dung trén Matlab 6.0 dua trén co sé phuong phap PTRRBT
duoc sir dung dé khao sét mot sb vi du va so sanh véi phuong phap giai tich. Két qua sb cta
céc phuong phép trén dugce biéu dién bang dd thi va két hop so sanh.

2.PHUONG PHAP PHAN TU ROI RAC BIEN THE
2.1.Phwong phap Phin tir Roi rac
Y tudng co ban cua phuong phap PTRR duge trinh bay trong [1] 1a xAp xi dudng dan héi
cua hé thanh » thanh cimg n6i véi nhau béi céc 16 xo xoay. D9 ciing 16 xo0 xoay:
_E (1)
Ax ~
Nang lugng tich luy trong mdi 16 xo xoay:
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g e 2
U =2 Cloy) @
voi Ay, la dd léch goc xoay cla ha pha‘“ln tir lien két véi 16 xo xoay. Ning luong tich liy trong
hé bang tdng nang luong tich liy trong cac 16 x0 xoay. i -

Phuong phap PTRR [1] sir dung cac bién s6 la cac goc xoay phan tir. Khi chuyén sang st
dung céc bién so la cac chuyén vi thang, trong [1] xac dinh 2 loai phan tar: mot c6 lién két 1o xo
xoay & mdt dau, dau con lai la lién két khop (phdn tir ¢6 1ién ket khop voi dat), va mot loai ¢o
lien két 16 xo xoay & hai ddu. Md hinh loai dau tién nhu ¢ Hinh 1.

Hinh 1. M6 hinh phan t& miu PTRR st dung cac bién chuyén vi nat chia El Naschie [1]

Ning lugng tich luy trong phin ti:

1 &

U= Ec@ff - E—T(”fﬂ = Uty + ”f) W

Tir didu kién thé ndng toan phan dimg, tir biéu thirc (3U/du,) va (6U/du,,,) ta xac dinh
duge ma trdn dd cung phén t;
Lyt & ol
kl=—— 4
= ) @
Vi loai phén tr ¢ 10 xo0 xoay O ca 2 d4u thi ma trén @6 cing duoc xéc dinh tuong ty va
chi khac ma tran & (4) & chd duge nhan doi:
i B SR
[k]=2-= (5)
Axt|-1 1 :
Khi tién hanh ghép ndi céc ma trén d§ cling phédn tr thanh ma tran d6 cimg tdng thé gidng

nhu phuong phap PTHH thi nang lugng tich Iy tai mdi khop dan hoi 1a %C (qof +0r., ) trong

khi thuc té, niang lugng tich liy nay la ;l;C (ga,chl -, )2 nén ma tran do cimg tong thé thu duoc

khdng chinh xac, phai hiéu chinh. Trong [1] d& hiéu chinh bén’g cach x4ac 1dp ma tran do cing
tong thé tir h¢ ban dau, sau do so sanh v&i ma trn duoc ghép noi tir ma trén do cing phan tr va
tim ra ma tran hiéu (submatrix) [1].

Nhu vdy, bang phuong phap PTRR trong [1] da thu duoc két qua phu hop véi nghiém giai

5

tich khi 4p dung tinh toan céc vi du khung phang nhung vin con t6n tai mot sb6 kho khan: khé
xéc dinh d cling 10 xo xoay khi lién két hai hoac nhidu hon hai phén ti, lign két cac phin tir ¢o
chiéu dai hodc d6 cimg khac nhau, kh6 xéc dinh dd cung 1o xo xoay lién két hé voi dat trong
trudmg hop tong quat, chua thay dé cap cach tinh cong do moment tép trung gdy ra, do chinh
xéc cua nghiém con thap... Phuong phap PTRRBT duoc dé xuét dé khac phuc nhimg kho khin
ke trén.

