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ABSTRACT
Introduction: Proton-induced nucleon knockout reactions have been widely used in recent
years to explore the single-particle properties of various nuclei. In this study, we examine the ef-
fects of the single-particle overlap function on the cross sections and spectroscopic factors of the
16O(p,2p)15N reactions. Methods: These effects are extensively studied through an analysis of the
cross sections of the 16O(p,2p)15N reaction at incident energies of 392 and 505 MeV. The evalu-
ation is carried out within the framework of the distorted-wave impulse approximation (DWIA),
utilizing overlap function inputs from different structure calculations and potential prescriptions.
Results: The analysis reveals that for the 16O(p,2p)15N reaction and the chosen incident energies,
the ambiguities arising fromdifferent selections of the overlap function are small but nonnegligible.
Conclusion: Given the existence of these theoretical uncertainties, it is important that careful and
consistent choices of single-particle overlap functions are made in systematic knockout reaction
analyses to ensure the extraction of reliable structure information.
Key words: overlap function, knockout, DWIA, spectroscopic factor

INTRODUCTION
The proton-induced nucleon knockout reaction has
been established as a reliable spectroscopic method
to investigate the single-particle nature of the atomic
nucleus1,2. Although (e,e’p) reactions can provide
more precise assessments of the single-particle char-
acteristics, only (p,pN) reactions can be utilized to
study unstable nuclei or neutron single-particle states
with present experimental capabilities 2. It is widely
recognized that under appropriate kinematic condi-
tions, typically with an incident energy greater than
200 MeV/nucleon, the spectroscopic factors (SF) and
bound state radii extracted from (p,2p) reactions
are in good agreement with those from (e,e’p) re-
actions1. These proton-induced nucleon knockout
(p,pN) reactions can be consistently described within
the distorted-wave impulse approximation (DWIA)
formalism1,2. This formalism offers a realistic depic-
tion of the knockout reactions at both forward and in-
verse kinematics while allowing the integration of di-
verse nuclear inputs and corrections.
In recent years, due to advancements in experimen-
tal techniques, (p,pN) experiments can now be con-
ducted with unstable beams in inverse kinematics at
several rare isotope beam (RIB) facilities2–5. It is
clear that a carefully studied theoretical framework for
knockout reactions is needed to derive reliable results.

While the validity of the DWIA model as a spectro-
scopic tool has been justified in previous works 1,2, it
is also well known that the reliability of DWIA pre-
diction strongly depends on the selection of various
nuclear inputs used in the calculation6,7.
The single-particle overlap function of the target nu-
cleus, which acts as a bridge between the theoreti-
cal reaction and structure models, is one of the most
important ingredients in the DWIA calculation for
knockout reactions1. There are many prescriptions
for the nucleon overlap functions in the literature (see
Ref.8 and references therein). While many (p,pN)
analyses commonly use the overlap function gener-
ated with the Woods-Saxon (WS) potential with var-
ious choices of geometry due to their straightforward
implementations, the overlap functions from micro-
scopic models (especially ab initio ones) are starting
to be adopted in more calculations2,9–14. Because the
overlap function is fundamentally unobservable15,16,
there is uncertainty associatedwith a particular choice
of overlap function. In recent years, due to the critical
demand for reliable overlap functions for a wide va-
riety of nuclei required in systematics analyses 2, the
need to evaluate the uncertainty from overlap func-
tions has become increasingly important. Finally, we
note that the impact of overlap functions commonly
used in modern analyses on the shapes of triple dif-
ferential cross section (TDX) and momentum distri-
butions is rarely studied.
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In the present study, we carry out an analysis of
the single-particle overlap function effect on the
16O(p,2p)15N reaction at 392 and 505 MeV/nucleon
with the partial-wave DWIA framework. We aim to
examine the ambiguities of the TDX, parallel (PMD)
and transverse momentum distributions (TMD) and
extract p1/2 SF by using different prescriptions for
the overlap function ranging from the simple WS-
based to themoremicroscopic Hartree-Fock and self-
consistent Green’s function models. The differences
between the radial shapes of these overlap functions
and their reflections on the cross sections are dis-
cussed in detail.

