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ABSTRACT

The present article addresses the impact of arbitrary-shaped holes in plates composed of function-
ally graded materials (FGMs). A modeling strategy is developed that avoids the need for remesh-
ing around internal hole boundaries. The numerical formulation combines the level set method
with the extended finite element method (X-FEM), where the finite element approximation is en-
hanced by enrichment functions through the partition of unity framework. The level set approach
is employed to accurately capture complex hole geometries. Numerical case studies demonstrate
the precision and robustness of the proposed methodology, showing that the discrepancies in
displacement and stress concentration factor between the proposed and reference methods are
below 1.3%, thereby confirming the accuracy of the model.
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INTRODUCTION

Functionally graded materials (FGMs) have found
widespread applications in engineering fields such as
aerospace structures, marine engineering, nuclear re-
actors, and biomedical implants, owing to their abil-
ity to tailor material properties for enhanced thermal
resistance, mechanical performance, and durability.
In many of these applications, structural components
are designed with openings for functional purposes,
such as weight reduction, ventilation, access to inter-
nal parts, or integration with other systems. How-
ever, the presence of openings can significantly al-
ter the stress distribution and displacement fields, po-
tentially leading to stress concentration and reduced
load-bearing capacity. For FGM plates, these effects
are further complicated by the spatial variation of ma-
terial properties, making accurate modeling and anal-
ysis essential for safe and efficient design. Therefore,
understanding and predicting the mechanical behav-
ior of FGM plates with arbitrary openings is of prac-
tical importance to ensure performance reliability in
demanding engineering environments 2

The XFEM is a prominent method employed for sim-
ulating structures exhibiting discontinuities or singu-
larities. Its principal benefit lies in modeling discon-
tinuities independently of the mesh, overcoming a
key difficulty encountered in standard finite element
methods. By introducing localized enrichments to
the approximation space, XFEM significantly extends
the capabilities of the conventional FEM. This method

finds widespread applications, including in the simu-
lation of crack growth, material interfaces, and void-
containing structures>.

The novelty of the present work lies in the develop-
ment of an XFEM-level set framework specifically tai-
lored for functionally graded plates with arbitrary-
shaped openings, eliminating the need for remesh-
ing around complex boundaries. Unlike most existing
studies, which focus on isotropic materials, regular

hole shapes, or require mesh adaptation, our method:

1. Combines the level set method with absolute en-
richment functions to accurately capture arbi-
trary geometries in FGMs.

2. Avoids remeshing, thus reducing computational
cost while maintaining high accuracy.

3. Validates the approach through comparison
with the robust meshfree EFG method, show-
ing excellent agreement (<1.3% error) even for
challenging geometries like elliptical openings.

RESEARCH METHOD

Level set method

The level set method, which is a numerical method
for tracking interfaces and shapes, is usually used in
the XFEM to capture the discontinuities. In two di-
int

mensions, a close curve r" can be represented as the

zero-level set of a function ¢ as follows *-9:
I'={xeR?: ¢(x)=0} (2.1)

The function ¢, known as the level set function, is typ-
ically positive inside the domain enclosed by the curve
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!, and negative outside it. This formulation enables
an implicit representation of the interface " through
¢. One notable instance of a level set function is the
signed distance function.

¢ (x) = Fminger || x — x|l (2.2)

If the void or inclusion has a circular shape, the cor-
responding level set function ¢ is defined as:

¢ =lx—xell —re (23)

Here, xcand r.represent the center and radius of the
circular void or inclusion. An illustration of a level
set function for a circular shape is provided in Fig-
ure 1. In cases involving multiple discontinuities, the
level set function at any location is determined by tak-
ing the minimum value among all level set functions
representing the individual features.