2.2.Phwong phip PTRR bién thé
~ Tai moi 16 xo xoay lién két n phan ti, ta phan tich 16 xo xoay nay thanh 7 16 xo xoay mic
noi tiep [6]. Cac 10 xo xoay n6i véi nhau tai mot truc chung, va truc nay ciing c6 the xoay dugc
trong mit phang. M hinh phan tich nay dugc thé hién trong Hinh 2.
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\‘\ \

AN R

Tryc chung \ -

(a) Biéu dién khéng gian (b) Biéu dién trén mat phang

Hinh 2. M6 hinh PTRR bién thé
O hinh 2(a), céc 16 xo duge gin véo mot truc chung tuyét déi cimg vubng géc véi mit
phing chira cac phan tir. Gée xoay cua truc chung trong mit phang XY 1a goc 0, goc xoay cua
phin tir quanh truc chung 1a géc . Khi chiéu bing, céc 10 xo xoay s€ tring lén nhau. Pé dé&
quan sat, ta tach céac 10 xo ra khoi truc chung mét doan A nhu & Hinh 2(b), v6i gia thiétA — 0.
Dé xac dinh d6 cting 16 xo tai mdi diu phén tir, ta xét mé hinh sau:

Dudng dan hdi -

Hinh 3. Mé hinh xac dinh do clrng 16 xo xoay.

Khai trién Taylor dudng dan héi lan can diém i, chi xét dén bac 2:

“(xa ) \2
Z‘”‘E_(xm — X, )

)=y )+ 5 0 M = x,)+ (©)

Ta co: | y'(x, =60 khiA -0 N

V6i Ay la d§ 1éch hai goc xoay giita hai dau 16 xo xoay. Thé (7) vao (6), ta x4c dinh duoc:
EI
C,=2— 8
AT )
Twong tu cho diém xi4, ta c6:

El .
G el 9
i+l L . ( )
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Nhu vay, mbi phén tir s& c6 hai 15 xo xoay ¢ hat dau, mdi 10 xo c6 gid triC = 27 . Néu hai

phan tir cing d6 ctng EI, cung chidu dai ndi véi nhau thi 16 xo xoay giita ching c6 gia tri
_C/ _EI ; I ,

Cy= A A , triing véi cach tinh theo [1].

3 PHAN TU MAU — CAC CONG THUC MA TRAN PTRRBT

3.1.Cdc cong thire ma trin
Xét phén tir nhu hinh vé:

Hinh 4. Phin tir Roi rac bién thé

Trutng chuyén vi ndt phin ti 14{g,} = {g,,8,,G,,8, )7 . Vi chuyén vj 1 bé nén ta c6 the

-4,

xap xi @ =sing = L4 Tacs:
qj—Qi g’
?; @ 1l-1 0 1 0¥
{¢}= ={ =1,k 15T =[Flq.} (10)
?, @ g,-49;{ L|-1 0 1 0]lq,
L 0,
X 1|-1 010
Véi [F ]_E 101 0] duoc goi 1a ma trdn tinh géc nghiéng phan fir.
Ay, 0, -9, 0 -1 4 0 1}|6,
' (11

-1 L

. 1]-1 10 - Bt A G gk o
Vi [S ] =711 o =i duge goi 1a ma trdn tinh do léch goc xoay cua phan h.

Moment phat sinh tai céac 10 xo xoay :

wl=for b=eam (S ¢ Jon- eIl )

[ ‘ 0}{qc}=[81{q,,}
~

J
yoe Ci 0 ~ r r N
Véi [C ] =| & 13 ma trén @6 cimg cdc 10 xo xoay. Thé ning bien dang dan hoi tich lu§

J

trong hé la:
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U, = [M]"' by}= {qe} B [cT [Blg.} = {qe} & Ja.} (13)

(C,-+cj) o "(cf+cj) €5

eV T el | G =GL 0
vei [K]=[BI'[cT [B]=7 c+c) —c.1 (14)
DX c.r

Ma trén [K ] duoc goi 1a ma trdn dj ciing phdn tir.
Gia thiét ring hé luc téc dong 1én hé két cAu chi dat tai cac nut. Goi { } 14 céc ngoai luc

tdp trung tac dong lén cac nut theo céc bac tu do twong ung. Khi hé két cdu c6 chuyen vi {q} thi
cong do ngoai luc {Pn } sinh ra la:

7
=G ) as)
Twong tu phuong phap PTHH ([4]), ta ghép ndi cac ma tran cia phdn tir mAu vao ma trén
tong thé cta hé, 4p dat cac diéu kién bién. Hé phuong trinh dé giai ctia hé ¢6 dang:

[Kfia}= 1z (16)