COMPUTATIONALMETHODS
Distorted-wave impulse approximation
We provide a concise overview of the partial-wave
distorted-wave impulse approximation (DWIA) for-
malism, with more comprehensive descriptions avail-
able in Refs.1,6,7. We denote the incoming proton as
particle 0 and the final-state protons as particles 1 and
2. Those quantities labeled with the superscript L are
in the laboratory frame, while those without the su-
perscript are in the three-body center-of-mass frame,
also known as the G frame.
The triple differential cross section (TDX) of the
A(p,2p)B reaction in the DWIA framework is given
by

d3σ
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where S represents the nucleon SF of the A nucleus,
Ki is the asymptotic momentum of the i-th particle,
and dσpp/dΩpp is the proton-proton free scattering
differential cross section. The kinematical factors Cλ
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where µ is the two-proton system reduced mass, JGL

is the G-to-L frame Jacobian, and λ represents the
kinematic frame of reference. Ei is the relativistic total
energy of the i-th particle.
In Eq. (1), all important dynamics information is con-
tained in the reduced transition amplitude

_
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where χi are the scattering wave functions of the i-th
particle and φ is the bound state wave function de-
scribing the motion of the valence proton in the tar-
get nucleus A. In this study, we especially focus on
the single-particle overlap function, which is the ra-
dial part of φ .
For the inverse kinematics experiments usually per-
formed with the exotic beam, the momentum distri-
bution is oftenmeasured in place of the TDX.Themo-
mentum distribution is given by
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where A represents the projectile rest frame, the so-
called A-frame. The parallel momentum distribution
(PMD), also known as the longitudinal momentum
distribution, and the cylindrical transverse momen-
tum distribution (TMD) can be calculated as
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Finally, the integrated cross section is given by

σsp =
∫ dσ

dKA
Bb

dKA
Bb (8)

Single-particle overlap functions
The single-particle overlap function Il j (r), also
known as the overlap integral or reduced width am-
plitude, is defined by8

Il j (R) = A

1
2

⟨[[
Yl (r̂)⊗χτ

1/2

]
j
⊗ψJB

]
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(9)

for a transition A → p+B, where r is the distance be-
tween the valence proton and the residue nucleus B.
ψJi is the wave function of the i-th nucleus with total
spin Ji, Yl is the spherical harmonics, and χτ

1/2 is the
spin-isospin state.
In this work, we consider several types of overlap
functions. The most common procedure to generate
the overlap function is through the well-depth pre-
scription, where a phenomenological potential with
fixed geometry is employed in a single-particle bound
state calculation and its depth is adjusted to repro-
duce the experimental separation energy. The radial
solution of such bound state calculation is the over-
lap function. The WS shape is most commonly used
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in this prescription due to its ability to correctly re-
produce the asymptotic behavior of the wave func-
tion tail. Other choices of overlap function consid-
ered in this work are those directly calculated from
the Hartree-Fock and ab initio self-consistent Green’s
function (SCGF) models.
TheWS potential is defined as

V (R) =
V0

1+ e

R−r0A

1
3

/a0
(10)

For the WS well-depth prescription, the most crucial
ingredients to determine are the geometric (shape)
parameters of the WS potential, namely, the reduced
radius r0 and diffuseness a0. Here, we investigate
several types of WS geometry used in the literature.
We note that in our calculation, for each WS geom-
etry studied, we use the same radius and diffuseness
parameters for the central, spin-orbit, and Coulomb
parts of the potential. As the reference calculation, we
use the WS parameters adjusted to reproduce the ex-
perimental data from the 16O(e,e’p)15N reaction17,18.
Since (e,e’p) reactions are often considered to be the
most reliable probe for single-particle properties, the
overlap function generated from these parameters
represented the most realistic radial shape. This type
of (e,e’p)-constrained WS parameter has successfully
reproduced the TDX of some (p,2p) reactions1,19.
Second, we examine the so-called “conventional” set
of WS parameters, where r0 = 1.25 fm and a0 = 0.65
fm with no spin-orbit component. Historically, this
parametrization has been directly adopted from the
optical potential set used in elastic scattering analyses
in the 1960s. Although there seems to be no strong
physical justification for the use of this potential in
the bound state calculation, it has been widely used
to generate overlap functions in numerous transfer
and knockout studies, hence the name. Another set
of WS parameters with an equally long history is the
one from the book of Bohr andMottelson20 (referred
to as BM), where r0 = 1.27 fm and a0 = 0.67 fm,
with VLS = −0.44V0 MeV. In contrast with the con-
ventional set, this BM potential is specifically tuned
for bound state calculation and capable of reproduc-
ing the single-particle energy and density distribution
ofmany stable nuclei. Recently, it has also beenwidely
used to generate the overlap function in many knock-
out studies of the SEASTAR collaboration2.
Both the conventional and BM parametrization have
rather constrained geometries. This may limit their
applicability in extreme neutron-rich nuclei, espe-
cially light nuclei. Given a reliable effective nucleon-
nucleon interaction, the microscopic Hartree-Fock

