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ABSTRACT
Introduction: In high-speed rarefied gas flow simulations, the linear constitutive relations of the
classical Navier−Stokes–Fourier (NSF) equations are no longer successfully applied. In the present
work, the two-dimensional nonlinear coupled constitutive relation (NCCR) model of a monatomic
gas in an algebraic-type form is successfully implemented in rhoCentralFoam in OpenFOAM to sim-
ulate high-speed rarefied gas flows. Methods: This solver initially resolves the NSF equations using
high-resolution central schemes in the finite volumemethod. The implicit NCCRmodel is solved by
an iterative process with the initial values from the linear constitutive relations of the NSF model.
After convergence, these nonlinear constitutive relations are embedded in the NSF equations to
continue the solution. Results: This new modified solver was validated for argon gas flows past
a circular cylinder in cross-flow mode at a Mach of 5 and Kn = 0.05 and for a sharp leading edge
flat plate at a Mach of 4 and Kn = 0.0042. Conclusion: The simulation results show that the NCCR
model agrees well with the DSMC data for the temperature contours for both cases and that the
temperature and velocity along the shock stand-offdistance are better than those of theNSFmodel
in high-speed rarefied gas simulations for the circular cylinder case.
Key words: Nonlinear coupled constitutive relations (NCCR), slip velocity, temperature contour,
slip, and jump conditions

INTRODUCTION
Aprecise numerical simulation of high-speed rarefied
gas flows that solves the Navier−Stokes Fourier (NSF)
equations is needed to simulate computational fluid
dynamics (CFD). In high-speed rarefied gas flows,
thermal nonequilibrium may result from the high
velocity and low gas density of the gas flow, repre-
sented by the Mach, Ma, and Knudsen, Kn, num-
bers. In viscous gas flows, the transfer of momen-
tum is conducted by a velocity gradient, while the
temperature gradient causes the transfer of heat en-
ergy. These transfers are presented as the effects of
viscous stress and heat transfer. In the past, the NSF
equations were proven to be limited by their ability to
capture the correct flow physics of rarefied gas flows
because they were derived from the continuum hy-
pothesis. The viscous terms (shear stress and heat
flux) are linearly proportional to the velocity and tem-
perature gradients in the NSF equations. Due to the
lack of molecular interactions, these methods have
no longer been applied to rarefied gas flows because
the continuum hypothesis is violated. Considerable
research has been conducted to correct this prob-
lem for the NSF equations in the literature. An al-
ternative approach to overcome these classical con-
stitutive relations is the nonlinear coupled constitu-

tive relation (NCCR)model in an algebraic-type form
for monatomic gas, which was proposed in 1,2 based
on Eu’s generalized hydrodynamic equations3. Then,
the constitutive relationships, such as the stresses and
heat fluxes, are generally nonlinear. These equations
have been successfully applied for simulating rarefied
gas flows where the NSF equations were not used.
This paper will first present the implementation of the
NCCR model mentioned above for monatomic gases
(such as argon) in the open-source software Open-
FOAMbymodifying the solver rhoCentralFoam. This
solver initially solves the NSF equations using finite
volume discretization and a high-resolution central
scheme to simulate high-speed viscous gas flows. A
subroutine of the iterative solution of the algebraic-
type NCCR model in1,2 is then embedded in this
solver. In particular, a case in which an argon gas
cross-flow passed through a circular cylinder4 at a
Mach number of Ma = 5 and Kn = 0.05 and a case
in which a sharp leading edge flat plate was used at
Ma = 4 and Kn = 0.00425 were adopted for investi-
gating and validating this new modified solver. The
Knudsen number, Kn, is computed by the ratio of
the gas molecular mean free path before the collision,
λ ∞ , to the characteristic length (i.e., the diameter of
the circular cylinder or the length of the flat plate).
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This result also indicates the level of nonequilibrium
in the rarefied gas flows. The hard-sphere (HS) model
of monatomic gas is selected for testing two cases in
the present study. The computational results in the
present study will be compared with the DSMC data.
The direct simulation Monte Carlo (DSMC) method
successfully simulates high-speed rarefied gas flows
for all Knudsen numbers, but the computational ef-
fort is expensive. The DSMC method has yielded
more precise computational results in high-speed rar-
efied gas flow simulations than did the use of contin-
uum flowmodels such as the NSF equations6. There-
fore, the DSMCmethod has been used to validate the
CFD results solved by the NSF equations in the lit-
erature. With appropriate slip and jump boundary
conditions, the NSF equations may successfully sim-
ulate high-speed rarefied gas flows in the continuum
regime up to a Kn of 0.1. The computational cost of
the NSF solution is much less than that of the DSMC
method, especially for three-dimensional flows. The
solver dsmcFoam in OpenFOAM is also chosen to
generate the DSMC data of the considered cases to
evaluate the accuracy of the NSF and NCCR calcu-
lated results.