Trong doé, lK I 12 ma trén dg citng tong thé, duge ghép ndi tir cdc ma tran do ctmg phan ti,
{E}— trudng chuyén vi tdng thé, bao gdm chuyén vi thing t6ng thé {']_”}, va chuyén vi xoay téng
the {47 }

3.2.Phép dbi bién

Theo céch trinh bay trén, phuong phdp PTRR tuong duong voi phuong phap PTHH v& mat
sb lugng céng thire, khéi lrong tinh toan. Ciing c6 thé xem phuong phap PTRR 14 trudng hop
dic biét cta phuong phap PTHH khi ham dang 1a khong lién tuc. Tuy nhién, & phwong phép
PTRR, trén co so m6 hinh cac phan tr 1a nhiing doan thdng ndi v6i nhau bang céc 16 xo xoay,
bién dang ctia hé két céu lién tuc c6 thé bidu dién bing cac quan hé hinh hoc nén viéce thiét lap
céc cdng thirc tinh todn cho phuong phap PTRR don gian hon. Néu nhu & phuong phap PTHH,

cac bién 13 doc 1ap v6i nhau, thi trong phuong phap PTRR, do ¢6 quan hé c4c bién géc xoay va
céc bién chuyén vi thang phu thudc nhau, nén ta cé thé giam khong gian bién trong phuong

phép PTRR thdng qua Phép doi bién. Ta c6 trudng chuyén vi phén tir lalg,}= {q, 01,9, E)J.} :

C6 nghia 1a tai mdi nat, ngoai céc chuyén vi thing, ta con c6 cac chuyén vi xoay. Xét tai nut
thir k nhu trén Hinh 5.

Hinh 5. Chuyén vi tai nut k

Nut ¢c6 moment tip trung M, duoc lién két véi dat bé.ng mot 10 xo xoay Cy. Gin vao nut
14 1 phan tir c6 cac dd cing 16 xo0 xoay 1a Cyn Nt €6 chuyen vi nhu H.5. Chleu duong cua goc
xoay va moment 1a nguoc chiéu kim ddng hd. O Cy, k 14 56 hiéu nut. /- s6 phan tir lién két véi
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nut, m lay gia tri i hodc j, la chi s6 cta 1o xo xoay cua phin tir thir / lién két voi nut tha k (vi
phén tir thir / lién két véi nat & bang mot trong hai 10 xo0 xo0ay cua no).

Moment phét sinh tai mdi 10 xo xoay ciia phén tir:

Mk.fm = Cldm (gDI - 8}( ) (17)
Moment phat sinh tai 10 xo xoay lién két voi dat:
M, =-Cub, (18)

Vi niit can bing nén tbng moment tac dong 1én nut phai béng 0:
M, + ch.'m (49.' - gk)— Cuth =0

Z Cim® + M,
Cdk + Z Ck-'m Cdlc + Z Ck!m

Ung v&i mbi phén tir thi /, ta co:

954 C m 4
Ckl'm 40! = C.fdm( I]L [ ] = L“ [— 1 1]{61&'{' }
1 1

BRI ) e SR A @)
/ ! ;
Cim® Z{DI}F}

Véi {q i } truong chuyén vi phan tir chi bao gbm cac chuyén vi thang, lT‘; } ma tran bién

(4

Suyra: 6, = (19

dbi truc toa dd chi bao gém céc chuyén vi thang va lL‘if J— ma tran dinh vi phé"m tr bao gom céc

chuyén vi thing vao {q_‘ }
(o)== f-1 fryly]
]

Thé (20) vao (19) ta co:

0, ={ M—}{?ﬁﬂ—M—*——ﬁQk}{?}wk @1

_-Czik + Z Ck!m Cd}c %+ Z C.Hm
A1 Z {Dx’ } \ ~ ua % T R .
Vaéi {Qk } = (m 14 ma trin biéu dién mdi quan hé gitra 0, va {;‘f }

M o s, ek a Sk ;
R, = —E——Lé— 1a thira s6 thé hién sy tac ddng ciia moment tap trung.
dk + Z kim

Ghép nodi cac 9, ta co:

- (6] [la} R,
b= 9 = {Qf} b R - [oll"}+ {x) 22)
0, {0.} R,
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Vai E}~ truong chuyén vi tdng thé chi bao gbm céc chuyén vi xoay, [Q]- ma tran c6 hang
thtr 1 la ma trén {Q,}vé {R }—ma tran Ot ¢6 hang thir i 1a Ry. Sép xép lai trudmg chuyén vi tong
thé E} ta co:

)= {q_} H;]J T} ﬁ%}m@ (&) (23)
/]

el P 0
Véi [J] — li[oﬂ goi 1a ma tran déi bién, {R}: {{ }} - ma trdn chita cdc moment tép trung.
Tur (23), ta thu duoc:

1] @4)

oy’
Néu 6, 1a hang sb (4p diéu kién bién goc xoay) thi dao ham cua né véi {qT } bang 0. Khi dé, ma
tran [J] s& c6 hang {0, } = {0}.

Ap dung nguyén 1y thé nang toan phan dimg (nguyén ly Lagrange), ta s& c6 didu kién cén
béang cua toan hé tai cdc diem nit:

all

‘ﬁ *{q:} ‘{q:} (25)

oy 3,
Suy ra WJ{F} |_P J goi 1 hé phuong trinh dé giai (26)
Véi 7 |=[T [&]1, @7)

Prl=LT e 3+ LT K ]R) 28)

Heé c6 n bac tu do, bao gém ny chuyén vi
théng, ny chuyén vi xoay (n = n; + ny)
r
Giai h¢ (19) | Ma tran l Jco kich thuéc nxn » Pbi bién

Giai hé (34)

A
A

Ma trédn lK "J co kich thude n, x n,

Hinh 6. Luu d tinh toan

Hé (26) la h¢ phuong trinh cén bang nit téng thé c6 dang quen thude twong ty hé (16)
nhung voi truong chuyen vi nit tong thé chi con lai cac chuyén vi thing, cac chuyén vi xoay bj
loai bo nén s6 an s6 phai tim s€ it hon. Sy khac biét gilta viéc giai hé theo (16) va giai hé (26)
dugc tom tit qua so dd 6 Hinh 6.
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4.vi DU MINH HQA

4.1.Vi du 1: Dam console chju moment tép trung (Hinh 7).

y -

/L(DEI e
I®I®l

J | ows |
] . ! ]

RN

(a) Bai toan thyc té (b) M6 hinh Phan tir Roi rac

Hinh 7. Bai toan dam console chiu moment tap trung

Ta chia ddm thanh ba phén tir roi rac. Céc phén tir ¢6 ciing tiét dién va chidu dai béng nhau
2EI El

nén d6 cing 16 xo xoay tai cac dAu phan tir 1a giéng nhau va bing C = 75 = 6—1:— Ma trén d6
ctmg phdn tir ctia cac phin tir ia:
77
/ g
o 0
[Krz]l =[Kc]2 =[Kc]3 =9F _L
ZA
L
DX %.
Tién hanh ghép néi, ta dugc ma trdn do cimg téng thé:
_ L i
2 Lf -2 Lf o o 0 0
Ly - y o 0o 0 0 0
- L
2 o -2 Lg o o
- 2L -1 0o 0 0
[K)-95 % % ]
4 0 -2 Ly

2Ly -;/ 0
-7
| DX L/

Vecto tai trong {P, } = {0,0,0,0,0,0,0,M}". Ap diéu kién bién {g,,q,]" =1{0, 0} ta giai duoc

bai todn vai nghiém la:
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0
. 0
9, [, 1 ML
4, o, 3 ACJ
L |5 |
{E}: < q_d = % 2 = i% b
qs 43 3 A(/‘Jj'
ﬁ 93 4 '—-C—
G |9 | M
ds 16, ] C
gk
L€
2
Xét g, =3 —Agi = % ﬁj;i . Chi y trong [1] khong trinh bay cach thirc x4c dinh noi luc trong
X : :  SRTY —_— ; . 1ML
trudng hop chiu moment tép trung. O ddy, két qua chinh x4c clia trudong hop nay 1a .