(HF) calculation can provide the single-particle
bound state wave function thatmore appropriately re-
flects the experimental shape of the nucleus. How-
ever, directly incorporating the HF wave function in-
side the existing reaction code is not a straightforward
task. It is also well known that the HF wave function
calculated using the matrix diagonalization method
with a harmonic oscillator basis does not have the
correct asymptotic behavior, which is critical for di-
rect reaction calculations. A sophisticated procedure
has been suggested in Refs.21–23 to constrain the WS
potential using the information provided by the HF
method. This procedure involves calculating the root
mean squared (rms) radius

⟨
r2⟩

HF and the separa-
tion energy of the single-particle wave function us-
ing the HF method. Then, we perform the bound
state calculationwith theWSpotential, whereVSO = 6
MeV and a0 = 0.65 fm while the radius r0 and cen-
tral depth V0 are adjusted to reproduce the rms ra-
dius value of

⟨
r2⟩= [A/(A−1)]

⟨
r2⟩

HF and HF sep-
aration energy, respectively. The [A/(A−1)] factor
in the radius is implemented to correct the center-
of-mass motion of the mean-field potential21–23. Fi-
nally, this WS potential is used in the bound state cal-
culation with experimental separation energy to gen-
erate the overlap function. Such a procedure ensures
an overlap function with a reasonably realistic radius
and a correct asymptotic behavior. We note that this
method contains an uncertainty associated with the
choice of effective interaction in the HF calculation.
We also investigate the overlap function calculated by
the ab initio SCGF method described in Ref.13. This
overlap function represents one of the most sophis-
ticated calculations of its kind for the 16O nucleus.
The SCGFmethod used to calculate the overlap func-
tion in this work is formulated in the third-order al-
gebraic diagrammatic construction ADC(3) approxi-
mation scheme24,25 with an effective two-body oper-
ator accounting for the three-body force26,27. Dyson
diagonalization is performed in full momentum space
to reproduce the correct asymptotic tail of the overlap
function28. The SCGF overlap function has the par-
ticular advantage of being an ab initio model (good
predictive capability) with a correct asymptotic tail.
In Ref.13, the same overlap function is used to investi-
gate the sensitivity of various knockout cross sections
on the structure inputs.

RESULTS
Overlap functions
We consider seven overlap functions for the pro-
ton hole state

⟨
1p1/2⊗ 15

□ N (gs) |16
□ O(gs)