General formulation

In XFEM, enrichment functions are used to account
for discontinuities in regions surrounding them. Let
us consider a 2D domain Q C R2, divided into N¢ fi-
nite elements. Denote I as the complete set of nodes
in the mesh, and J as the subset of nodes that need
enrichment. The displacement field can then be ex-

pressed in the general form shown below 11,

Figure 1: Level set function

Equation (2.4) represents the general form of the dis-
placement field u(x) in the extended finite element
framework. In this formulation, u(x) is expressed as
the sum of the standard finite element approximation
and an enrichment part that accounts for discontinu-
ities or singularities:
u(x) = Y Nix)ui + Y My (x)wja; (2.4)

icl jel

N—— N———

std.FE.approx. inrichment
where N;(x) are the standard finite element shape
functions associated with nodal displacements
uj, M;(x), y; are the shape functions for the en-
riched nodes, are the enrichment functions, and aj
are the additional degrees of freedom introduced
by the enrichment. The first term represents the

standard finite element (FE) approximation, while
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the second term introduces the enrichment that
enables the model to capture features such as cracks,
holes, or material interfaces without remeshing.

This clarification has been added to the manuscript
before Equation (2.4) to explicitly define the displace-
ment field.

In this study, the “absolute enrichment function” y
refers to the absolute value level set enrichment, de-
fined as:

Y =10 ()]

where ¢ (x) is the signed distance function obtained
from the level set representation of the hole bound-
ary. This enrichment captures the discontinuity in the
gradient of the displacement field across the interface
while maintaining displacement continuity. The ab-
solute value is used instead of the sign function to en-
sure a smooth transition and avoid introducing dis-
placement jumps that are not physically present in the
problem under consideration.

In this formulation, the first term is the same as
the standard FEM approximation, while the second
term accounts for the enrichment. N; are the usual
shape functions used in FEM, and u;are the unknown
nodal displacements. The enrichment is introduced
through functions y;, with corresponding unknown
coefficients a;. The functions Mjalso serve as shape
functions, and although they might differ from N;,
they are required to form a partition of unity—for ex-
ample:

YjeMj =1 (25)

Equation (2.4) can be seamlessly integrated into the
classical finite element formulation by interpreting
the enriched unknowns a jas extra degrees of freedom
associated with enriched nodes. Similar to standard
FEM procedures, the solution seeks a displacement
field # that minimizes the total potential energy, in
accordance with the variational principle:

=1} [oe’ CedQ— [rulTdl (2.6)

Here, € refers to the strain tensor, C is the elasticity
(stiffness) matrix of the material, and T indicates the
boundary tractions applied on the prescribed edges.
The strain expressions are obtained by differentiat-
ing the displacement approximation given in Equa-
tion (2.4), as shown below:

€=Bd (2.7)

The vector d denotes the extended set of nodal dis-
placements, incorporating both standard degrees of
freedom and enriched unknowns a ;. The correspond-
ing strain-displacement matrix B is formulated in the
following manner:

Ivi,x 0 (Mlllfl)x 0
Bi= |0 Ny 0 (Miyi) | (2.8)
Ni,y Ni,x (Millji),y (Millli),x
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For nodes that are not enriched, the formulation of
the B matrix is the same as in standard finite element
analysis. Substituting Equations (2.4) and (2.7) into
Equation (2.6) leads to:

Il = }d"kd — d"F (2.9)

where
Kij = [oBICB;dQ
F; = [pBYTdr

where P; = N; for a non-enriched node, and P; =
M, y; for an enriched node.

Applying the condition of stationary potential energy
from Equation (2.9) results in the standard form of the
equilibrium equation:

Kd = F (2.10)

Implementation

A key difficulty in XFEM implementation lies in cal-
culating the stiffness matrix integrals for enriched ele-
ments. For each enriched element, it is crucial to iden-
tify the points where the zero-level set intersects the
edges of the element, if present. The element is then
subdivided into smaller triangles at these zero-level
set points using Delaunay triangulation, and Gaus-
sian integration is applied to each sub-triangle. Since
only absolute enrichment functions are used, a third-

order integration is adequate. The integration process
51213-15

is shown in Figure

(c)

Figure 2: Domain subdivision and integration
points

In the present work, the mathematical model of the
FGM plate problem is based on the first-order shear
deformation theory (FSDT). This theory is selected
because it accounts for transverse shear deforma-
tion effects, which are important in moderately thick
plates, while maintaining a relatively simple formu-
lation compared to higher-order theories. The dis-
placement field is therefore expressed in terms of
mid-plane displacements and rotations of the nor-
mal, with appropriate shear correction factors ap-
plied. This choice provides a good balance between

computational efficiency and accuracy for the consid-
ered range of plate geometries and thickness ratios.