NAVIER-STOKES-FOURIER
GOVERNING EQUATIONS
The NSF equations were derived from conservation
laws and were based on the continuum hypothesis.
They that neglect body forces are described and pre-
sented in vector form as
Continuity equation

∂ρ
∂ t

+∇ · [ρu] = 0, (1)

Momentum equation

∂ (ρu)
∂ t

+∇ · [u(ρu)]+∇p+∇Π = 0, (2)

where П is the viscous stress tensor and П =
-2µdev(D), where (D) = 0.5

[
∇u+(∇u)T

]
, and

dev indicates the deviatoric stress of tensor (D) –
(1/3)(tr)(D)I, where tr is the trace. The equation p =
ρRT computes the gas pressure.
Energy equation

∂ (ρE)
∂ t

+∇ · [u(ρE)]+∇ · (up)

+∇ · (Π ·u)+∇ ·Q = 0,
(3)

where E = e + 0.5|u2| and Q is the Fourier heat flux,
Q = -k∇T. The NSF equations are numerically solved
with the high-resolution central scheme in Open-
FOAM7 as the solver, namely, rhoCentralFoam.

NONEQUILIBRIUM SLIP AND JUMP
BOUNDARY CONDITIONS
The slip and jump conditions must be applied to the
surface to simulate high-speed rarefied gas flows. The
Maxwell slip boundary condition was derived from
conserving the tangential momentum at the surface.
It includes the curvature effect and thermal creep and
can be expressed in vector form as8:

u+

(
2−σu

σu

)
λ∇n (S ·u) =

uw −
(

2−σu

σu

)
λ
u

S · (n ·Πmc)−
3
4

µ
ρ

S ·∇T
T

.
(4)

where the tensor S = I - nn, where n is the normal out-
ward vector, the normal velocity components are re-
moved, and uw is the surface velocity. The coefficient
σu is the tangential momentum accommodation co-
efficient (0 ≤ σu ≤ 1). It denotes the proportion of
molecules reflected diffusely and then equal to 1 −
σu for specularly. The curvature effect term Пmc=

µ
(
(∇u)T −

( 2
3
)

Itr (∇u)
)
. Themean free path is cal-

culated by

λ =
µ
ρ

√
p

2RT
, (5)

where the power law computes the viscosity µ for the
hard sphere (HS) model,

µ = APT 0.5, (6)

whereAP = 0.970312× 10−6 (Pa.s K0.5) for argon gas
at the reference temperature of 273 K 9.
According to the experimental observations, there is a
difference between the gas temperature near the sur-
face and thewall temperature,Tw. Therefore, the tem-
perature jump condition was derived for computing
rarefied gas simulations. The Smoluchowski tempera-
ture jump condition was first proposed by conserving
the heat flux normal to the surface and is represented
by10:

T +
2−σT

σT

2γ
(γ +1)Pr

λ∇nT = Tw (7)

The coefficient σT is the thermal accommodation co-
efficient (0≤ σT ≤ 1). This parameter represents the
energy exchange between the gas molecules and the
surface. A value of 1 denotes perfect energy exchange,
and no energy exchange corresponds to a value of 0.
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IMPLICIT 2D NONLINEAR COUPLED
CONSTITUTIVE RELATION (NCCR)
MODEL FORMONATOMIC GAS
The following 2D implicit NCCR model for conser-
vation laws was developed based on Eu’s generalized
hydrodynamic equations3. First, the heat fluxes and
the stress components are normalized, and the sym-
bol “^” represents the dimensionless quantity in the
constitutive relations as follows:

Π̂ =
Π
p

Q̂ =
Q

p
√

CpT/2Pr

(8)

In a 2D physical problem, the stresses (Пxx, Пxy) and
heat flux (Qx) are induced by thermodynamic forces
that are represented by (ux, vx,Tx) and can be approxi-
mately solved by consisting of two parts: 1) (ux, 0, Tx)
and 2) (0, vx, 0) 1,2. Then, the equations of the first
part are

Π̂xxq
(

cR̂
)
=
(

Π̂xx +1
)

Π̂xx0 ,

Q̂xq
(

cR̂
)
=
(

Π̂xx +1
)

Q̂x0 ,
(9)

where

R̂2 =
3
2

Π̂2
xx + Q̂2

x . (10)

The equations for the second part are

Π̂xxq2
(

cR̂
)
=−2

3

(
Π̂xx +1

)
Π̂2

xy0
, (11)

where

R̂2 = 3Π̂xx =
(

Π̂xx −1
)
, (12)

and the constraint

Πxy = sign
(
Πxy0

)[
−3

2
(Πxx +1)Πxx

]1/2
(13)

The values of the stresses and heat flux, Пxx, Пxy, and
Qx from the NSF governing equations are set as the
initial values to solve the 2D NCCR model as follows
iteratively:

Π̂xx0 ≡
ΠxxNSF

p
, Π̂xy0 ≡

ΠxyNSF

p
,

Q̂x0 ≡
QxNSF

p
√

CpT/2Pr
.

(14)

The iterative solution was presented in detail in 1,2.
For the first part, to solve the quantities (ux, 0, Tx):
If Π̂xx and Q̂x are positive

R̂n+1 =
1
c

sinh−1
[
c
(

Π̂xxn +1
)

R̂0

]
,

Q̂xn+1

Π̂xxn+1

=
Q̂xn

Π̂xxn

=
Q̂x0

Π̂xx0

,
(15)

If Π̂xx and Q̂x are negative

Π̂xxn+1 =
Π̂xx0

q
(

cR̂n

)
− Π̂xx0

,

Q̂xn+1 =

(
Π̂xxn+1

)
q
(

cR̂n

)
Q̂x0

.

(16)

and the subscript and terms Π̂xx1 and Q̂x1 are com-
puted by

Π̂xx1 =
sinh−1

(
cR̂0Π̂xx0

)
cR̂0

,

Q̂x1 =
sinh−1

(
cR̂0

)
Q̂x0

cR̂0

(17)

For (0, vx, 0), Π̂xx can be calculated from a given Π̂xy0

by1,2

Π̂xxn+1 =
Π̂2

xy0

3
2

q2
(

cR̂n

)
+ Π̂xy0

. (18)

and Π̂xy can be calculated using the constraint above
(equation (13)). This iterative loop converges within
a few iterations with the converged criteria; then, the
converged terms of the stresses and heat flux are im-
plemented back into the numerical scheme, solving
the NSF equations in the rhoCentralFoam as follows:

Πxx = pΠ̂xxn+1 , Πxy = pΠ̂xyn+1 ,

Qx =
(

p
√

CpT/2Pr
)

Q̂xn+1 .
(19)

A typical nonlinear normal stress, Π̂xx, against the
thermodynamic force (by velocity gradient Π̂xx0 ) of
the NCCR and the linear NSF models in the expan-
sion and compression flows is presented in Figure 11.
Figure 1 shows the asymmetry of the normal stress
for the rapid compression and expansion of argon
gas. The gas expands in the negative normal stress re-
gion and is compressed in the region of positive nor-
mal stress. The horizontal axis denotes the thermo-
dynamic force represented by the velocity gradient,
and the vertical axis represents the normal stress2.
The nonlinearity of the normal stress is obvious in the
NCCR model, while it is linear in the NSF model.
The solver rhoCentralFoam will modify the diffusion
terms in the momentum and energy equations to im-
plement the 2D NCCR model. Moreover, the power
law for calculating viscosity is also implemented in
OpenFOAM.The 2D NCCR for a monatomic gas was
first implemented in the solver rhoCentralFoam, Open-
FOAM to simulate viscous gas flows.
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Figure 1: Nonlinear and linear normal stresses, Π̂xx
1.