⟩
, including
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five generated from the WS potentials and two from
microscopic calculations, whose formalisms are de-
scribed in the previous section. The overlap functions
are plotted in Figure 1. The rms radii of these seven
overlap functions are listed in Table 1. All overlap
functions are normalized to unity, and thus, they do
not contain the spectroscopic factor. When using dif-
ferent overlap functions, their radial shapes solely de-
termine the shape and magnitude of the DWIA cross
sections. In this work, the spectroscopic factors are
extracted by fitting the DWIA cross sections with the
experimental ones.
The first microscopically calculated overlap func-
tion is directly obtained from the HF method using
the Skyrme Sly4 interaction29 performed with the
skyrme_rpa code30. We refer to this overlap func-
tion as HF-Sly4. The calculated separation energy
from HF-Sly4 is 11.188 MeV. Although there exist
many other parametrizations of effective interactions,
the Skyrme SLy4 interaction was originally optimized
from a wide variety of finite nuclear structure and nu-
clear matter properties and is capable of reproducing
these properties across the nuclear chartwith good ac-
curacy 29. As a result, the SLy4 interaction has become
a popular choice for numerous nuclear investigations
over the years and serves as a good representation for
mean-field calculations in the present study. We also
note that due to the direct integration technique used
in the skyrme_rpa code30, the overlap function in our
calculation has the correct asymptotic behavior.
The other microscopic overlap function is provided
by the SCGF calculation with the Dyson-ADC(3) ap-
proach with a corrected asymptotic tail 13,28. The
chiral effective field theory interaction NNLOsat is
used31, which has been shown to reasonably repro-
duce experimental charge radii and binding energy
for oxygen isotopes32. For the SCGF self-energy cal-
culation, the harmonic oscillator basis withNmax = 13
and hΩ = 20 MeV is used. The separation energy
obtained with the SCGF method is 10.648 MeV. This
separation energy value is slightly different from the
experimental value of 12.127MeV19, which remains a
challenge for the current ab initio calculation and ex-
plains the overestimation of the SCGF overlap func-
tion radius compared to the others in Figure 1. In this
work, we directly incorporate these two microscopic
overlap functions into theDWIA calculations without
applying any other corrections.
The five overlap functions generated with the WS
potential are the set constrained by the (e,e’p) re-
action17–19 (labeled as (e,e’p)), the conventional set
(Conv), the BM set (BM), the sets constrained by HF
calculation with Sly4 interaction with (WS-Sly4) and

without nonlocality correction (WS-Sly4 w/oNL). All
overlap functions obtained with theWS potential, ex-
cept WS-SLy4 w/o NL, are multiplied with the Perey
correction factor with the nonlocality range β = 0.85
fm33,34.

DWIA calculation of the 16 O(p,2p)15N reac-
tion
In this section, we present the results of the DWIA
calculation for the 16O(p,2p)15N reaction, where both
16O and 15N nuclei are in the ground state and the
knockout proton occupies the 1p1/2 orbital prior to
the reaction. The DWIA formalism and the input
overlap functions are described in the previous sec-
tion. We use the Franey-Love parametrization35

for the t matrix combined with the final-energy on-
shell approximation7 and the Møller factor36 to ob-
tain the proton-proton elementary scattering cross
section. All proton-nucleus scattering wave func-
tions are computed with the EDAD1 optical po-
tentials in Schrödinger equivalent form 37 and cor-
rected with the Darwin factor38. The DWIA cal-
culation in this work is performed with a modified
version of the PIKOE code 39. The PIKOE code has
been successfully applied in many studies of proton-
induced knockout reactions and has also been bench-
marked against other reaction models and codes (see
Refs.1,2,6,7,9 and reference therein).
In Figure 2, we compare the DWIA calculations us-
ing different overlap functions with the experimen-
tal TDX data at an incident energy of 392 MeV mea-
sured at RCNP19. The experiment is performed
in an angular correlation setup with

(
θ L

1 , T L
1
)
=

(32.5◦, 251 MeV ) and varying angle θ L
2 . The mea-

surement of the outgoing protons takes place within
a coplanar geometry, as the azimuthal angle between
them is set at 180◦. The (e,e’p), HF-SLy4, WS-SLy4
w/o NL, WS-SLy4, and SCGF overlap functions are
labeled as in the previous section. Due to the strong
similarity in the radial shape of the Conv and BM
overlap functions compared to the (e,e’p) function, as
shown in Figure 1, the TDXs associated with them
are almost identical. Hence, we do not explicitly plot
the TDX calculated with the Conv and BM overlap
functions here and in Figure 5. The spectroscopic
factor corresponding to the incident energy of 392
MeV/nucleon, denoted as SF392, is determined by
matching theDWIATDX amplitudewith experimen-
tal data near the first quasifree peak around θ L

2 = 40◦.
These SFs are presented in Table 1.
In Figure 3, we perform similar DWIA calculations
with the same set of overlap functions for the ex-
perimental TDX data measured at TRIUMF at 505
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Table 1: The rms radius of the overlap functions, spectroscopic factors (SFs) extracted at 392MeV and 505MeV,
and integrated cross sections multiplied by the SF at 392MeV⟨

r2⟩1/2 (fm) SF392 SF505 σsp ×SF392 (mb)