NUMERICAL RESULTS

A flat structural slab incorporating voids
and fabricated from multifunctional mate-
rials, designed to comply with horizontal
load-bearing criteria

Let us consider a rectangular flat plate composed of
a multifunctional, layered material whose mechani-
cal properties vary along the x-axis within a Carte-
sian coordinate framework. The plate’s geometry and
boundary conditions are illustrated in Figure 3. The
analysis assumes a plane strain condition. The lower
boundary of the plate is fully fixed (clamped). An el-
liptical void is embedded within the plate, character-
ized by a major axis of length a and a minor axis of
length b. The Poisson’s ratio is taken as v = 0.3, while
the elastic modulus E varies according to a prescribed
distribution rule described below:

E (x) = EgeP* with Ey = 103 and B =2

1\V c=1

h 4

LSS

Figure 3: A flat plate composed of multifunctional
material with properties varying along the horizon-
tal (x) direction

Initially, let us select a=0.27m and b=0.27m, result-
ing in a circular void within the flat plate composed of
functionally layered material. The outcomes obtained
using the Extended Finite Element Method (XFEM)
will be compared against benchmark results from the
Element-Free Galerkin (EFG) method (Figure 4 and
Figure 5).
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The Element-Free Galerkin (EFG) method was se-
lected as the benchmark because it is a well-
established meshfree approach that has demonstrated
high accuracy and robustness in problems involving
complex geometries, discontinuities, and material in-
homogeneities. Its ability to avoid mesh connectiv-
ity entirely makes it particularly suitable for model-
ing plates with arbitrary openings, providing a strong
reference for validating the accuracy of the proposed
XFEM-based formulation.
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Figure 4: Compare the results of the displacement
uy between XFEM and EFG

Table 1: Comparison of results between

XFEM and EFG
XFEM EFG % Error
Max(uy)  0.00225  0.00223  0.89%
SCF 6.207 6.188 0.31%

The computational results derived from both the
XFEM and EFG methods are presented in Table 1,
along with the corresponding percentage errors. It is
evident that the stress concentration factor (SCF) and
the maximum displacement values obtained using
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Figure 5: Compare the results of stress o, between
XFEM and EFG

XFEM closely align with those generated by the mesh-
free Element-Free Galerkin (EFG) method. The dis-
tributions of stress and displacement within the flat
plate are illustrated in Figure 4 and Figure 5 .
Subsequently, by selecting a=0.26m and b=0.13 m,
an elliptical void is introduced into the flat plate
composed of functionally layered material. The re-
sults obtained from the Extended Finite Element
Method (XFEM) will be compared with reference
solutions generated by the Element-Free Galerkin
(EFG) method (Figure 6 and Figure 7).

Table 2: Comparison of results between

XFEM and EFG
XFEM EFG % Error
Max(uy)  0.00200 0.00199  0.50%
SCF 7.300 7.208 1.28%

The stress concentration factor (SCF) and maximum
displacement values for the flat plate containing an el-
liptical void within a functionally layered material are
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Figure 6: Compare the results ofthe displacement
u, between XFEM and EFG

clearly presented in Table 2 . The results obtained via
the Extended Finite Element Method (XFEM) show
no discernible deviation from those produced by
the mesh-free Element-Free Galerkin (EFG) method.
The corresponding stress and displacement fields are

illustrated in Figure 6 and Figure 7.

The slightly higher error in the SCF for the ellip-
tical opening (1.28%) is attributed to the increased
complexity in capturing the curvature and stress con-
centration behavior around the elongated boundary.
Elliptical geometries produce a more localized and
sharper stress gradient near the tips of the major axis
compared to circular openings, which poses addi-
tional challenges for numerical integration in XFEM.
While the level set representation accurately captures
the geometry, the enrichment and numerical quadra-
ture in elements intersected by the highly curved
boundary can lead to a marginal increase in error.
Nevertheless, the error remains within 1.3%, confirm-

ing the robustness of the proposed method.
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Figure 7: Compare the results of stress o, between
XFEM and EFG