NUMERICAL RESULTS
Circular cylinder in the cross-flow case
The high-speed argon gas cross-flow past a two-
dimensional circular cylinder with a radius of RC =
0.1524 m is shown in Figure 2. The freestream condi-
tions are the ones used in4 except for the velocity, p∞
= 0.234 Pa, T∞ = 200K, u∞ = 1312m/s (Ma= 5), λ ∞
= 0.01524m, Tw= 500 K, and Kn = 0.05 (the cylinder
diameter as the characteristic length). The freestream
conditions aremaintained through the computational
process. The condition zeroGradient is applied for
the outlet boundary and the pressure at the surface.
The condition symmetryPlane is set for the symme-
try planes. TheMaxwell and Smoluchowsi conditions
are applied to the velocity and temperature at the sur-
face, as shown in Figure 2. The solver dsmcFoam in
OpenFOAM was used for the DSMC simulation for
the same considered case, using the HS model with a
temperature exponent ω = 0.5, a reference tempera-
ture of 273 K, a molecular diameter of 4.17x10−10 m,
and a mass of 66.3x10−27 kg. The structured mesh is
designed to wrap the bow shock, and the final small-

est size of the mesh is approximately λ ∞ /3 for both
CFD and DSMC simulations11,12. The value of unity
is adopted for the terms σu and σT in both the CFD
and DSMC cases.
A comparison of the temperature contours predicted
by the NSF, NCCR, and DSMC models is shown in
Figure 3a and Figure 3b, respectively. There are bow
shocks with a fair shock stand-off distance from the
cylinder surface. The high-temperature region also
appears behind the shockwave. The thermal bound-
ary layer is also shown near the cylinder surface.
Overall, all the NSF, NCCR, andDSMC contours gen-
erally agree well. However, the NCCR model yields
better results than does the NSF model for predicting
the temperature contours in the core of the shock re-
gion.
The calculated temperatures and velocity magnitudes
along the shock stand-off distance are presented in
Figure 4 and Figure 5, respectively. All calculated
temperatures are initially equal to the freestream val-
ues, and thereafter, they gradually increase in the bow
shock region due to the compressed flow. Otherwise,
the velocity magnitudes are initially at the freestream
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Figure 2: Computational domain of the circular cylinder in cross-flow case.

values before decreasing progressively in the core of
the bow shock region. A comparison between the
DSMCandCFD results showed that theNCCRmodel
results are close to the DSMC data, while those ob-
tained using the NSF model are not.
For completeness of the circular cylinder case, the
slip velocity distributions of all the simulations are
shown in Figure 6, and they are plotted against the
x-direction distance, as shown in Figure 2. All slip ve-
locities gradually increase in the 0≤ x≤ 0.23mrange,
and the CFD and DSMC results differ. They reach the
highest values around the location x = 0.25 m. The
separation point is nearly the location x = 0.25 m, and
the gas flow reaches the wake region. Then, all the ve-
locities gradually decrease to x = 0.3048 m, and they
are close together. Overall, the NCCR slip velocity is
relatively close to that of the DSMC over the cylinder
surface, with an average error of 21.84%, while the slip
velocity is 22.67% for the NSF model.

Sharp leading-edge flat plate case
A schematic of the computational domain and the
boundary conditions applied in the sharp leading
edge flat plate case are shown in Figure 7. The
freestream argon flow conditions in the flat plate cases
include p∞ = 3.73 Pa, T∞ = 64.5 K5, u∞ = 631 m/s
(Ma = 4), λ ∞ = 0.23 mm, Tw= 300 K, and Kn =
0.0042 (the length of the flat plate, l = 55 mm as the
characteristic length). The boundary conditions, such
as the zerGradient and symmetry planes, are applied
for the other boundaries; see Figure 7. The HS model
of argon gas is still used for this case for CFD and
DSMC simulations. The parameters needed for the
DSMC simulations are similar to those of the circular

cylinder case mentioned above. The structured mesh
of the flat plate case is rectangular. It is quite simple
and is not shown here. The final smallest size of the
mesh is adopted from previous work11 as follows: ∆x
= ∆y = 0.35λ ∞ for the NSF and NCCR simulations
and approximately λ ∞ /3 for the DSMC simulation.
TheMaxwell and Smoluchowski boundary conditions
are applied for the surface inCFD simulations, andσu