(e,e’p) 2.917 1.15 1.04 4.977

Conv 2.908 1.15 1.05 4.934

BM 2.871 1.20 1.10 4.985

SCGF 3.076 0.89 0.83 4.427

HF-SLy4 2.947 1.15 1.06 5.127

WS-SLy4 w/o NL 3.008 1.00 0.92 4.676

WS-SLy4 3.088 0.89 0.82 4.444

Figure 1: The overlap functions of 16O(gs) → 15N(gs)+1πp1/2 in the upper figure are (e,e’p) (solid), Conv
(dashed), BM (dotted), and SCGF (dashed-dotted), and those in the lower figure are (e,e’p) (solid), HF-SLy4
(dashed), WS-SLy4 w/o NL (dotted), and WS-SLy4 (dashed-dotted). Details of each overlap function are dis-
cussed in the main text.
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Figure 2: The TDXof the 16O(p,2p)15N reaction at 392MeV. The experimental data 19 are comparedwith the
DWIA calculation utilizing the (e,e’p) (solid), HF-SLy4 (dashed), WS-SLy4w/o NL (dotted), WS-SLy4 (dashed
dotted), and SCGF (dashed dotted dotted) overlap functions. The extracted SF associated with each overlap
function is presented in Table 1.

Figure 3: The same as Figure 2 but for an incident energy of 505MeV and experimental data from Ref. 40.
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MeV40. The experiment is carried out in an energy-
sharing setup with a fixed angle pair

(
θ L

1 ,θ
L
2
)
=

(22.15◦,53.70◦) and varying proton energy T L
1 . This

experiment is also in coplanar geometry. The ex-
tracted spectroscopic factor at this energy (SF505),
which is determined from the experimental data point
at approximately T L

1 = 365 MeV , is reported in Ta-
ble 1.
To investigate the effect of the overlap function on
the momentum distribution often measured in in-
verse kinematic experiments for radioactive beams,
we perform PMD and TMD calculations in Figure 4
and Figure 5, respectively. Since there are no avail-
able experimental data for the PMD and TMD of the
16O(p,2p)15N(gs) reaction, we carried out our calcu-
lations at an incident energy of 392 MeV/nucleon to
be consistent with the normal kinematic setup used
in the TDX calculation. We note that this energy re-
gion is also similar to the knockout experiments per-
formed in the GSI R3B campaign in recent years5,6.
The presented PMD and TMD in Figure 4 and Fig-
ure 5 are multiplied with the SF392 extracted from the
TDX analysis at 392 MeV and can be readily com-
paredwith experimental data if they are available. The
integrated cross sections (also multiplied with SF392)
are presented in Table 1.

DISCUSSION
From the overlap functions and their rms radii pre-
sented in Figure 1 and Table 1, we can see that
the overlap functions for the transition 16O(gs) →
15N(gs)+1πp1/2 are generally similar to each other
regardless of their prescriptions. Most of the differ-
ences are related to the extent of the overlaps in the
surface region at approximately 3 to 6 fm. It is rather
unexpected that the overlap functions generated from
the conventional and BM WS potentials are almost
identical to the one reliably constrained by the (e,e’p)
reaction. This demonstrates that at least for 16O and
other highly stable double magic nuclei, the BM and
conventional prescriptions provide a reasonable de-
scription. It is also important to note that this result is
not validated for extremely neutron-rich and weakly
bound nuclei. In fact, analyses of transfer reactions22

have suggested that the use of conventional prescrip-
tion provides a large difference compared to the HF-
constrained WS for more exotic nuclei.
From the overlap function and rms radii of the bare
HF calculation and the WS-SLy4 w/o NL calculation,
it can be seen that the HF-constrained WS overlaps
have a slightly extended radial shape. The use of non-
locality correction, which is shown to be crucial for
a consistent SF analysis18, also extends the overlap

function even further. It is interesting to note that the
WS-SLy4 radial shape and rms radius are very similar
to those of the SCGF.
The TDX results in Figure 2 and Figure 3 at different
incident energies show that, in general, theDWIA cal-
culations with current theoretical inputs including all
seven types of overlap functions can well reproduce
the experimental data, especially around the lower
momentum peak region. The small differences be-
tween the overlap functions do manifest themselves
on the TDX with small but nonnegligible differences.
For the most part, the SCGF and WS-SLy4 TDX and
SF are almost identical due to the similarity in their
overlap function. One exception is the 505 MeV case
at T L