Tién hanh ddi bién: vi c6 moment tép trung nén ta xéc dinh ma tran {R}= ig-{o,o,o,o,o,o,o,l}_

Ma trén [E] duoc sép xép lai:
(2 -2 0 o Ly L 0 o0
i 4 =32 0 —V 0 % 0
s S 4 -2 0 —Jy 0 %

3
00—2200_%%

[K]=9% L/ _L L
Z\Ly -k 0 o A 0 0 0
A 0 -1 0 0 2L29 0 0
0o Ly o -1 0 0 21»29 0
00 B o 0 0 Ly
Ly o0 o0 o
0 % 0 0

sl 1 0 0 0 5
=] o 7 o0
Matran[Q]zi A 1 A 1 ,[J]ZE 0 c 0 %
Ll o -l ol Ll 1 1 0 "0
0 I g

0 0 -1 1

Vi gbe xoay 8, =0, 4p cac diéu kién bién vé géc xoay vao cic ma trin [K ], [J ] ta cé:
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[k ]-rEl=9

LZ

% %“5”2

2

DX

0]
1

1
o

)

Pl T ie+ DT [RIR =32 ooy

Ap diéu kién bién {qT’*’}: {

0 | 0
a) LML | LM
=l 13 ¢ |18 El
{;ﬁ}: D20 _J4MLi=32M
Gl {3 cC 0 EI
q! SML lMLz
¢l 12 Bt

Két qua gibng nhu khi chua dbi bién.

4.2.Vi du 2: Khung phiang mot tAng mot nhip chiu tai trong ngang (Hinh 8)

0} ta gii dwoc bai toan voi nghiém la:

130N 3J _ﬁ 120KNmM ,mmﬂl‘laOkNm
4 2 &
W_[ ‘
W. Z & 140kNm 140KNmM
2 6m l

Hinh 8. So dd Iuc va két qua noi luc theo giai tich 5]

Khao sat dd hoi tu ciia phuong phéap PTRRBT theo ) ph?m tlr, moment udn tai chan cot, ta

¢ dd thi & Hinh 9:

B S = ¢ . - 4
{ e b |
N ; ; |
i 3 di ’
i A } { I
[ / 1 | i
- ¢ ¢ § sl !
& 1 | ! 1
4O } { ‘
= | ' ’ |
i P~ 2k {
é U‘; | 1 i
-— et R !
= S O !
A -,1? o sf b {
-t i I 1 \
-} 4 [ {
s { ! { 1 )
o W } 4
P | b |
bl A I O | |
| i A
- {=e- YRR bt chinie |} 3
i i {
{ { = Sl b #
i i st
.l s At it o s | SR T ;
g - -+ ) Bk A dr -

Ty i :
50 chia pliu S chia phin by

Hinh 9. Moment tai chdn cét — D6 hoi tu nghiém
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5.KET LUAN

Trong bai bao da gioi thiéu phuong phap PTRRBT, chuong trinh KHEUNGPHANG dua trén
co so ly thuyét cha phuwong phap nay va tinh todn mot s6 vi du cu thé cho két qué 6n dinh,
dang tin cdy. Phuong phap PTRRBT cé sé bdc ty do it so voi phuong phap PTHH nén rit c6
loi thé khi giai cdc bai toan 16n, khi gidi 1dp... va ddc biét hidu qua khi giai cic bai toan 6n
dinh, dao dong.

_ Do tinh toan don gian, phuong phap PTRRBT c6 thé c6 wu thé 16n khi thiét 1ap céc phén tur
mau cho cac 16p bai tgéq khac nhau: phan tir ¢6 diu lién két nira cing, cdc bai toan dan déo,
khdo sét ting XU sau mat on dinh (postbuckling behavior)..., va m& réng cho céc bai todan khung
khong gian, tam, vo...

LOI CAM ON: Bai bdo nay duogc hoan thanh véi su hé tro cua Hoi do“‘ffg Khoa hoc Tw Nhién

PLANE FRAME ANALYSIS BY MODIFIED DISCRETE ELEMENT METHOD
USING DISPLACEMENT MODEL

Nguyen Cong Chi, Nguyen Thi Hien Luong
University of Technology, VNU-HCM

ABSTRACT. Among the methods for structures analysis, the Finite Element Method
(FEM) is widely used and provides solutions with a high accuracy. However, it is also
necessary to find more reliable and simple methods for solving different specific problems. In
this paper, the authors propose the method called Modified Discrete Element Method (DEM) to
analyze the internal forces of steel beams, plane frames. Based on this method, the program
KHUNGPHANG developed in Matlab 6.0 was built up to investigate a number of examples.
Numerical results obtained shown the Modified Discrete Element Method is simple (o use and

effectiv.
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