= σT = 1 in both CFD and DSMC runs. The DSMC
data are also generated by the solver dsmcFoam to val-
idate the CFD results.
The NSF, NCCR, and DSMC temperature contours
are plotted in Figure 8a and 8b. The viscous effects
at the sharp leading edge form curved shocks and de-
velop the boundary layer. This layer is different from
that used in the NSF and NCCR simulations with the
DSMC simulation. Overall, there is relative agree-
ment between the computational domain’s CFD and
DSMC temperature contours. As expected, there is
little difference between the NSF and NCCR models
for the sharp leading-edge flat plate case due to the
small Knudsen number, Kn = 0.0024, for the flat plate
case considered.
The slip velocity distributions along the flat plate are
shown in Figure 9 and are plotted against the x-
distance running along the surface. The slip veloci-
ties reach their peak values at the leading edge due to
the high-nonequilibrium effect 12. These velocities are
1) 370 m/s for the NSF simulation, 2) 354 m/s for the
NCCR simulation, and 337 m/s for the DSMC data.
The NCCR peak value is close to that of the DSMC.
They gradually decrease along the flat plate past the
sharp leading edge until reaching the trailing edge,

3097



Science & Technology Development Journal 2023, 26(4):3093-3102

Figure 3: Temperature contours of the circular cylinder case a) NSF and DSMC models, and b) NCCR and DSMC
models.
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Figure 4: Temperature distribution along the stand-off distance.

Figure 5: Velcotiy magnitude distribution along the stand-off distance.
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Figure 6: Slip velocity distribution along the cylinder surface.

Figure 7: A numerical setup of the sharp leading edge flat plate case.
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Figure 8: Temperature contours of the flat plate cases a) NSF and DSMCmodels, and b) NCCR and DSMCmodels.

Figure 9: Distribution of the slip velocity along the flat plate.
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and the DSMC slip velocity increases due to the sepa-
rated flows, while those of the NSF andNCCR do not.
TheNSF andNCCR slip velocities relatively approach
the DSMC data along the flat plate.

CONCLUSION
An implicit 2D NCCR model was successfully imple-
mented in OpenFOAM by modifying the solver rho-
CentralFoam. In addition, this modified solver was
initially validated by investigating high-speed rarefied
gas cross-flow past a circular cylinder and flow past
a sharp leading-edge flat plate. The NCCR simula-
tions run with the modified solver achieved stability.
The simulation results of the NCCR model generally
agreed better with the DSMC data than did those of
the NSF model, especially for the circular cylinder
case. This also proves that diffusion terms such as
stresses and heat flux are more significant in obtain-
ing CFD solution accuracy in high-speed rarefied gas
flow simulations. Finally, an iterative loop is added to
solve the nonlinear constitutive relations in theNCCR
model, and the nonlinear constitutive relations reach
a converged solution after a few iterations. Therefore,
the computational time for a solution with the NCCR
model is longer than 20% that of the NSFmodel. Fur-
ther work will be conducted to implement and vali-
date the 2D NCCR model for diatomic gases in the
OpenFOAM framework with the solver rhoCentral-
Foam.
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LIST OF SYMBOLS
CFD Computational Fluid Dynamics
DSMC Direct Simulation Monte Carlo.
NSF Navier–Stokes–Fourier.
NCCR nonlinear coupled constitutive relation.
E Total energy.
e Internal energy.
kThermal conductivity.

Kn Knudsen number.
MaMach number.
p Pressure.
R Specific gas constant.
t Time.
T Temperature.
I Identity tensor.
Q Heat flux.
u Velocity.
Π Stress tensor.
ρ Gas density.
µ Viscosity.
γ Heat capacity ratio.
Pr Prandtl number.
Subscript

W Wall.
∞ Freestream conditions.
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