1 from 370 to 420 MeV, where the difference is
more pronounced. This suggests that such kinemat-
ics can be utilized to more clearly observe the differ-
ence between overlap functions. In general, the cur-
rent comparison with the experimental data shows
that the existing experimental data at the investigated
kinematics are not sufficient to study the subtle fea-
tures between different single-particle overlap func-
tions. Our calculation suggests that more experimen-
tal data in more kinematic regions, such as noncopla-
nar ones, are needed to better constrain the structure
information.
The SFs extracted from the 392 MeV and 505 MeV
TDXs are presented in Table 1. The value of the SF
represents the inverse relation of themagnitude of the
DWIA TDX. Since the overlap functions are all nor-
malized to unity, the SF values reflect the impact of
the overlap function shapes on the TDX magnitude.
The SF392 and SF505 from the seven considered over-
lap functions are in close values with a maximum dif-
ference of approximately 15% at each energy. All SFs
are also in agreement with the SF = 1.27 (13) value
extracted from the (e,e’p) reaction, considering that
the total uncertainties associated with the theoretical
model and experimental method can be up to 25% 6.
Finally, from the PMD and TMD results and their in-
tegrated cross sections in Figure 4 and Figure 5 and
Table 1, respectively, we see that the momentum dis-
tributions provide a more pronounced difference be-
tween the considered overlap functions. This dif-
ference is particularly interesting because SF392 was
originally extracted by matching all TDXs at the ex-
perimental point in the peak region, whichmeans that
the TDXs are fixed at the samemagnitude. This result
suggests the validity of themomentum distribution in
the knockout reaction as a good probe for the single-
particle overlap function, although careful considera-
tions about angular selection should be made due to
the existence of complicated higher-order effects 6.
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Figure 4: The same as Figure 2 but for the PMD at an incident energy of 392MeV.

Figure 5: The same as Figure 2 but for the TMD at an incident energy of 392MeV.
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CONCLUSION
In conclusion, our analysis of the effects of single-
particle overlap functions on the 16O(p,2p)15N reac-
tion at 392 and 505 MeV incident energies within the
DWIA framework has demonstrated that the differ-
ences arising from various overlap function prescrip-
tions are subtle but nonnegligible. The results indi-
cate that for the considered reaction and energies, sev-
eral parametrizations of the WS potentials provide a
reasonable description of the stable double-magic nu-
cleus 16O. Our findings also suggest that the present
experimental TDX data at the investigated kinemat-
ics are insufficient to study the subtle features be-
tween different single-particle overlap functions. This
highlights the need for more experimental data over a
wider range of kinematic regions, such as noncopla-
nar regions, to better constrain nuclear structure in-
formation.
Furthermore, our study shows that the momentum
distributions in knockout reactions, particularly the
parallel (PMD) and transverse momentum distribu-
tions (TMD), provide a more pronounced difference
between the considered overlap functions. This ob-
servation implies the potential of using momentum
distributions as a sensitive probe for single-particle
overlap functions in knockout reactions. Overall,
this work emphasizes the importance of making con-
sistent and careful choices of single-particle overlap
functions in systematic knockout reaction analyses
to ensure the extraction of reliable nuclear structure
information, especially for more exotic nuclei where
theoretical uncertainties may be more significant.

LIST OF ABBREVIATIONS
BM: Bohr-Mottelson
DWIA: distorted-wave impulse approximation
gs: ground state
HF: Hartree-Fock
PMD: parallel momentum distribution
rms: root mean squared
SCGF: self-consistent Green’s function
SF: spectroscopic factor
TDX: triple differential cross section
TMD: transverse momentum distribution
WS: Woods-Saxon
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