Flat plate containing round hole with mul-
tifunctional material obeys radial law

In the next model, the author will investigate the
change of stress concentration factor (SCF) according
to the change of the ratio of round hole diameter D to
width W of flat plate under the effect of tensile load.
Let H=W=5m. The flat plate is made of functional
layering material with the law of radial distribution.
Given Poisson’s ratio v = 0.25 and the elastic modu-
lus follows the rule as below (Figure 8):

E- (1) =05E (1+ %)
E.(r)=E (1—0.5L)

r/ro

with Eg = 1000 and r(: =D/2

We check the accuracy of the results obtained from
XFEM with reference results from the literature 1 .
The multifunctional material of the flat plate is con-
sidered according to the rules E_(r) and E_ (r). The
variation of the stress concentration factor (SCF) with
respect to the D/W ratio is shown in Figure 9 and Fig-

ure 10.
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Figure 8: Flat plate with multifunctional material
distributed according to radial law
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Figure 9: SCF in the case of materials obeying the
E_(r) rule
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Figure 10: SCF in the case of materials obeying the
law E_(r)
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In the numerical examples of the present study, the
XFEM formulation was implemented using four-
node quadrilateral (Q4) finite elements with bilin-
ear shape functions. The number of finite elements in
each model depended on the geometry and bound-
ary conditions; for instance, the plate with a circu-
lar opening was discretized into 120x 120120 \times
120120120 elements, while the plate with an ellip-
tical opening used 140x 140140 \times 140140 x 140
elements to better capture the curved boundary. The
enrichment zone included all elements intersected by
the hole boundary and their immediate neighbors.

For the comparison method, the Element-Free
Galerkin (EFG) approach was implemented with
cubic spline weight functions and a support
domain size of 3.0 times the nodal spacing. The
EFG domain was discretized using a uniform nodal
distribution matching the XFEM resolution to ensure
a fair comparison of accuracy and computational

cost.

Let us consider a plate containing a con-
centric circular hole. The parameters of the
problem are as follows: (Figure 11)

E = 210000N/mm?*; v = 0.3; | = 200mm; a =
10mm; w = 100mm = 2b; t = 10m, 6y = 100M /mm>

< >
A
< >
< >
0o w o
< > 0
< >
“« ! — >
< »

Figure 11: Round hole in a thin plate subjected to
uniaxial uniform tensile load

According to analytic theory, we have proved that the
maximum stress is obtained at point A, we have:
(09) = 309 = 300 N/mm?

Stress concentration factor at A:

K= % =3

XFEM calculation results (Figure 11):

Omax _ 2859982 _
Kixrem = =5 = oo~ = 2,86

Error:

Kixpem = SKarem 1009 = 2838082 — 4,67 < 5%
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102.0332 POST PROCESSING

102.0335 Deformed configuration
108.3684  Stress computation
477.9351  Stress Intensity Factors - SIFs

>> maximax(stress(:,:,2)))
ans =
285.9982

Figure 12: XFEM calculation results

CONCLUSIONS

In this chapter, various examples of the applications of
the XFEM have been shown. These examples demon-
strate that XFEM is advantageous in modeling discon-
tinuities such as holes and inclusions.

Section 3.1. shows XFEM is very good when com-
pared with EFG methods. The calculation results ob-
tained from XFEM and EFG are listed in Table 1, in-
cluding % error. It can be seen that the stress concen-
tration factor (SCF) and the maximum displacements
possible obtained from XFEM are not significantly
different from those obtained from EFG. The stress
and displacement fields of the flat plate are shown
in Figure 4 and Figure 5 As we can see, the % error
is fully listed in Table 2 . Both numerical methods
give fairly similar results. The stress and displacement
fields of the flat plate are shown in Figure 6 and Fig-
ure 7. In section 3.2, We can see that the stress concen-
tration factor (SCF) obtained from the XFEM calcu-
lation program is quite similar to the reference results
from 1. In future work, the proposed XFEM-level set
framework could be extended to three-dimensional
FGM structures and applied to investigate the inter-
action effects between multiple openings and cracks.

ABBREVIATIONS
XFEM: Extended Finite Element Method

SCEF: Stress concentration factor
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